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$EVWUDFW

7KH VFKHGXOLQJ RI WDVNV LQ D UHDO�WLPH V\VWHP UHTXLUHV WKDW� LQ DGGLWLRQ WR H[LVWLQJ

ORJLFDO FRQVWUDLQWV� WHPSRUDO FRQVWUDLQWV PXVW DOVR EH PHW� :H FRQVLGHU UHDO�WLPH

V\VWHPV ZKHUH WLPLQJ FRQVWUDLQWV DUH LPSRVHG RQ WDVNV WKURXJK D IXQFWLRQ RI PXOWL�

SOH GHDGOLQHV ZLWK FXPXODWLYH SHQDOWLHV IRU PLVVLQJ GHDGOLQHV� /RJLFDO FRQVWUDLQWV DUH

HQIRUFHG WKURXJK WKH SDUWLDO RUGHULQJ RI WDVNV� DQG SHQDOWLHV DUH DVVHVVHG IRU YLRODWLQJ

WKHVH SUHFHGHQFH FRQVWUDLQWV� :H SURSRVH D EL�FULWHULD VFKHGXOLQJ DSSURDFK LQ ZKLFK

WDVNV DUH VFKHGXOHG WR PHHW ERWK ORJLFDO DQG WHPSRUDO FRQVWUDLQWV ZLWKRXW SUHIHUHQFH

WR HLWKHU� :KHQ ERWK ORJLFDO DQG WHPSRUDO FRQVWUDLQWV FDQQRW DOO EH PHW VLPXOWD�

QHRXVO\� D PHFKDQLVP IRU WUDGLQJ Rm SHUIRUPDQFH LQ RQH PHDVXUH IRU SHUIRUPDQFH

JDLQV LQ WKH RWKHU LV GHYHORSHG� :H XVH D IURQWLHU RI SRVVLEOH VROXWLRQV WR H[SUHVV WKH

UHODWLYH PHULWV RI VFKHGXOHV WKDW SHUIRUP ZHOO LQ HDFK SHUIRUPDQFH PHDVXUH� %UDQFK

DQG ERXQG DOJRULWKPV SOXV KHXULVWLF PHWKRGV DUH SURSRVHG WR VROYH VHYHUDO GLmHUHQW

FODVVHV RI UHODWHG SUREOHPV�



$FNQRZOHGJPHQWV

,Q P\ SURJUHVV DV D VWXGHQW� , TXLFNO\ FDPH WR UHDOL]H WKDW WKH ZRUN SUHVHQWHG KHUH

ZDV QRW GXH WR P\ HmRUWV DORQH� :LWKRXW WKH KHOS� JXLGDQFH DQG HQFRXUDJHPHQW RI

PDQ\ RWKHUV� , QHYHU ZRXOG KDYH UHDFKHG WKLV SODWHDX�

)LUVW� , ZRXOG OLNH WR WKDQN P\ WZR PDMRU SURIHVVRUV� 'U� 0DQELU 6� 6RGKL DQG

'U� 9LFWRU )D\�:ROIH� , DP LQGHEWHG WR WKHP IRU WKH PDQ\ KRXUV WKH\ GHYRWHG WR

KHOSLQJ PH ZLWK WKLV UHVHDUFK� 7KH WHFKQLFDO LVVXHV DQG FRQFHSWV SUHVHQWHG KHUH ZHUH

D UHVXOW RI WKHLU HmRUWV DQG FROODERUDWLRQ� 0RUH WKDQ WKLV� WKH\ MRLQHG PH LQ WKLV

MRXUQH\ DV IDFXOW\ DGYLVRUV� DQG LQ WKH HQG EHFDPH P\ IULHQGV�

, DOVR ZRXOG OLNH WR H[SUHVV P\ DSSUHFLDWLRQ WR P\ HPSOR\HU� WKH 1DYDO 8QGHUVHD

:DUIDUH &HQWHU RI 1HZSRUW 5, �18:&�� , QHYHU ZRXOG KDYH DWWHPSWHG VXFK DQ

XQGHUWDNLQJ ZLWKRXW WKHLU VXSSRUW� $W 18:&� , ZRXOG HVSHFLDOO\ OLNH WR WKDQN P\

LPPHGLDWH VXSHUYLVRU� 'U� -DPHV 0HQJ� IRU KLV VXSSRUW DQG HQFRXUDJHPHQW� ,Q

DGGLWLRQ� , WKDQN 'U� 5LFKDUG 1DGROLQN DQG 0U� )UHGHULF :KLWH IRU WKHLU VXSSRUW

DV ZHOO�

$ QXPEHU RI IDFXOW\ PHPEHUV DW 85, HQFRXUDJHG DQG DVVLVWHG PH LQ SXUVXLQJ

WKLV GHJUHH� , DP HVSHFLDOO\ WKDQNIXO WR� 'U� $JQHV 'RRG\� 'U� 5LFKDUG 6FKROO� 'U�

5XVV .R]D� 'U� $ODQ +XPSKUH\� 'U� -RDQ 3HFNKDP DQG 'U� /LVD 'L3LSSR�

,Q WKHVH ODVW VHYHUDO \HDUV , KDYH DVNHG PXFK IURP P\ IDPLO\^DQG WKH\ KDYH DOZD\V

UHVSRQGHG ZLWK HQFRXUDJHPHQW DQG XQGHUVWDQGLQJ� 0\ ZLIH� HVSHFLDOO\� SURYLGHG

ORYLQJ HQFRXUDJHPHQW DQG VXSSRUW� 7R P\ FKLOGUHQ 6WHSKDQLH DQG .HYLQ� ,
YH EHHQ

D VWXGHQW ORQJHU WKDQ WKH\ FDQ UHPHPEHU� :DWFKLQJ WKHP JURZ� , OHDUQHG MXVW KRZ

H[FLWLQJ OHDUQLQJ FDQ EH�

)LQDOO\� , ZDQW WR DFNQRZOHGJH P\ 0RP DQG 'DG� 7KURXJKRXW P\ OLIH� WKH\
YH

LLL



EHHQ D FRQVWDQW VRXUFH RI XQTXHVWLRQLQJ ORYH DQG VXSSRUW� DQG PRUH LPSRUWDQWO\�

WKH\ EHOLHYHG LQ PH DW WLPHV ZKHQ IHZ RWKHUV GLG�

LY
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7DEOH RI &RQWHQWV Y

/LVW RI 7DEOHV YLLL

/LVW RI )LJXUHV L[

� ,QWURGXFWLRQ �

��� 0RWLYDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

����� 5HDO�7LPH 'DWDEDVHV � � � � � � � � � � � � � � � � � � � � � � � �

����� 6FKHGXOLQJ -REV IRU D )OH[LEOH 0DQXIDFWXULQJ 6\VWHP � � � � � �

����� 0LVVLRQ 3ODQQLQJ IRU 8QGHUVHD 9HKLFOHV � � � � � � � � � � � � � �

����� 2WKHU $SSOLFDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � �

��� *RDO RI 5HVHDUFK � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� $SSURDFK � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� 'LVVHUWDWLRQ 2XWOLQH � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 5HODWHG :RUN ��

��� 57625$& � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 5HDO�7LPH &RPSXWLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 6FKHGXOLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� ,PSUHFLVH 6FKHGXOLQJ � � � � � � � � � � � � � � � � � � � � � � � ��

����� 0XOWL�&ULWHULD 6FKHGXOLQJ � � � � � � � � � � � � � � � � � � � � ��

����� 9DOXH�%DVHG 6FKHGXOLQJ � � � � � � � � � � � � � � � � � � � � � ��

��� &RQFXUUHQF\ &RQWURO � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 1RQ�6HULDOL]DEOH &RQFXUUHQF\ &RQWURO � � � � � � � � � � � � � � ��

����� (SVLORQ 6HULDOL]DELOLW\ � � � � � � � � � � � � � � � � � � � � � � � ��

����� 3UHFHGHQFH 2UGHULQJ � � � � � � � � � � � � � � � � � � � � � � � ��

Y



����� 5HDO�7LPH &RQFXUUHQF\ &RQWURO � � � � � � � � � � � � � � � � � ��

� 0HWKRGRORJ\ ��

��� ,QFUHPHQWDO $SSURDFK � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� *HQHUDO 6FKHGXOLQJ 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 7DVNV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 0HWULF 6SDFH � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 6FKHGXOH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� %L�&ULWHULD 6FKHGXOLQJ � � � � � � � � � � � � � � � � � � � � � � ��

����� )URQWLHU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 3UREOHP 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� )RUPDO 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 5HVWULFWLRQV WR WKH 7HPSRUDO )XQFWLRQ � � � � � � � � � � � � � ��

� 0RGHO� 0DNHVSDQ YHUVXV 3UHFHGHQFH ��

��� 5HVWULFWLRQV WR WKH *HQHUDO 0RGHO � � � � � � � � � � � � � � � � � � � � ��

��� )RUPXODWLRQ IRU 0DNHVSDQ 3UREOHP � � � � � � � � � � � � � � � � � � � ��

��� ([DPSOH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� ,QGHSHQGHQW 7UDQVDFWLRQV ZLWK 'HDGOLQHV ��

��� 5HVWULFWLRQV WR WKH *HQHUDO 0RGHO � � � � � � � � � � � � � � � � � � � � ��

��� )RUPDO 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� +HXULVWLF 6ROXWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 6LPXODWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 7DVNV ZLWK 0XOWLSOH 'HDGOLQHV ��

��� 7HPSRUDO &RQVWUDLQWV � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� ([DPSOH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� %UDQFK DQG %RXQG � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� %UDQFKLQJ 5XOH � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 8SSHU ERXQG � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� /RZHU %RXQG � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 3UXQLQJ 5XOH � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 7HUPLQDWLRQ &RQGLWLRQV � � � � � � � � � � � � � � � � � � � � � ��

����� %UDQFK DQG %RXQG 5HVXOWV � � � � � � � � � � � � � � � � � � � � ��

��� +HXULVWLF � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� &RPSXWDWLRQDO 5HVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � ��

YL



� 7DVNV ZLWK 7HPSRUDO DQG /RJLFDO &RQVWUDLQWV ���

��� 7DVNV ZLWK /RJLFDO &RQVWUDLQWV � � � � � � � � � � � � � � � � � � � � � ���

����� 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� $OWHUQDWH &ULWHULD $SSURDFK IRU 7DVNV ZLWK 7HPSRUDO DQG /RJLFDO

&RQVWUDLQWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 6FKHGXOH 7DVNV WR 0LQLPL]H 'HDGOLQH 3HQDOW\ VXFK WKDW DOO

3UHFHGHQFH &RQVWUDLQWV DUH 0HW � � � � � � � � � � � � � � � � � ���

����� 6FKHGXOH 7DVNV WR 0LQLPL]H 3UHFHGHQFH 9LRODWLRQ 3HQDOWLHV�

VXFK WKDW 'HDGOLQH 3HQDOWLHV DUH 0LQLPDO � � � � � � � � � � � � ���

��� 7DVNV ZLWK 0XOWLSOH 'HDGOLQHV DQG 3UHFHGHQFH &RQVWUDLQWV � � � � � � ���

����� 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� %UDQFK DQG %RXQG $SSURDFK IRU )LQGLQJ WKH )URQWLHU � � � � � � � � � ���

��� +HXULVWLF %DVHG &RQVWUXFWLRQ RI WKH )URQWLHU � � � � � � � � � � � � � � ���

��� (QKDQFHPHQWV WR %UDQFK DQG %RXQG � � � � � � � � � � � � � � � � � � ���

� &RQFOXVLRQV ���

� )XWXUH :RUN ���

��� 'HOD\ 6FKHGXOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 1RQ )HDVLEOH 6FKHGXOHV � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 5HTXLUHPHQW WR ([HFXWH DOO 7DVNV � � � � � � � � � � � � � � � � � � � � ���

��� *HQHUDOL]HG 3HQDOW\ )XQFWLRQV � � � � � � � � � � � � � � � � � � � � � � ���

��� %RXQG RQ 3URFHVVLQJ 7LPH IRU %UDQFK DQG %RXQG $OJRULWKP � � � � � ���

��� '\QDPLF 6FKHGXOLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 5HSHWLWLYH 7DVNV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 6WRFKDVWLF 6FKHGXOLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� )XWXUH $SSOLFDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

5HIHUHQFHV ���

$ +HXULVWLF WR 6FKHGXOH ZLWK 7HPSRUDO 5HTXLUHPHQWV ���

% +HXULVWLF WR 6FKHGXOH ZLWK 7HPSRUDO DQG /RJLFDO 5HTXLUHPHQWV ���

%LEOLRJUDSK\ ���

YLL



/LVW RI 7DEOHV

��� ([DPSOH 7DVN 'HnQLWLRQV � � � � � � � � � � � � � � � � � � � � � � � � ��

��� ([DPSOH 3UHFHGHQFH DQG 3HQDOWLHV � � � � � � � � � � � � � � � � � � � ��

��� )URQWLHU 3RLQWV )RU 6DPSOH 3UREOHP � � � � � � � � � � � � � � � � � � � ��

��� 7DVN 6HW $WWULEXWHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� ([DPSOH -RE 'HDGOLQHV � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 8QVFKHGXOHG 7DVNV IRU %UDQFK DQG %RXQG � � � � � � � � � � � � � � � ��

��� 3HQDOW\ 7DEOH IRU /RZHU %RXQG &DOFXODWLRQ � � � � � � � � � � � � � � ��

��� 5DQGRP 'LVWULEXWLRQ RI 7DVN $WWULEXWHV � � � � � � � � � � � � � � � � ��

YLLL



/LVW RI )LJXUHV

��� +LHUDUFK\ RI &RQFXUUHQF\ &RQWUROV � � � � � � � � � � � � � � � � � � � ��

��� /RJLFDO YV� 7HPSRUDO &RQVWUDLQWV LQ 6FKHGXOLQJ � � � � � � � � � � � � ��

��� 5HOD[LQJ /RJLFDO DQG 7HPSRUDO &RQVWUDLQWV � � � � � � � � � � � � � � ��

��� $ 7\SLFDO )URQWLHU 3ORW � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 3UHFHGHQFH &RQVWUDLQW 1HWZRUN 'LDJUDP IRU 6DPSOH 3UREOHP � � � � ��

��� 6HYHUDO 6WDJHV LQ '\QDPLF 3URJUDPPLQJ 3URFHGXUH � � � � � � � � � � ��

��� )URQWLHU 3ORW IRU ([DPSOH 3UREOHP � � � � � � � � � � � � � � � � � � � ��

��� +LVWRJUDP WR 6KRZ +HXULVWLF 3HUIRUPDQFH � � � � � � � � � � � � � � � ��

��� 6LPXODWLRQ 5HVXOWV� 7DVN 6L]H YV� +HXULVWLF (UURU � � � � � � � � � � � ��

��� 7\SLFDO 6HW RI 3HQDOW\ )XQFWLRQV � � � � � � � � � � � � � � � � � � � � ��

��� 3URFHVVLQJ 7LPHV IRU /,1*2 6ROXWLRQV � � � � � � � � � � � � � � � � � ��

��� ([DPSOH 3HQDOW\ )XQFWLRQV IRU /RZHU %RXQG &DOFXODWLRQ � � � � � � � ��

��� %UDQFK DQG %RXQG 3URFHVVLQJ 7LPH � � � � � � � � � � � � � � � � � � � ��

��� 6LPSOLnHG 3HQDOW\ )XQFWLRQV � � � � � � � � � � � � � � � � � � � � � � � ��

��� ,QWHUSRODWHG 3HQDOW\ )XQFWLRQV � � � � � � � � � � � � � � � � � � � � � ��

��� 6LPXODWLRQ )ORZFKDUW � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� +LVWRJUDP� +HXULVWLF $FFXUDF\ � � � � � � � � � � � � � � � � � � � � � � ���

��� 1HWZRUN 'LDJUDP IRU /RJLFDO &RQVWUDLQWV � � � � � � � � � � � � � � � � ���

��� )URQWLHU RI 6ROXWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 6HDUFK 6SDFH 5HJLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 3HQDOW\ %HQHnW IRU 7DVN ([FKDQJH � � � � � � � � � � � � � � � � � � � ���

��� (QKDQFHPHQWV WR 3UXQLQJ � � � � � � � � � � � � � � � � � � � � � � � � ���

��� ([SDQVLRQ WR ,QFOXGH $OO RI )URQWLHU � � � � � � � � � � � � � � � � � � � ���
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&KDSWHU �

,QWURGXFWLRQ

6FKHGXOLQJ WDVNV LV DQ DFWLYLW\ WKDW LV FKDUDFWHUL]HG LQ PDQ\ DSSOLFDWLRQV DV EHLQJ

13�KDUG� 1HYHUWKHOHVV� UHDO�WLPH V\VWHPV VWLOO UHTXLUH WDVNV EH VFKHGXOHG WR DFKLHYH

RSWLPDO RU QHDU�RSWLPDO SHUIRUPDQFH�

7KH IRFXV RI WKLV UHVHDUFK LV WKH UHODWLRQVKLS EHWZHHQ WDVN VFKHGXOLQJ DQG SUHFH�

GHQFH FRQVWUDLQWV LQ DSSOLFDWLRQV ZKHUH WHPSRUDO DQG ORJLFDO FRQVLVWHQF\ FRQVWUDLQWV

FDQ EH TXDQWLnHG� :H KDYH GHYHORSHG WHFKQLTXHV DQG DOJRULWKPV WKDW PD[LPL]H

WKH XWLOLW\ RI D V\VWHP WKURXJK PD[LPL]LQJ ERWK WHPSRUDO DQG ORJLFDO FRQVLVWHQF\�

7HFKQLTXHV RI WDVN VFKHGXOLQJ DUH UHOHYDQW WR GDWDEDVH WUDQVDFWLRQV� WKH VFKHGXOLQJ

RI MREV LQ D PDQXIDFWXULQJ V\VWHP� DQG RWKHU VFKHGXOLQJ DSSOLFDWLRQV WKDW RSHUDWH

XQGHU VLPLODU FRQVWUDLQWV�

��� 0RWLYDWLRQ

7KHUH DUH D QXPEHU RI DSSOLFDWLRQV WKDW FDQ XWLOL]H WKH ZRUN GHVFULEHG KHUH� :H

ZLOO GUDZ SULPDULO\ IURP WKUHH DSSOLFDWLRQV ZKLFK ZLOO EH XVHG IRU PRWLYDWLRQ DQG

H[DPSOH�

�



����� 5HDO�7LPH 'DWDEDVHV

'DWDEDVH VFKHGXOLQJ DQG FRQFXUUHQF\ FRQWURO VHHNV WR SURGXFH VFKHGXOHV WKDW PHHW

VRPH FRUUHFWQHVV RU JRRGQHVV FULWHULD� $ FRUUHFWQHVV FULWHULD LV D UHTXLUHPHQW WKDW

PXVW EH PHW� D JRRGQHVV FULWHULD LV D JRDO� 7KH WUDQVDFWLRQ PDQDJHU LQ D UHDO�WLPH

GDWDEDVH DWWHPSWV WR VFKHGXOH WUDQVDFWLRQ WDVNV VXFK WKDW ERWK WKHVH FRQVWUDLQWV DUH

PHW� +RZHYHU� LW LV RIWHQ WKH FDVH WKDW ERWK FRQFXUUHQF\ UHTXLUHPHQWV DQG WLPLQJ UH�

TXLUHPHQWV FDQQRW EH PHW� 7KH JRDOV RI VFKHGXOLQJ DOJRULWKPV WKDW VHHN WR PDLQWDLQ

WHPSRUDO FRQVLVWHQF\ UHTXLUHPHQWV VXFK DV WLPLQJ FRQVWUDLQWV� RU V\QFKURQL]DWLRQ�

FDQ KDYH IXQGDPHQWDO FRQoLFWV ZLWK WKH JRDOV RI FRQFXUUHQF\ FRQWURO WHFKQLTXHV�

ZKLFK VHHN WR PDLQWDLQ ORJLFDO FRQVLVWHQF\ UHTXLUHPHQWV� OLNH VHULDOL]DELOLW\� 7\SLFDO

GDWDEDVH PDQDJHPHQW V\VWHPV KDYH VHSDUDWH VFKHGXOLQJ DOJRULWKPV DQG FRQFXUUHQF\

FRQWURO� DQG LI WHPSRUDO FRQVLVWHQF\ LV PHW DW DOO� LI LV RQO\ DIWHU WKH UHTXLUHPHQWV RI

ORJLFDO FRQVLVWHQF\ DUH PHW�

&RQVLGHU DQ DLUFUDIW WUDFNLQJ DQG FRQWURO V\VWHP� $ GDWDEDVH LV PDLQWDLQHG RI

WUDFN DQG DWWULEXWH LQIRUPDWLRQ UHODWHG WR DLU WUDpF LQ WKH VHFWRU EHLQJ PRQLWRUHG�

'DWD IURP UDGDU VHQVRUV LV XVHG WR XSGDWH DLUFUDIW LQIRUPDWLRQ� 7UDFNLQJ DOJRULWKPV

SURFHVV WKH UDZ GDWD WR DVVRFLDWH WKH QHZ VHQVRU LQIRUPDWLRQ ZLWK H[LVWLQJ DLUFUDIW

WUDFNV� DQG WKXV XSGDWH WKDW GDWD� 'LVSOD\ FRQVROHV DUH XSGDWHG ZLWK QHZ WUDFN

GDWD WR VKRZ WKH UHODWLYH SRVLWLRQV RI DLUFUDIW LQ WKH VHFWRU� ,Q WKLV H[DPSOH� D UHDO�

WLPH GDWDEDVH LV XVHG WR VWRUH WKH UHOHYDQW LQIRUPDWLRQ� 7KH SURFHVVLQJ RI WUDFNLQJ

DOJRULWKPV PXVW EH SHUIRUPHG ZLWK V\VWHP GHnQHG GHDGOLQHV LQ RUGHU WR SURYLGH

WLPHO\ LQIRUPDWLRQ WR DLU WUDpF FRQWUROOHUV� 'HDGOLQHV DUH EDVHG RQ VHYHUDO IDFWRUV�

LQFOXGLQJ WKH VSHHG RI DLUFUDIW DQG WKHLU SUR[LPLW\ WR RWKHU DLUFUDIW� 8S WR GDWH

LQIRUPDWLRQ LV FUXFLDO WR DLU WUDpF FRQWUROOHUV LQ RUGHU WR PRYH DLUFUDIW HpFLHQWO\

DQG VDIHO\ WKURXJK WKH VHFWRU� ,Q SHULRGV RI RYHUORDG� LW PD\ EH QHFHVVDU\ WR UHGXFH

WKH WLPH UHTXLUHG WR SURFHVV WUDFNLQJ GDWD VR WKDW D UHDVRQDEO\ XS WR GDWH GLVSOD\
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FDQ EH PDLQWDLQHG�

7\SLFDOO\� GDWDEDVH�VFKHGXOLQJ DOJRULWKPV HQIRUFH VRPH VRUW RI FRQFXUUHQF\ FRQ�

WURO WKDW SUHVHUYHV ORJLFDO FRQVLVWHQF\� RIWHQ E\ HQVXULQJ VHULDOL]DEOH VFKHGXOHV� ,Q

DGGLWLRQ� WKH VFKHGXOH PD\ DOVR DWWHPSW WR PD[LPL]H DYHUDJH WKURXJKSXW RI WUDQV�

DFWLRQV DV D WHPSRUDO JRRGQHVV FULWHULRQ� +RZHYHU� LQ D UHDO�WLPH GDWDEDVH >5DP��@�

HQVXULQJ WHPSRUDO FRQVLVWHQF\ E\ PHHWLQJ WLPLQJ FRQVWUDLQWV LV D FRUUHFWQHVV FULWHULD�

$V ZH KDYH VHHQ LQ WKH SUHYLRXV H[DPSOH� WUDQVDFWLRQV WR GHWHUPLQH WKH SRVLWLRQV

RI DLUFUDIW PD\ KDYH WR EH SHUIRUPHG E\ D GHDGOLQH WR EH FRUUHFW� ,Q DGGLWLRQ WR

WUDQVDFWLRQV� GDWD LQ VXFK D UHDO�WLPH GDWDEDVH PD\ DOVR EH WLPH FRQVWUDLQHG� )RU

LQVWDQFH� WKH GDWDEDVH
V UHFRUGHG SRVLWLRQ RI D WUDFNHG DLUFUDIW PD\ EH FRQVWUDLQHG

VXFK WKDW GDWD PRUH WKDQ VHYHUDO VHFRQGV ROG LV QR ORQJHU YDOLG� DQG FDQQRW EH XVHG�

7UDQVDFWLRQ VFKHGXOLQJ LQ PRVW UHDO�WLPH GDWDEDVHV VHHNV WR PDLQWDLQ WHPSRUDO

FRQVLVWHQF\ E\ PHHWLQJ DV PDQ\ WUDQVDFWLRQ GHDGOLQHV DV SRVVLEOH� ZKLOH VFKHGXOLQJ

WDVNV DV UHTXLUHG E\ WKH FRQFXUUHQF\ FRQWURO PHFKDQLVP� 7KHVH FRQFXUUHQF\ FRQWURO

WHFKQLTXHV HQIRUFH ORJLFDO FRQVLVWHQF\� EXW DUH QRW FRJQL]DQW RI WHPSRUDO FRQVLVWHQF\�

(YHQ SURSRVHG UHDO�WLPH GDWDEDVH FRQFXUUHQF\ FRQWURO WHFKQLTXHV KDYH RQO\ OLPLWHG

VXSSRUW IRU WHPSRUDO FRQVLVWHQF\><:/6��@�

$OWKRXJK DQ LQGLYLGXDO VFKHGXOLQJ WHFKQLTXH FDQ VXSSRUW WHPSRUDO FRQVLVWHQF\

DQG DQ LQGLYLGXDO FRQFXUUHQF\ FRQWURO WHFKQLTXH FDQ HQIRUFH ORJLFDO FRQVLVWHQF\� ZKHQ

WKH WHFKQLTXHV DUH FRPELQHG� RIWHQ RQH IRUP RI FRQVWUDLQW PXVW EH VDFULnFHG IRU WKH

RWKHU� ,Q W\SLFDO GDWDEDVHV� ORJLFDO FRQVLVWHQF\ LV HQIRUFHG DEVROXWHO\� ZKLOH WHPSRUDO

FRQVLVWHQF\ LV VHFRQGDU\ RU LJQRUHG� 7KLV SROLF\ RFFXUV LQ QHDUO\ DOO DSSOLFDWLRQV� DV

ORJLFDO FRQVWUDLQWV DUH QHDUO\ DOZD\V FRQVLGHUHG LQYLRODWH� &RQVHTXHQWO\� WHPSRUDO

JRDOV DUH XVXDOO\ WKH VHFRQGDU\ JRDO DIWHU WHPSRUDO JRDOV� $ XQLnHG DSSURDFK WR

VFKHGXOLQJ DQG FRQFXUUHQF\ FRQWURO� ZKHUH ERWK FRQVWUDLQWV DUH FRQVLGHUHG WRJHWKHU�

LV UDUHO\ DWWHPSWHG�

7KH V\QWKHVLV RI GDWDEDVH VFKHGXOLQJ DQG FRQFXUUHQF\ FRQWURO LV FRPSOLFDWHG E\
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WKH IDFW WKDW� DOWKRXJK WKH\ ERWK VHHN WR HVWDEOLVK VFKHGXOHV RI RSHUDWLRQV� WKHLU

JRDOV DUH XVXDOO\ QRW WKH VDPH� ,Q IDFW� WKHUH FDQ EH D IXQGDPHQWDO FRQoLFW EH�

WZHHQ D FRQFXUUHQF\ FRQWURO WHFKQLTXH
V JRDO RI PDLQWDLQLQJ ORJLFDO FRQVLVWHQF\� DQG

D VFKHGXOLQJ DOJRULWKP
V JRDO RI PDLQWDLQLQJ WHPSRUDO FRQVLVWHQF\� 7KDW LV� PD[LPL]�

LQJ SHUIRUPDQFH IRU ORJLFDO FRQVWUDLQWV PD\ UHVXOW LQ WKH GHWHULRUDWLRQ RI WHPSRUDO

SHUIRUPDQFH�

����� 6FKHGXOLQJ -REV IRU D )OH[LEOH 0DQXIDFWXULQJ 6\VWHP

$ VHFRQG DSSOLFDWLRQ IRU WKLV ZRUN UHODWHV WR PDQXIDFWXULQJ V\VWHPV� DQG VSHFLnFDOO\

IRU DQ )06 �)OH[LEOH 0DQXIDFWXULQJ 6\VWHP�� $Q )06 KDV WKH FDSDELOLW\ WR SURFHVV

D QXPEHU RI GLmHUHQW SDUWV ZLWK PLQLPDO VHWXS WLPH LQ EHWZHHQ SDUWV RI GLmHUHQW

W\SHV� $Q )06 SURYLGHV WKH DXWRPDWLRQ DGYDQWDJHV RI DQ DVVHPEO\ OLQH ZLWK WKH

oH[LELOLW\ RI D MRE VKRS�

$Q )06 UHIHUV WR D VHW� RU FHOO� RI DXWRPDWHG PDFKLQHV WKDW DUH VHUYLFHG E\ DQ

DXWRPDWHG PDWHULDO KDQGOLQJ V\VWHP� 7KH )06 LV W\SLFDOO\ FRQWUROOHG E\ D SURFHVVRU�

(DFK PDFKLQH XVXDOO\ KROGV D PDJD]LQH RI VHYHUDO WRROV� ,Q WKLV PDQQHU PDWHULDO

GHOLYHU\� DV ZHOO DV PDFKLQH VHWXS� LV DXWRPDWHG� 'HSHQGLQJ RQ WKH WRROV ORDGHG LQWR

WKH PDFKLQH� VHYHUDO PDFKLQHV FDQ SHUIRUP WKH VDPH RSHUDWLRQ� SURYLGLQJ D FKRLFH

RI ZKLFK PDFKLQH WR URXWH HDFK SDUW WR� :LWK WKH oH[LELOLW\ WR URXWH SDUWV EDVHG

RQ PDFKLQH ORDGLQJ DV ZHOO DV PDFKLQLQJ UHTXLUHPHQWV� WKH LVVXH RI VFKHGXOLQJ WDVNV

EHFRPHV PRUH FRPSOLFDWHG�

3DUWV LQ PDQXIDFWXULQJ DUH XVXDOO\ SURFHVVHG LQ D SUHGHnQHG RUGHU RI RSHUDWLRQV�

3DUWLDO RUGHULQJV PD\ EH UHTXLUHG RU PD\ EH XVHG IRU FRQYHQLHQFH� LQGHHG LQ D oRZ

VKRS RU DVVHPEO\ OLQH WKH RUGHULQJ RI RSHUDWLRQV LV QRW HDVLO\ FKDQJHG� +RZHYHU� LW

PD\ EH WHFKQLFDOO\ SRVVLEOH WR SHUIRUP RSHUDWLRQV RXW RI RUGHU ZLWK RU ZLWKRXW VRPH

GHJUDGDWLRQ RI TXDOLW\� :KHQ RXW�RI�RUGHU SURFHVVLQJ LV SRVVLEOH� D SHQDOW\ IXQFWLRQ
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FDQ EH XVHG WR VSHFLI\ WKH IHDVLELOLW\ RI SHUIRUPLQJ VSHFLnF RSHUDWLRQV RXW RI RUGHU�

7KH oH[LELOLW\ RI WKH )06 PRWLYDWHV WKH QRWLRQ RI RXW RI RUGHU SURFHVVLQJ� 3HUIRUPLQJ

RSHUDWLRQV LQ DQ DOWHUQDWH RUGHU PD\ DOORZ GHDGOLQHV WR EH PHW� RU SURGXFWLRQ WR EH

LQFUHDVHG�

&RQVLGHU D SDUW WKDW UHTXLUHV D VHW RI PDFKLQLQJ RSHUDWLRQV� 8QGHU SHULRGV RI

RYHUORDG� LW EHFRPHV GLpFXOW� LI QRW LPSRVVLEOH� WR PHHW GHDGOLQHV� %\ SHUIRUPLQJ

VRPH RSHUDWLRQV RXW�RI�RUGHU� WKDW LV� YLRODWLQJ SUHFHGHQFH FRQVWUDLQWV� LW PD\ EH

SRVVLEOH WR SURFHVV SDUWV PRUH TXLFNO\� 7KXV� LQ DQ )06 V\VWHP� SHQDOWLHV IRU RXW�

RI�RUGHU SURFHVVLQJ PD\ EH DFFHSWDEOH ZKHQ FRQVLGHUHG FRQMXQFWLRQ ZLWK GHDGOLQHV

PHW RU LQFUHDVHG SURGXFWLRQ� :LWK WKH DYDLODELOLW\ RI DQ )06� LW QRZ EHFRPHV

SRVVLEOH WR PDNH WKLV WUDGH�Rm� EXW LW DOVR EHFRPHV D FKDOOHQJH WR VFKHGXOH ZRUN

IRU WKH )06� :LWKRXW SURSHU SURGXFWLRQ SODQQLQJ� WKH DGYDQWDJHV WKDW )06 FDQ

SURYLGH DUH ORVW�

����� 0LVVLRQ 3ODQQLQJ IRU 8QGHUVHD 9HKLFOHV

8QPDQQHG 8QGHUVHD 9HKLFOHV �889�� FRPPRQO\ XVHG IRU PLOLWDU\ H[HUFLVHV SURYLGHV

\HW DQRWKHU DSSOLFDWLRQ IRU WKLV ZRUN� 7KH 889 LV DQ VHOI�SURSHOOHG VXEPHUVLEOH

YHKLFOH WKDW� RQFH ODXQFKHG� PXVW PHHW SUH�GHnQHG PLVVLRQ JRDOV ZLWKRXW IXUWKHU KX�

PDQ LQWHUYHQWLRQ� 7KLV UHTXLUHV RQ�ERDUG SURFHVVLQJ VXpFLHQW WR SODQ DQG UH�SODQ WR

PHHW PLVVLRQ JRDOV� 6XFK V\VWHPV DUH DWWUDFWLYH VLQFH WKH\ JUHDWO\ LQFUHDVH WKH UDQJH

DQG FDSDELOLW\ RI D VKLS RU VXEPDULQH DW ORZHU FRVW DQG UHGXFHG ULVN� 889
V KDYH

D QXPEHU RI SRVVLEOH PLVVLRQV� LQFOXGLQJ SD\ORDG GHOLYHU\� VHDUFK� VXUYHLOODQFH DQG

RWKHUV� 2IWHQ� VXFK YHKLFOH PD\ KDYH PXOWLSOH PLVVLRQ JRDOV DQG VXEJRDOV� +RZHYHU�

889
V KDYH OLPLWHG RSHUDWLRQDO GXUDWLRQ GXH WR OLPLWHG SURSXOVLRQ SRZHU� ,Q VRPH

PLVVLRQV� D GHDGOLQH PD\ DOVR EH LPSRVHG RQ RQH RU PRUH JRDOV� 'XULQJ WKH FRXUVH

RI WKH PLVVLRQ� ERWK H[WHUQDO DQG LQWHUQDO VLWXDWLRQV PD\ GHYHORS ZKLFK FKDQJH WKH

�



JRDOV RU GHDGOLQHV� *LYHQ WKLV VFHQDULR� PLVVLRQ SODQQLQJ EHFRPHV D VFKHGXOLQJ SURE�

OHP� VLPLODU WR WKH VFKHGXOLQJ SUREOHP IRU D UHDO�WLPH GDWDEDVH RU )06� 7KH QHHG

IRU D 889 WR PHHW JRDOV ZLWKLQ D FHUWDLQ WLPH IUDPH PXVW EH EDODQFHG DJDLQVW WKH

QHHG WR SHUIRUP DOO PLVVLRQ WDVNV� ,Q WKH PRUH GLpFXOW FDVH� QRW DOO JRDOV FDQ EH

PHW ZLWKLQ WKH WLPH DOORWWHG� DQG HLWKHU VRPH JRDOV PXVW EH VDFULnFHG� RU GHDGOLQHV

PLVVHG� 7KH DELOLW\ WR VROYH WKLV SUREOHP VXFK DV WR PD[LPL]H WKH 889
V XWLOLW\ LV D

PHDVXUH RI WKH LQWHOOLJHQFH EXLOW LQWR WKH YHKLFOH�

����� 2WKHU $SSOLFDWLRQV

7KHUH DUH QXPHURXV RWKHU DSSOLFDWLRQV IURP nHOGV VXFK DV FRPEDW FRQWURO V\VWHPV�

nQDQFH� PXOWLPHGLD� WDUJHW WUDFNLQJ� DQG DXWRPRELOH WUDpF PRQLWRULQJ LQ LQWHOOLJHQW

KLJKZD\ V\VWHPV� ZKHUH WKH JRDOV RI WHPSRUDO FRQVLVWHQF\ DUH LQ FRQoLFW ZLWK ORJLFDO

FRQVLVWHQF\ JRDOV� :KLOH LW LV XVXDOO\ WKH FDVH LQ WKHVH DSSOLFDWLRQV WKDW WDVNV DUH

VFKHGXOHG WR PHHW WHPSRUDO UHTXLUHPHQWV RQO\ DIWHU ORJLFDO FRQVLVWHQF\ LV DFKLHYHG�

LW LV IHDVLEOH WR FRQVLGHU ERWK ORJLFDO DQG WHPSRUDO FRQVLVWHQF\ VLPXOWDQHRXVO\� :KHQ

FRQoLFWV EHWZHHQ WKHVH UHTXLUHPHQWV DULVH� WKH VFKHGXOLQJ V\VWHP PXVW EH FDSDEOH

RI DGGUHVVLQJ ERWK VHWV RI UHTXLUHPHQWV� 7KLV SURMHFW GHYHORSV D XQLnHG DSSURDFK WR

VFKHGXOLQJ DQG FRQFXUUHQF\ FRQWURO WKDW FDQ WUDGH�Rm ORJLFDO DQG WHPSRUDO FRQVLV�

WHQF\ UHTXLUHPHQWV�

7KH WHFKQLTXHV WKDW ZLOO EH LQYHVWLJDWHG WKURXJK WKLV UHVHDUFK ZLOO EH UHOHYDQW

WR DQ\ DSSOLFDWLRQ ZKHUH WKHUH LV D QHFHVVLW\ WR WUDGH�Rm ORJLFDO DQG WHPSRUDO FRQ�

VWUDLQWV� +RZHYHU� WKLV ZRUN LV QRW DSSOLFDEOH WR WKRVH DSSOLFDWLRQV ZKHUH WKH YL�

RODWLRQ RI WHPSRUDO FRQVWUDLQWV �RU� DOWHUQDWLYHO\� ORJLFDO FRQVWUDLQWV� FRQVWLWXWHV D

IDLOXUH RI WKH V\VWHP� $OVR WKLV UHVHDUFK LV QRW DSSOLFDEOH LQ VLWXDWLRQV ZKHUH LW LV IHD�

VLEOH WR SHUPLW D WUDGH�Rm EHWZHHQ ORJLFDO DQG WHPSRUDO FRQVWUDLQWV� EXW WKH WUDGH�Rm

FDQQRW EH H[SOLFLWO\ VSHFLnHG�
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2QH FRPPRQ WKUHDG WKDW WLHV DOO WKHVH DSSOLFDWLRQV WRJHWKHU LV WKH UHTXLUHPHQW RI

VWURQJ WLPLQJ FRQVWUDLQWV� WKDW LV� IDLOXUH WR PHHW D GHDGOLQH FDXVHV D PHDVXUDEOH UH�

GXFWLRQ LQ WKH TXDOLW\ RI VHUYLFH SURYLGHG E\ WKH V\VWHP� ,W LV ZLWK WKLV XQGHUVWDQGLQJ

WKDW ZH FRQWHPSODWH WKH YLRODWLRQ RI ORJLFDO FRQVWUDLQWV�

,Q WKH VFKHGXOLQJ RI WDVNV WKHUH DUH VHYHUDO DVVXPSWLRQV WKDW ZH PDNH� )LUVW�

ZH DVVXPH WKDW WKHUH H[LVW VHYHUDO PHDVXUHV RI SHUIRUPDQFH DJDLQVW ZKLFK VXFFHVV LV

GHWHUPLQHG� 6HFRQG� E\ FKDQJLQJ WKH VFKHGXOLQJ RUGHU� WKH V\VWHP SHUIRUPDQFH ZLOO

FKDQJH LQ WKHVH PHDVXUHV� 7KLUG� SHQDOWLHV GXH WR WKH LQFRUUHFW RUGHULQJ RI WDVNV DUH

UHODWHG WR D PHWULF VSDFH� )RXUWK� DQG SHUKDSV PRVW LPSRUWDQWO\� SHUIRUPDQFH LQ

RQH PHDVXUH FDQ EH WUDGHG Rm IRU EHWWHU SHUIRUPDQFH LQ DQRWKHU� DQG WKH YDOXH RI

WKH WUDGH�Rm LV XQGHUVWRRG�

7KH SUREOHP GHVFULEHG E\ WKLV UHVHDUFK LV WKH QDWXUDO H[WHQVLRQ RI SUHYLRXV UH�

VHDUFK LQ WKH nHOG� $W 7KH 8QLYHUVLW\ RI 5KRGH ,VODQG �85,�� WKH SUREOHPV RI ERWK

VFKHGXOLQJ DQG UHDO�WLPH GDWDEDVHV KDYH EHHQ H[WHQVLYHO\ EHHQ VWXGLHG >3'3:��@�

+RZHYHU� XS WR WKLV WLPH� WKH FRQFHSW RI D WUDGH�Rm EHWZHHQ ORJLFDO DQG WHPSRUDO FRQ�

VLVWHQF\ KDV QRW EHHQ IXOO\ H[SORLWHG� 3UHYLRXV UHVHDUFK KDV EXLOW D VROLG IRXQGDWLRQ

IRU WKH QHHG WR UHOD[ ORJLFDO FRQVWUDLQWV LQ OLJKW RI WHPSRUDO UHTXLUHPHQWV�

��� *RDO RI 5HVHDUFK

7KH JRDO RI WKLV SURMHFW LV WR SURGXFH UHVXOWV WKDW OHDG WR WKH XQLnFDWLRQ RI WUDQV�

DFWLRQ VFKHGXOLQJ DQG FRQFXUUHQF\ FRQWURO LQ UHDO�WLPH V\VWHPV VXFK DV UHDO�WLPH

GDWDEDVHV DQG )06
V� 7KHVH UHVXOWV ZLOO OHDG WR D EHWWHU JHQHUDO XQGHUVWDQGLQJ RI

WKH UHODWLRQVKLS EHWZHHQ WKHVH WZR FUXFLDO VFKHGXOLQJ LVVXHV LQ D UHDO�WLPH V\VWHP�

7KURXJK WKH UHVXOWV RI WKLV ZRUN� ZH KDYH GHYHORSHG VFKHGXOLQJ WHFKQLTXHV UHO�

HYDQW WR D ZLGH UDQJH RI DSSOLFDWLRQV� 8VLQJ H[DPSOHV� ZH VXJJHVW KRZ WKHVH WHFK�

QLTXHV FDQ EH DSSOLHG WR VHYHUDO DSSOLFDWLRQV� 0RUH VSHFLnFDOO\� ZH VHHN WR DSSO\ WKH

�



QRWLRQ RI SHQDOW\ IXQFWLRQ WR GHVFULEH WHPSRUDO UHTXLUHPHQWV DQG JHQHUDOL]H ORJLFDO

FRQVWUDLQWV XVLQJ SUHFHGHQFH UHTXLUHPHQWV� :H WKHQ VHHN WR HVWDEOLVK D PRGHO IRU WKH

FKDUDFWHUL]DWLRQ RI UHDO�WLPH WDVNV LQ DSSOLFDWLRQV ZKHUH D WUDGH�Rm EHWZHHQ WHPSRUDO

DQG ORJLFDO FRQVWUDLQWV LV SRVVLEOH� :H VHHN WR GHYHORS D WKHRUHWLFDO XQGHUVWDQGLQJ

RI WKLV WUDGH�Rm DQG VKRZ WKDW WKHVH WZR SHUIRUPDQFH PHDVXUHV FDQ EH FRQWUROOHG

WKURXJK WKH VFKHGXOLQJ RI WDVNV� )LQDOO\� ZH VHHN WR GHYHORS DOJRULWKPV DQG KHXULV�

WLFV WR PD[LPL]H ERWK ORJLFDO DQG WHPSRUDO UHTXLUHPHQWV DQG YDOLGDWH WKHVH PHWKRGV

WKURXJK VLPXODWLRQ�

��� $SSURDFK

7KH SUREOHP RI VFKHGXOLQJ WDVNV KDV EHHQ ZLGHO\ VWXGLHG LQ ERWK WKH nHOGV RI 2S�

HUDWLRQV 5HVHDUFK DQG &RPSXWHU 6FLHQFH� 6FKHGXOLQJ FDQ EH D GLpFXOW SUREOHP�

DQG LQGHHG� VXFK SUREOHPV DV WKH 7UDYHOLQJ 6DOHVPDQ 3UREOHP �763� >//.6��@ DUH

NQRZQ WR EH 13�KDUG� 7KH 763 FDQQRW EH RSWLPDOO\ VROYHG LQ SRO\QRPLDO WLPH� ,I

DQ HQXPHUDWLYH WHFKQLTXH LV XVHG WR nQG D VROXWLRQ� WKHQ IRU D SUREOHP RI VL]H Q� WKH

VHDUFK VSDFH LQFOXGHV Q� SRVVLEOH VHTXHQFHV ZKLFK PXVW EH FRQVLGHUHG� 2Q WKH RWKHU

KDQG� VFKHGXOLQJ SUREOHPV WKDW UHTXLUH D SDUWLDO RUGHULQJ RI WDVNV DUH XVXDOO\ FRQVLG�

HUHG HDVLHU� VLQFH WKH LPSRVLWLRQ RI DGGLWLRQDO FRQVWUDLQWV UHGXFHV WKH VHDUFK VSDFH�

WKDW LV� D QXPEHU RI VHTXHQFHV DUH QRW YLDEOH� $ VHW RI WDVNV LV SDUWLDOO\ RUGHUHG LI LW LV

UHTXLUHG WKDW VRPH WDVNV EH SHUIRUPHG SULRU WR VRPH RWKHU WDVNV� IRU H[DPSOH� D � E�

:H ZLOO IRUPDOL]H WKH QRWLRQ RI SDUWLDO RUGHULQJ LQ [������ ,Q WKH SUREOHPV WKDW ZH

DUH FRQVLGHULQJ� KRZHYHU� ZH UHOD[ WKH FRQVWUDLQW LPSRVHG E\ SDUWLDO RUGHULQJ� 7KXV�

UDWKHU WKDQ UHGXFH WKH VL]H RI WKH SUREOHP� LW DFWXDOO\ LV ODUJHU� 7KH LVVXH RI VHDUFK

VSDFH VL]H LV LPSRUWDQW LQ WKLV ZRUN DQG ZLOO EH GLVFXVVHG DW OHQJWK LQ &KDSWHU ��

:H XVHG DQ LQFUHPHQWDO DSSURDFK WR WKLV SUREOHP� :H nUVW VWDUW RXW ZLWK D VLP�

SOLnHG SUREOHP� EXW RQH WKDW HPERGLHV WKH FRQFHSWV RI WUDGLQJ Rm WHPSRUDO IRU ORJLFDO
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UHTXLUHPHQWV� 7KLV nUVW SUREOHP PRGHOV WKH WRWDO SURFHVVLQJ WLPH RU PDNHVSDQ� ZLWK

SUHFHGHQFH RUGHULQJ EHWZHHQ WDVNV� 7KH PRGHO UHTXLUHV WKH GHOHWLRQ RI WDVNV� ZLWK

SHQDOW\� LI SUHFHGHQFH YLRODWLRQV RFFXU� 7KH UHGXFWLRQ RI PDNHVSDQ IRU YLRODWLRQV

RI SUHFHGHQFH RUGHULQJ IRUPV WKH EDVLV RI D WUDGH�Rm� 7KH VROXWLRQ WR WKH VLPSOH

SUREOHP OHDGV WR UHVXOWV WKDW DUH XVHIXO LQ VHYHUDO DSSOLFDWLRQV� 0RUH LPSRUWDQWO\�

WKH VROXWLRQ WR WKLV SUREOHP YDOLGDWHV WKH FHQWUDO FRQFHSW RI RXU ZRUN DQG ZH ZLOO

FRQWLQXH ZLWK WKLV FRQFHSW WR VROYH SUREOHPV WKDW DUH PRUH GLpFXOW�

7KH PRGHO RI WKH VHFRQG SUREOHP H[WHQGV WKH UHVXOWV RI WKH nUVW PRGHO WR LQFOXGH

WUDQVDFWLRQV� ,Q WKLV PRGHO� WUDQVDFWLRQV KDYH LQGLYLGXDO GHDGOLQHV� 7UDQVDFWLRQV

DUH PRGHOHG WR LQFOXGH VHYHUDO VXEWDVNV DQG D nQDO� RU FRPPLW� WDVN� 3UHFHGHQFH

FRQVWUDLQWV UHODWH DOO VXEWDVNV WR D VLQJOH FRPPLW WDVN� $V LQ WKH nUVW PRGHO� WDVNV

WKDW YLRODWH SUHFHGHQFH FRQVWUDLQWV DUH GHOHWHG ZLWK SHQDOW\� :KLOH WKLV PRGHO LV

VWLOO UDWKHU OLPLWHG� LW GRHV DOORZ LQGLYLGXDO GHDGOLQHV IRU WUDQVDFWLRQV� 7KH VROXWLRQ

WR WKLV SUREOHP LV SURYLGHG E\ D KHXULVWLF� ZKLFK GRHV QRW QHFHVVDULO\ UHVXOW LQ DQ

RSWLPDO VROXWLRQ� 6LPXODWLRQ LV XVHG WR DVVHVV WKH HmHFWLYHQHVV RI WKH KHXULVWLF�

7KH WKLUG DQG nQDO SUREOHP LV WKH PRVW JHQHUDO� 7KLV SUREOHP LV PRGHOHG VXFK

WKDW DOO WDVNV KDYH WLPLQJ FRQVWUDLQWV� H[SUHVVHG WKURXJK D VHULHV RI GHDGOLQHV HDFK

ZLWK DQ LQFUHDVLQJ SHQDOW\ LI PLVVHG� 3DUWLDO RUGHULQJ EHWZHHQ WDVNV LV SHUPLWWHG�

ZLWK SHQDOWLHV IRU SUHFHGHQFH YLRODWLRQV� $ QXPEHU RI VROXWLRQV IRU WKLV PRGHO� ERWK

H[DFW DQG QRQ�H[DFW DUH H[SORUHG�

7KH VHTXHQFH RI PRGHOV FRQVLGHUHG EHJLQV ZLWK WKH VLPSOH� UHVWULFWHG PRGHO DQG

OHDGV� LQ VXEVHTXHQW PRGHOV� WR WKH JHQHUDO PRGHO� 7KH UHVWULFWLRQV DVVXPHG LQ

WKH nUVW PRGHO DUH LQFUHPHQWDOO\ UHPRYHG WR SURYLGH D PRUH FRPSOH[ SUREOHP� ,Q

DOO FDVHV� ZH nUVW VHHN IRUPDO GHnQLWLRQ RI WKH SUREOHP� 3UREOHPV DUH IRUPXODWHG

DV ,QWHJHU 3URJUDP �,3� SUREOHPV� ZKLFK OHDGV WR SRVVLELOLW\ RI WKHLU EHLQJ VROYHG

RSWLPDOO\ ZLWK FRPPHUFLDO VRIWZDUH SDFNDJHV� 7KLV� KRZHYHU� LV QRW VXLWDEOH IRU PRVW

DSSOLFDWLRQV EHFDXVH WKHVH SDFNDJHV GR QRW WDNH DGYDQWDJH RI WKH XQLTXH VWUXFWXUH RI

�



WKH SUREOHP OHDGLQJ WR SURFHVVLQJ WLPHV WKDW DUH PXFK ORQJHU WKDQ FDQ EH REWDLQHG

E\ RWKHU PHDQV�

:H GHYHORS KHXULVWLFV WR REWDLQ VROXWLRQV WKH SUREOHPV ZH GHVFULEH� 6XFK KHXULV�

WLFV KDYH WKH DGYDQWDJH RI EHLQJ DEOH WR VROYH WKH SUREOHP TXLWH TXLFNO\� DOWKRXJK LQ

JHQHUDO� WKH VROXWLRQ LV QRW RSWLPDO� ([DFW VROXWLRQV DUH SRVVLEOH ZLWK HQXPHUDWLYH

WHFKQLTXHV VXFK DV EUDQFK DQG ERXQG� %UDQFK DQG ERXQG FDQ EH WDLORUHG WR WKH

DSSOLFDWLRQ E\ XVLQJ WKH XQLTXH VWUXFWXUH RI WKH SUREOHP� +RZHYHU SUREOHP VL]H LV

VWLOO OLPLWHG DQG SHUIRUPDQFH �WLPH WR VROXWLRQ� FDQ QRW EH JXDUDQWHHG� %RWK H[DFW

DQG KHXULVWLF VROXWLRQV KDYH DGYDQWDJHV DQG DQG OLPLWDWLRQV� WKHVH FRQVLGHUDWLRQV DUH

GLVFXVVHG LQ GHSWK�

��� 'LVVHUWDWLRQ 2XWOLQH

7KH FKDSWHUV WKDW IROORZ LQ WKLV GLVVHUWDWLRQ DUH RUJDQL]HG DV IROORZV� :H EHJLQ

LQ &KDSWHU � ZLWK D GLVFXVVLRQ RI OLWHUDWXUH UHODWHG WR WKLV ZRUN DQG KRZ ZH ZLOO

H[SDQG RQ WKLV OLWHUDWXUH� ,Q &KDSWHU � ZH SURYLGH D GHWDLOHG VWDWHPHQW RI WKH

SUREOHP DQG SURYLGH DGGLWLRQDO PRWLYDWLRQ� ,Q &KDSWHU � ZH GLVFXVV LQ GHWDLO WKH

nUVW VLPSOLnHG SUREOHP� D SUREOHP ZKLFK LOOXVWUDWHV WKH FRQFHSWV DQG IXUWKHU GHnQHV

WKH QDWXUH RI WKH PRUH JHQHUDO SUREOHP� &KDSWHU � GHnQHV D PRUH GLpFXOW SUREOHP

DQG LWV VROXWLRQ� ,Q &KDSWHU � ZH GLVFXVV WKH SUREOHP RI VFKHGXOLQJ ZLWK SHQDOW\

IXQFWLRQV� ,Q &KDSWHU �� ZH WKHQ LQFOXGH SUHFHGHQFH FRQVWUDLQWV� 7KLV LV WKH PRVW

JHQHUDO SUREOHP DQG ZH SURYLGH VHYHUDO VROXWLRQ VWUDWHJLHV� ,Q &KDSWHU � ZH SUHVHQW

D VXPPDU\ DQG FRQFOXVLRQ RI RXU ZRUN DQG LQ &KDSWHU � ZH VXJJHVW DGGLWLRQDO ZRUN

WKDW PLJKW EH SHUIRUPHG WR H[WHQG WKLV ZRUN�

��



&KDSWHU �

5HODWHG :RUN

,Q WKLV FKDSWHU� UHOHYDQW ZRUN IURP FORVHO\ UHODWHG nHOGV LV UHYLHZHG� :H FRQVLGHU

SUHYLRXV ZRUN SHUIRUPHG DW WKH 8QLYHUVLW\ RI 5KRGH ,VODQG DQG WKH DSSOLFDWLRQ RI

WKRVH UHVXOWV WR RXU ZRUN� :H DOVR H[DPLQH ZRUN LQ WKH nHOGV &RPSXWHU 6FLHQFH

DQG 2SHUDWLRQV 5HVHDUFK IURP ZKLFK ZH GUDZ IURP IRU ZRUN LQ UHDO�WLPH FRPSXWLQJ�

FRQFXUUHQF\ FRQWURO DQG VFKHGXOLQJ�

6LQFH RXU SURSRVHG SURMHFW LQYROYHV V\QWKHVL]LQJ GDWDEDVH VFKHGXOLQJ DQG FRQFXU�

UHQF\ FRQWURO E\ KDQGOLQJ ERWK ORJLFDO DQG WHPSRUDO FRQVLVWHQF\� ZH IRFXV RQ ZRUN LQ

WKRVH DUHDV� ,Q SDUWLFXODU� ZH H[DPLQH ZRUN RQ UHDO�WLPH WDVN VFKHGXOLQJ ZLWK YDOXH

RU SHQDOW\ IXQFWLRQV� DQG RQ FRQFXUUHQF\ FRQWURO WHFKQLTXHV WKDW DOORZ VRPH ORJLFDO

LPSUHFLVLRQ E\ UHOD[LQJ VHULDOL]DELOLW\�

,Q WKH QH[W VHFWLRQ� ZH UHYLHZ ZRUN IURP WKH 8QLYHUVLW\ RI 5KRGH ,VODQG 57�

625$& UHDO�WLPH GDWDEDVH V\VWHP� 6SHFLnFDOO\� ZH H[WHQG WKH 57625$& SURMHFW

UHVXOWV LQ VFKHGXOLQJ WUDQVDFWLRQV WR PHHW GHDGOLQHV ZKLOH DOORZLQJ VRPH LPSUHFLVLRQ�

:H DOVR UHYLHZ ZRUN GRQH LQ VFKHGXOLQJ DQG UHDO�WLPH FRPSXWLQJ� LQFOXGLQJ YDOXH

EDVHG VFKHGXOLQJ DQG PXOWL�FULWHULD VFKHGXOLQJ� )URP WKHVH DUHDV� ZH ZLOO GHYHORS WKH

EDVLF FRQFHSWV IRU WDVN VFKHGXOLQJ ZKLFK VXSSRUWV D WUDGH�Rm ZLWK ORJLFDO FRQVWUDLQWV�

7KH VHFRQG PDMRU LVVXH UHODWHG WR WKLV ZRUN LV WKH HQIRUFHPHQW RI ORJLFDO FRQVLVWHQF\�

��



:H UHYLHZ ZRUN LQ FRQFXUUHQF\ FRQWURO ZKLFK OHDGV WR WKH PRUH VSHFLnF WRSLFV RI

VHULDOL]DELOLW\� QRQ�VHULDOL]DEOH FRQFXUUHQF\ FRQWURO� HSVLORQ VHULDOL]DELOLW\� VLPLODULW\�

SUHFHGHQFH RUGHULQJ DQG ZRUN UHODWHG WR UHDO�WLPH FRQFXUUHQF\ FRQWURO�

7KH ZRUN UHYLHZHG KHUH EXLOGV D VROLG IRXQGDWLRQ IRU WKH ZRUN WKDW IROORZV� 8VLQJ

FRQFHSWV IURP VFKHGXOLQJ DQG FRQFXUUHQF\ FRQWURO� ZH KDYH EHHQ DEOH WR GHYHORS WKH

WKHRU\ DQG SUDFWLFH RI VFKHGXOLQJ WR PHHW WLPLQJ DQG ORJLFDO FRQVWUDLQWV�

��� 57625$&

,Q UHVHDUFK FRQGXFWHG DW 85,� D VHPDQWLF FRQFXUUHQF\ FRQWURO WHFKQLTXH KDV EHHQ GH�

YHORSHG IRU 57625$& �5HDO�7LPH 6HPDQWLF 2EMHFWV DQG &RQVWUDLQWV�� D UHDO�WLPH

REMHFW�RULHQWHG GDWDEDVH PRGHO DQG V\VWHP >3'3:��@� 7KLV WHFKQLTXH DOORZV WKH

GDWDEDVH GHVLJQHU WR UHOD[ ORJLFDO FRQVLVWHQF\ IRU HDFK REMHFW VXFK WKDW JUHDWHU WHP�

SRUDO FRQVLVWHQF\ PLJKW EH DFKLHYHG� 7KH DPRXQW RI ORJLFDO LPSUHFLVLRQ LQWURGXFHG

E\ WKLV WHFKQLTXH FDQ EH ERXQGHG XQGHU FHUWDLQ JHQHUDO FRQGLWLRQV� 7KLV UHVXOW OHDGV

WR WKH FRQFOXVLRQ WKDW ORJLFDO FRQVLVWHQF\ FDQ EH UHOD[HG ZLWK WKH FRQVHTXHQFH RI

JUHDWHU LPSUHFLVLRQ� ,PSOLFLW LQ WKLV FRQFHSW LV WKDW D VFKHGXOH FRXOG WDNH DGYDQWDJH

RI UHOD[HG ORJLFDO FRQVLVWHQF\ WR SURYLGH EHWWHU WHPSRUDO SHUIRUPDQFH� +RZHYHU�

ZLWKRXW D VFKHGXOHU WKDW VHHNV WR H[SORLW WKLV LGHD� HQKDQFHG WHPSRUDO SHUIRUPDQFH

LV QRW DVVXUHG� :KDW LV UHTXLUHG LV WR H[SOLFLWO\ GHnQH WKLV WUDGH�Rm WKURXJK WKH

LPSOHPHQWDWLRQ RI D VFKHGXOHU WKDW PD[LPL]HV ERWK WHPSRUDO SHUIRUPDQFH DQG ORJL�

FDO FRQVLVWHQF\� ,Q RXU JRDO WR GHYHORS D XQLnHG VFKHGXOLQJ DQG FRQFXUUHQF\ FRQWURO

WHFKQLTXH� ZH VHHN WR H[SORLW WKH WUDGH�Rm EHWZHHQ WHPSRUDO DQG ORJLFDO FRQVLVWHQF\�

7KH 57625$& V\VWHP LV VWURQJO\ REMHFW�RULHQWHG ZKHUH REMHFWV KDYH ERWK GDWD DQG

PHWKRGV DVVRFLDWHG ZLWK WKHP� 7KH JRDO LV WR VFKHGXOH PHWKRGV LQ VXFK D ZD\ DV WR

PDLQWDLQ DQ REMHFW
V ORJLFDO FRQVLVWHQF\� EXW WR DOVR PHHW GHDGOLQHV RQ PHWKRG FRP�

SOHWLRQ� %\ UHOD[LQJ WKH FRQVWUDLQWV LPSRVHG E\ ORJLFDO FRQVLVWHQF\� PRUH VFKHGXOHV

��



DUH ORJLFDOO\ IHDVLEOH DQG WKXV� WKH FKDQFH WKDW D VFKHGXOH H[LVWV WKDW ZLOO PHHW ERWK

ORJLFDO DQG WHPSRUDO UHTXLUHPHQWV LV LQFUHDVHG� /RJLFDO FRQVLVWHQF\ LV HQIRUFHG LQ D

QXPEHU RI ZD\V� LQFOXGLQJ ORFNV� VHPDQWLF ORFNLQJ� VLPLODULW\ DQG RWKHU WHFKQLTXHV

>%+*��@� 57625$& UHOD[HV ORJLFDO FRQVWUDLQWV ZLWK D VHPDQWLF PHWKRG WKDW XVHV D

FRPSDWLELOLW\ IXQFWLRQ� 0HWKRG LQYRFDWLRQV PD\ LQWHUOHDYH� DQG PD\ HYHQ DFFHVV WKH

VDPH GDWD REMHFW� 7KH FRPSDWLELOLW\ IXQFWLRQ LV D WDEOH WKDW GHnQHV WKH SRVVLELOLW\

RI FRQoLFW EHWZHHQ PHWKRGV GHSHQGLQJ RQ WKH W\SH RI REMHFW DFFHVV EHLQJ FRQVLG�

HUHG� 8VLQJ OHVV UHVWULFWLYH IRUPV RI FRQFXUUHQF\ FRQWURO DOORZV PRUH VFKHGXOHV WR

EH FRQVLGHUHG� +RZHYHU� 57625$& DOVR SHUPLWV DQ DGGLWLRQDO UHOD[DWLRQ RI ORJLFDO

FRQVWUDLQWV UHVXOWLQJ LQ LPSUHFLVH UHVXOWV� 1RUPDOO\� D FRQFXUUHQF\ YLRODWLRQ LV WKH

LOOHJDO DFFHVV RI VKDUHG GDWD REMHFWV� ZKLFK PD\ UHVXOW LQ HUURQHRXV GDWD EHLQJ VWRUHG

RU RXWSXW IURP WKH V\VWHP� ,Q WKH ZRUN RI 'L3LSSR >'L3��@� SRWHQWLDO FRQFXUUHQF\

YLRODWLRQV DUH PDSSHG WR DQ LQFUHDVH LQ SUHFLVLRQ� %DVHG RQ WKH YDOXH RI WKH GDWD

EHLQJ DFFHVVHG DQG WKH W\SH RI DFFHVV SODQQHG� WKH SRWHQWLDO HUURU LQ WKH GDWD FDQ

EH GHWHUPLQHG� 7KLV SRWHQWLDO HUURU LV WKHQ D ERXQG RQ WKH LPSUHFLVLRQ RI WKH GDWD�

$Q XSSHU ERXQG RQ WKH LPSUHFLVLRQ LV VHW DV D PDWWHU RI V\VWHP SROLF\� SULRU WR

D WUDQVDFWLRQ WKDW PLJKW LQFUHDVH LPSUHFLVLRQ� WKH V\VWHP OLPLW LV FKHFNHG� ,I WKH

WUDQVDFWLRQ GRHV QRW H[FHHG WKH ERXQG� LW LV SHUPLWWHG� 7KLV V\VWHP WKHQ SURYLGHV

D PHDQV RI WUDGLQJ Rm LPSUHFLVLRQ ZLWK WKH DELOLW\ WR PHHW GHDGOLQHV� 7KLV ZRUN

ZLOO IRUP WKH EDVLV IRU PXFK RI RXU ZRUN KHUH� 7KH QRWLRQ RI YLRODWLQJ FRQFXUUHQF\

FRQWUROV WR SHUPLW EHWWHU WHPSRUDO SHUIRUPDQFH LV FRUH WR RXU ZRUN�

��� 5HDO�7LPH &RPSXWLQJ

5HDO�WLPH WDVNV DUH WDVNV WKDW KDYH DQ DVVRFLDWHG WLPLQJ FRQVWUDLQW DV SDUW RI WKH

WDVN GHnQLWLRQ� )RU D V\VWHP WR EH FRQVLGHUHG UHDO�WLPH� WKH V\VWHP PXVW SURYLGH

D PHFKDQLVP WR KDQGOH WLPLQJ FRQVWUDLQWV LQ D SUHGLFWDEOH ZD\� 7KLV PRUH SUHFLVH

��



GHnQLWLRQ LV FRPPRQO\ XVHG LQ WKH nHOG >6WD��@� DQG GLmHUV IURP WKH QRWLRQ RI ?IDVW�

SURFHVVLQJ� )DVWHU SURFHVVLQJ FHUWDLQO\ LPSURYHV SURFHVVRU WKURXJKSXW DQG FDQ KHOS

WR PHHW UHTXLUHG WLPLQJ FRQVWUDLQWV� +RZHYHU� LQ RXU ZRUN KHUH� ZH DUH SULPDULO\

LQWHUHVWHG LQ WKH FDVH ZKHUH WKH V\VWHP� IRU ZKDWHYHU UHDVRQ� FDQQRW PHHW WKH UH�

TXLUHG WLPLQJ FRQVWUDLQWV� 7LPLQJ FRQVWUDLQWV LPSRVHG RQ D WDVN PD\ LQFOXGH VWDUW

WLPHV� HQG WLPHV� GXUDWLRQ RU V\QFKURQL]DWLRQ ZLWK RWKHU WDVNV� )UHTXHQWO\� WLPLQJ

FRQVWUDLQWV DUH H[SUHVVHG DV GHDGOLQHV� ZKLFK LQ WXUQ� FDQ EH FDWHJRUL]HG DV KDUG�

VRIW RU nUP� :KLOH VRPH DXWKRUV VXJJHVW WKDW IDLOXUH WR PHHW D KDUG GHDGOLQH OHDGV

WR FDWDVWURSKLF UHVXOWV� RU XQUHFRYHUDEOH IDLOXUH� LW VXpFHV WR VD\ WKDW IDLOXUH WR PHHW

D KDUG GHDGOLQH LV D IDLOXUH RI WKH V\VWHP >-HQ��@�

+DUG UHDO�WLPH UHTXLUHV SUHGLFWDEOH H[HFXWLRQ DQG D SULRUL JXDUDQWHHV� ZKLFK

SODFHV KDUG UHDO�WLPH RXWVLGH WKH VFRSH RI WKLV ZRUN� VLQFH KDUG GHDGOLQHV SUHFOXGH

WKH SRVVLELOLW\ RI PLVVLQJ GHDGOLQHV LQ RUGHU WR PHHW ORJLFDO FRQVLVWHQF\ UHTXLUHPHQWV�

:LWK D VRIW WLPLQJ FRQVWUDLQW� WKHUH PD\ VWLOO EH VRPH EHQHnW LQ FRPSOHWLQJ WKH

WDVN RXWVLGH RI WKH WLPLQJ FRQVWUDLQWV�DOWKRXJK WKLV YDOXH OLNHO\ GHFUHDVHV ZLWK WLPH�

0HHWLQJ D nUP WLPLQJ FRQVWUDLQW LV QRW D QHFHVVDU\ FRQGLWLRQ IRU FRUUHFWQHVV� EXW

WKHUH LV QR YDOXH LQ H[HFXWLQJ WKH WDVN RXWVLGH RI LWV nUP WLPLQJ FRQVWUDLQWV� ,Q WKLV

GLVVHUWDWLRQ� ZH DUH SULPDULO\ LQWHUHVWHG LQ VRIW DQG nUP UHDO�WLPH�

$Q LPSRUWDQW LPSOLFDWLRQ RI UHDO�WLPH FRPSXWHU SURFHVVLQJ LV WKDW WKH VFKHGXOLQJ

SURFHVV PXVW RIWHQ H[HFXWH FRQFXUUHQWO\ ZLWK WKH WDVNV WR EH SHUIRUPHG� WKDW LV�

WKH RYHUKHDG RI WKH VFKHGXOLQJ DOJRULWKP PXVW EH FRQVLGHUHG� 7KLV LV HVSHFLDOO\

WUXH IRU VRIW DQG nUP GHDGOLQHV ZKHUH� XQOLNH KDUG GHDGOLQHV� G\QDPLF VFKHGXOLQJ

LV DQ RSWLRQ� 7KH RYHUKHDG UHTXLUHG IRU VFKHGXOLQJ LV RI PRUH RU OHVV LPSRUWDQFH

GHSHQGLQJ RQ WKH GRPDLQ� ,Q D UHDO�WLPH GDWDEDVH� IRU H[DPSOH� WKH WLPH UHTXLUHG

WR VFKHGXOH WUDQVDFWLRQV LV WLPH WKDW FRXOG KDYH EHHQ XVHG WR DFWXDOO\ SHUIRUP WKH

WUDQVDFWLRQV� ,Q WKH ZRUVW FDVH� WUDQVDFWLRQV SHUIRUPHG LQ VRPH DUELWUDU\ RUGHU

PHHW PRUH GHDGOLQHV WKDQ WUDQVDFWLRQV LQ DQ RUGHU GHWHUPLQHG E\ WKH VFKHGXOHU�

��



6FKHGXOLQJ V\VWHPV IRU SURFHVVRU WDVNV PXVW EH HpFLHQW WR EH XVHIXO� WKDW LV WKH\

PXVW LPSRVH ORZ RYHUKHDG RQ WKH V\VWHP� 6RPH V\VWHPV SURYLGH D VHSDUDWH SURFHVVRU

IRU VFKHGXOLQJ� KRZHYHU� WKLV EDUHO\ VLGHVWHSV WKH TXHVWLRQ RI ZKHWKHU LW ZRXOG EH

PRUH HpFLHQW WR DSSO\ WKH DGGLWLRQDO FRPSXWLQJ SRZHU WR SURFHVVLQJ WUDQVDFWLRQV�

&RQVLGHULQJ WKH SURFHVVLQJ WLPH IRU RWKHU DSSOLFDWLRQV� VXFK DV LQ DQ )06 �oH[�

LEOH PDQXIDFWXULQJ FHOO�� D FRPSXWHU�EDVHG VFKHGXOHU ZRXOG QRUPDOO\ H[HFXWH PXFK

IDVWHU WKDQ WKH DFWXDO PDQXIDFWXULQJ RSHUDWLRQV� 7KXV� WKH XVH RI D PRUH VRSKLVWL�

FDWHG VFKHGXOHU FDQ EH MXVWLnHG E\ WKH LPSURYHPHQW LQ RYHUDOO WHPSRUDO SHUIRUPDQFH

ZLWKRXW WRR PXFK FRQFHUQ DERXW WKH RYHUKHDG RI WKH VFKHGXOLQJ SURFHVVRU� 7KH

DGYDQFHV LQ FRPSXWHU WHFKQRORJ\ VXJJHVW WKDW IDVWHU FRPSXWHUV ZLOO EH DYDLODEOH LQ

WKH IXWXUH� KRZHYHU� PDFKLQLQJ RSHUDWLRQV DUH OHVV OLNHO\ WR VKRZ D VLPLODU LPSURYH�

PHQW LQ SURFHVVLQJ WLPH� 7KLV DOORZV WKH XVH RI LQFUHDVLQJO\ VRSKLVWLFDWHG VFKHGXOLQJ

DOJRULWKPV�

:H DUH QRW SDUWLFXODUO\ FRQFHUQHG ZLWK VFKHGXOHU SURFHVVLQJ WLPH LQ WKLV ZRUN�

DOWKRXJK ZH GR DGGUHVV WKH LVVXH IRU DOJRULWKPV GHYHORSHG� :H DUH ORRNLQJ WR nQG

IHDVLEOH ZD\V WR VFKHGXOH WDVNV� LPSOHPHQWLQJ WKH PHWKRGV SURSRVHG LQ DQ HpFLHQW

VFKHGXOHU LV ZRUN OHIW IRU IXWXUH LQYHVWLJDWLRQV� $OJRULWKP FRPSOH[LW\ KDV LPSRUWDQW

LPSOLFDWLRQV IRU� VLQFH WKLV GHWHUPLQHV WKH UHTXLUHG SURFHVVLQJ WLPH DV WDVN VHW VL]H

LQFUHDVHV� :KHUH WKH SURFHVVLQJ WLPH WR FUHDWH D VFKHGXOH LV DQ LVVXH� LW PD\ EH

SRVVLEOH WR FRQVWUXFW YDULRXV VFKHGXOHV LQ DGYDQFH IRU ?W\SLFDO� RU H[SHFWHG FDVHV�

7KHVH VFKHGXOHV� RU VFKHGXOH WHPSODWHV� FDQ WKHQ EH XVHG ZKHQ QHHGHG ZKLOH JUHDWO\

UHGXFLQJ WKH VFKHGXOLQJ RYHUKHDG�

����� 6FKHGXOLQJ

6FKHGXOLQJ LV WKH SURFHVV RI RUGHULQJ WDVNV IRU H[HFXWLRQ� ,Q VSLWH RI DOO WKH FRPSOH[�

LWLHV LQYROYHG ZLWK VFKHGXOLQJ� WKH UHVXOW FDQ EH VXPPDUL]HG LQ WKH VLPSOH TXHVWLRQ�

��



?ZKDW WDVN JRHV QH[W"� 7KH RXWSXW RI WKH VFKHGXOHU LV VLPSO\ D OLVW RI WDVNV ZLWK

VWDUW WLPHV� ,I WKH VFKHGXOHU KDV LQWURGXFHG QR LGOH WLPH EHWZHHQ WDVNV� WKHQ WKH

VFKHGXOHU RXWSXW LV VLPSO\ D OLVW RI WDVNV LQ WKH RUGHU WKH\ DUH WR EH H[HFXWHG�

6FKHGXOLQJ DOJRULWKPV XVXDOO\ FUHDWH DQ RUGHUHG OLVW RI WDVNV E\ DOORFDWLQJ VKDUHG

UHVRXUFHV WR PDLQWDLQ VRPH FRUUHFWQHVV RU JRRGQHVV FULWHULD� 7\SLFDOO\� D VFKHGXOLQJ

DOJRULWKP DVVLJQV SULRULWLHV WR WDVNV� 7KHVH SULRULW\ DVVLJQPHQWV HVWDEOLVK D SDUWLDO

RUGHULQJ DPRQJ WDVNV� :KHQHYHU D VFKHGXOLQJ GHFLVLRQ LV PDGH� WKH VFKHGXOHU VHOHFWV

D WDVN ZLWK WKH KLJKHVW SULRULW\ WR XVH WKH UHVRXUFH� 6RPH DOJRULWKPV DUH SUHHPSWLYH

VR WKDW WKH KLJKHVW SULRULW\ WDVN JHWV WKH UHVRXUFH LPPHGLDWHO\� 6RPH VFKHGXOLQJ

DOJRULWKPV� VXFK DV HDUOLHVW GHDGOLQH nUVW� DQG OHDVW VODFN WLPH KDYH EHHQ SURYHQ

WR SURGXFH DQ RSWLPDO VFKHGXOH IRU VSHFLnF SHUIRUPDQFH PHDVXUH DQG XQGHU FHUWDLQ

DVVXPSWLRQV >//��@� 2WKHU VFKHGXOLQJ KHXULVWLFV SURYLGH JRRG SHUIRUPDQFH XQGHU

OHVV UHVWULFWLYH DVVXPSWLRQV� EXW ZLOO QRW EH RSWLPDO >3LQ��@�

6FKHGXOHV PD\ EH FKDUDFWHUL]HG DV GHOD\ RU QRQ�GHOD\� $ GHOD\ VFKHGXOH LV VFKHG�

XOH WKDW FDQ EH LPSURYHG E\ DGGLQJ LGOH WLPH EHWZHHQ WDVNV WR GHOD\ WKH VWDUW RI

D VXFFHVVRU WDVN� ,Q WKH ZRUN SUHVHQWHG KHUH� ZH DVVXPH WKDW DOO VFKHGXOHV DUH

QRQ�GHOD\� WKDW LV� WKH DGGLWLRQ RI LGOH WLPH ZLOO QRW LPSURYH WKH VFKHGXOH LQ WKH UHO�

HYDQW SHUIRUPDQFH PHDVXUH� $OWHUQDWLYHO\� ZH FDQ VD\ WKDW IRU DQ\ GHOD\ VFKHGXOH�

D QRQ�GHOD\ VFKHGXOH H[LVWV ZLWK HTXDO RU EHWWHU SHUIRUPDQFH� :LWK WKH DSSURSULDWH

UHVWULFWLRQV RQ SHQDOW\ IXQFWLRQV� ZH ZLOO VKRZ LQ &KDSWHU � WKDW GHOD\ VFKHGXOHV DUH

QRW QHFHVVDU\�

6FKHGXOLQJ LV FHQWUDO WR WKLV UHVHDUFK� :H EXLOG RQ VFKHGXOLQJ DOJRULWKPV DQG

PHWKRGV WR XVH WKHP IRU RXU ZRUN� 6RPH VSHFLnF DUHDV RI VFKHGXOLQJ ZKLFK KDYH

GLUHFW UHOHYDQFH WR RXU ZRUN DUH GLVFXVVHG LQ WKH IROORZLQJ VHFWLRQV�

��



����� ,PSUHFLVH 6FKHGXOLQJ

7ZR WHFKQLTXHV DSSOLFDEOH WR UHDO�WLPH VFKHGXOLQJ DUH SURSRVHG E\ /LQ� HW� DO�

>//6���@� ,Q RUGHU WR PHHW GHDGOLQHV� WKH\ VXJJHVW WKDW DQ LPSUHFLVH FRPSXWDWLRQ

EH SHUIRUPHG� 7KH DGYDQWDJH RI XVLQJ VXFK D FRPSXWDWLRQ LV WKDW WKH LPSUHFLVLRQ

ZLOO DOORZ D VKRUWHU SURFHVVLQJ WLPH� ,Q VLWXDWLRQV ZKHUH WKHUH LV QRW VXpFLHQW WLPH

WR FDOFXODWH D SUHFLVH UHVXOW� DQ LPSUHFLVH UHVXOW PD\ EH DFFHSWDEOH� 7KHUH DUH WZR

PHWKRGV VXJJHVWHG WR DFFRPSOLVK WKLV� )LUVW� WKH VLHYHPHWKRG UHTXLUHV WKH RSHUDWLQJ

V\VWHP WR VHOHFW IURP RQH RI VHYHUDO DOJRULWKPV WR SHUIRUP WKH QHFHVVDU\ FDOFXODWLRQ�

,GHDOO\� HDFK DOJRULWKP SURYLGHV D WUDGH�Rm EHWZHHQ SUHFLVLRQ DQG SURFHVVLQJ WLPH� ,I

WKH WLPH DYDLODEOH LV NQRZQ� WKHQ WKH RSHUDWLQJ V\VWHP FDQ VHOHFW WKH DOJRULWKP WKDW

H[HFXWHV LQ WKH DYDLODEOH WLPH DQG SURGXFHV DQ UHVXOW ZLWK DFFHSWDEOH LPSUHFLVLRQ�

$ VHFRQG DSSURDFK� WKH PLOHVWRQH PHWKRG LV DSSOLFDEOH ZKHUH WKH FRPSXWDWLRQ FDQ

EH SHUIRUPHG LQ DQ LWHUDWLYH IDVKLRQ� VXFK DV VXFFHVVLYH DSSUR[LPDWLRQV� :LWK HDFK

LWHUDWLRQ� WKH UHVXOW EHFRPHV PRUH SUHFLVH� 7KH RSHUDWLQJ V\VWHP FDQ WHUPLQDWH WKH

SURFHVV ZKHQ HLWKHU WKH UHVXOW UHDFKHV DQ DFFHSWDEOH OHYHO RI SUHFLVLRQ RU WKHUH LV QR

WLPH UHPDLQLQJ IRU SURFHVVLQJ�

7KH VLHYH DQG PLOHVWRQH PHWKRGV HDFK KDYH VHYHUDO DGYDQWDJHV DQG GLVDGYDQWDJHV�

7KH VLHYH UHTXLUHV WKDW VHYHUDO DOJRULWKPV EH DYDLODEOH WKDW FDQ SHUIRUP WKH QHFHVVDU\

FDOFXODWLRQV� )XUWKHUPRUH� DOJRULWKPV ZLWK ORQJHU SURFHVVLQJ WLPHV PXVW SURGXFH

UHVXOWV RI JUHDWHU DFFXUDF\� 0RUH LPSRUWDQWO\� WKH DYDLODEOH WLPH IRU SURFHVVLQJ

PXVW EH NQRZQ LQ DGYDQFH RI WKH VHOHFWLRQ VR WKDW WKH RSHUDWLQJ V\VWHP FDQ FKRRVH

WKH DSSURSULDWH DOJRULWKP� 7KH PLOHVWRQH PHWKRG� E\ FRQWUDVW� GRHV QRW UHTXLUH

WKDW WKH DYDLODEOH SURFHVVLQJ WLPH EH NQRZQ LQ DGYDQFH� +RZHYHU� LW GRHV UHTXLUH

WKDW WKH DOJRULWKP EH LWHUDWLYH LQ QDWXUH� 7KDW LV� WKH DOJRULWKP PXVW SURYLGH

DQ DSSUR[LPDWH UHVXOW TXLFNO\� DQG WKHQ� LQFUHDVLQJO\ PRUH DFFXUDWH UHVXOWV DV WKH

DOJRULWKP FRQWLQXHV� 7KHVH PHWKRGV VXJJHVW WKH QRWLRQ RI WUDGLQJ Rm SUHFLVLRQ ZLWK

��



SURFHVVLQJ WLPH� D FRQFHSW WKDW LV LPSRUWDQW WR RXU ZRUN� :H SURSRVH DOJRULWKPV�

VRPH RI ZKLFK DUH IDVW EXW LPSUHFLVH� RWKHUV PRUH SUHFLVH EXW VORZ� 7KH ZRUN RI

>//6���@ SURYLGHV D IUDPHZRUN LQ FKRRVLQJ DPRQJ DOJRULWKPV GHSHQGLQJ RQ WKH

UHTXLUHPHQWV RI WKH DSSOLFDWLRQ�

,Q DGGLWLRQ WR WKH ZRUN FLWHG DERYH� /LQ HW� DO� KDYH DOVR SURSRVHG VHYHUDO DOJR�

ULWKPV IRU VFKHGXOLQJ WDVNV ZKHQ LPSUHFLVLRQ FDQ EH SHUPLWWHG� ,Q WKHVH DOJRULWKPV�

WDVNV DUH GHFRPSRVHG LQWR D PDQGDWRU\ SDUW DQG DQ RSWLRQDO SDUW� 7KH PDQGDWRU\

SDUW LV FRQVLGHUHG WR KDYH D KDUG GHDGOLQHV� WKH RSWLRQDO SDUW LV FRQVLGHUHG WR KDYH

D VRIW GHDGOLQH� 7KHVH DOJRULWKPV DWWHPSW WR VFKHGXOH DOO PDQGDWRU\ SDUWV RI WDVNV

DQG WR VFKHGXOH RSWLRQDO SDUWV WR PLQLPL]H VRPH HUURU PHWULF� 7KH HUURU PHWULF LQ�

GLFDWHV WKH FRQVHTXHQFHV RI QRW H[HFXWLQJ DQ RSWLRQDO SDUW� 7KH DXWKRUV DOVR GLVFXVV

VHYHUDO HUURU PHWULFV� HDFK ZLWK D GLmHUHQW VFKHGXOLQJ DOJRULWKP WKDW PLQLPL]HV LW�

)RU LQVWDQFH� LQ V\VWHPV ZLWK WDVN LPSRUWDQFH OHYHOV� HUURU PLJKW EH ZHLJKWHG E\

HDFK WDVN
V LPSRUWDQFH� ,Q DQ DFFRPSDQ\LQJ DOJRULWKP� D PHWKRG WR VFKHGXOH WKH

RSWLRQDO SDUWV RI KLJKHU LPSRUWDQFH WDVNV LV SUHVHQWHG� 7KLV VXJJHVWV D EL�FULWHULD

DSSURDFK� ZKLFK LV GLVFXVVHG QH[W�

����� 0XOWL�&ULWHULD 6FKHGXOLQJ

,Q WKLV SDSHU ZH IRFXV RQ EL�FULWHULD VFKHGXOLQJ ZKHUH ZH VHHN WR PD[LPL]H WZR JRDOV�

WHPSRUDO DQG ORJLFDO FRQVWUDLQWV� /DZOHU REVHUYHV WKDW LI WDVNV DUH SDUWLDOO\ RUGHUHG�

WKDW LV� WKH\ KDYH ORJLFDO FRQVWUDLQWV� WKHQ WKH VROXWLRQ VSDFH LV UHGXFHG DQG WKH

SUREOHP LV RIWHQ HDVLHU WR VROYH >/DZ��@� +RZHYHU� VLQFH ZH FRQVLGHU WKDW ORJLFDO

JRDOV DUH QRW QHFHVVDULO\ PHW� WKH VROXWLRQ VSDFH LV QRW UHGXFHG_DQG FRQVHTXHQWO\

WKH SUREOHP PD\ QRW EH HDVLHU�

,Q JHQHUDO� WKHUH DUH VHYHUDO ZD\V WKDW WZR JRDOV FDQ EH PD[LPL]HG� 2QH LV WKH

VHFRQGDU\ FULWHULD DSSURDFK ZKHUH WKH VHFRQGDU\ FULWHULD LV PD[LPL]HG� VXEMHFW WR

��



PHHWLQJ WKH SULPDU\ FULWHULD� )RU H[DPSOH� D WDUG\ WDVN LV RQH WKDW FRPSOHWHV DIWHU

LWV GHDGOLQH� ,I VHYHUDO WDVNV DUH WDUG\� WKH PHDVXUH RI PD[LPXP WDUGLQHVV �RU PD[

WDUG\� UHIHUV WR WKH PRVW WDUG\ WDVN� &RQVLGHU D VHW RI WDVNV WR EH VFKHGXOHG ZLWK WKH

VHFRQGDU\ FULWHULD� ?PLQLPL]H WKH QXPEHU RI WDUG\ WDVNV VXEMHFW WR PLQLPL]LQJ WKH

PD[LPXP WDUGLQHVV�� ,Q RWKHU ZRUGV� IURP WKH VHW RI VFKHGXOHV IRU ZKLFK PD[LPXP

WDUGLQHVV LV WKH PLQLPXP SRVVLEOH� FKRRVH WKH VFKHGXOH WKDW KDV WKH OHDVW WDUG\ WDVNV�

7KLV LV D FRPPRQ DSSURDFK WR EL�FULWHULD VFKHGXOLQJ� SDUWLFXODUO\ ZKHUH WKH SULPDU\

FULWHULD DUH GXH WR ORJLFDO FRQVWUDLQWV� 1RWH WKDW WKH VHFRQGDU\ FULWHULD DSSURDFK

RQO\ DWWHPSWV WR DFWXDOO\ PHHW RQH RI WKH WZR FULWHULD� SHUIRUPDQFH LQ WKH VHFRQGDU\

FULWHULD PD\ EH SRRU�

$V DQ HQKDQFHPHQW WR WKH VHFRQGDU\ FULWHULD DSSURDFK� WKH SULPDU\ FULWHULD FDQ

EH UHOD[HG VR WKDW WKH VHW RI DOO VFKHGXOHV PHHWLQJ� RU ?QHDUO\ PHHWLQJ�� WKH SULPDU\

FRQVWUDLQWV LV HQODUJHG� :LWK WKLV FKDQJH� LW LV H[SHFWHG WKDW WKHUH LV D OLNHOLKRRG RI

LPSURYHG SHUIRUPDQFH LQ WKH VHFRQGDU\ FULWHULD� 7KH SUREOHP ZLWK WKLV DSSURDFK LV

WKDW LW LV QRW FOHDU MXVW KRZ PXFK WKH SULPDU\ FRQVWUDLQW VKRXOG EH UHOD[HG� ,W PLJKW

EH WKH FDVH WKDW D VFKHGXOH ZLWK WKH VDPH SHUIRUPDQFH LQ WKH VHFRQGDU\ FULWHULD FRXOG

KDYH VWLOO EHHQ IRXQG� HYHQ LI WKH SULPDU\ FRQVWUDLQW KDG QRW EHHQ UHOD[HG DV PXFK�

$OWHUQDWLYHO\� WKHUH LV QR ZD\ WR NQRZ LI� E\ UHOD[LQJ WKH FRQVWUDLQW MXVW D OLWWOH ELW

PRUH� D VFKHGXOH ZLWK PXFK EHWWHU SHUIRUPDQFH LQ WKH VHFRQGDU\ FULWHULD FRXOG KDYH

EHHQ IRXQG�

$ VHFRQG DSSURDFK WR EL�FULWHULD VFKHGXOLQJ LV WKH DOWHUQDWH FULWHULD DSSURDFK�

,Q WKLV DSSURDFK� ZH VHHN WR nQG WKH EHVW VFKHGXOH LQ WKH PHDVXUHV RI ERWK FULWHULD

ZLWKRXW ELDV WRZDUG HLWKHU� ,Q WKLV ZD\ ZH H[SOLFLWO\ PDNH WKH WUDGH�Rm EHWZHHQ WKH

WZR PHDVXUHV DQG VHOHFW D VFKHGXOH ZKLFK PHHWV� RU FRPHV FORVH� WR PHHWLQJ ERWK

>&/%��@�

+DULUL DQG 3RWWV >+3��@� SURSRVH D VROXWLRQ WR D VFKHGXOLQJ SUREOHP WKDW LV

VRPHZKDW UHODWHG WR RXU ZRUN DQG WKDW RI /RFNH >/RF��@� +DULUL DQG 3RWWV FRQVLGHU D

��



SUREOHP RI VFKHGXOLQJ WDVNV RQ D VLQJOH PDFKLQH� (DFK WDVN KDV D GXH GDWH E\ ZKLFK

WLPH WKH WDVN LV H[SHFWHG WR FRPSOHWH� (DFK WDVN DOVR KDV D GHDGOLQH E\ ZKLFK WLPH

WKH WDVN PXVW FRPSOHWH� DOWKRXJK ZLWK VRPH SHQDOW\� +DULUL DQG 3RWWV SURSRVH ERWK

D G\QDPLF SURJUDPPLQJ DOJRULWKP DQG D EUDQFK DQG ERXQG DOJRULWKP� 7KLV SHQDOW\

IXQFWLRQ LV VLPLODU WR WKH QRWLRQ RI D YDOXH IXQFWLRQ� ZKLFK VSHFLnHV WKH FRQVHTXHQFHV

RI FRPSOHWLQJ DW YDULRXV WLPHV� :H GLVFXVV DQ H[WHQVLRQ RI WKLV VLPSOH VWHS IXQFWLRQ

WR D IXQFWLRQ RI VHYHUDO VWHSV ODWHU LQ WKLV ZRUN�

$ VROXWLRQ WR WKH EL�FULWHULD VFKHGXOLQJ SUREOHP LV GLVFXVVHG E\ >9&<��@� D EUDQFK

DQG ERXQG DOJRULWKP LV SURSRVHG WR PLQLPL]H WKH WRWDO WDUGLQHVV RI D MRE VHW NHHSLQJ

WKH QXPEHU RI WDUG\ MREV WR D PLQLPXP� 7KDW LV� IRU WKH VHW RI VFKHGXOHV WKDW

SURGXFHV DQ RSWLPDO VROXWLRQ ZLWK UHVSHFW WR WRWDO WDUGLQHVV� WKH VHFRQGDU\ JRDO WR

nQG D VFKHGXOH WKDW UHVXOWV LQ D PLQLPXP QXPEHU RI WDUG\ MREV� %UDQFK DQG ERXQG

SURYLGHV D XVHIXO EDVLV IRU KHXULVWLF� DQG ZH SURSRVH WR XVH EUDQFK DQG ERXQG DV D

SRVVLEOH VROXWLRQ PHWKRG�

7KH WUDGH�Rm EHWZHHQ SHUIRUPDQFH PHDVXUHV LQ WKH EL�FULWHULD SUREOHP OHDGV QDW�

XUDOO\ WR WKH QRWLRQ RI D IURQWLHU� )UHQFK VXJJHVWV D IURQWLHU WR FRQFHSWXDOL]H WKH

RUWKRJRQDO JRDOV DULVLQJ IURP LQGHSHQGHQW SHUIRUPDQFH PHDVXUHV >)UH��@� *LYHQ D

VHW RI Q WDVNV� WKHUH DUH D QXPEHU RI SRVVLEOH VFKHGXOHV DQG� IRU HDFK SRVVLEOH VFKHG�

XOH� WKHUH DUH WZR PHDVXUHV RI SHUIRUPDQFH� ,I HDFK RI WKHVH PHDVXUHV LV SORWWHG� ZLWK

HDFK D[LV UHSUHVHQWLQJ RQH PHDVXUH� WKHQ WKH UHVXOWDQW SORW LV D VFDWWHU GLDJUDP� 7KH

HQYHORSH RI WKLV VFDWWHU GLDJUDP GHnQHV WKH IURQWLHU� 0RUH SUHFLVHO\� RI WKH VHW RI DOO

SRVVLEOH VFKHGXOHV� D VFKHGXOH LV RQ WKH IURQWLHU LI WKHUH GRHV QRW H[LVW D VFKHGXOH WKDW

LV DW OHDVW DV JRRG LQ ERWK PHDVXUHV DQG VWULFWO\ EHWWHU LQ RQH� )UHQFK UHIHUV WR VXFK

VFKHGXOHV RQ WKH IURQWLHU DV HpFLHQW� $OWKRXJK ZH PD\ UHIHU WR D VLQJOH SRLQW RQ WKH

IURQWLHU� WKLV SRLQW PD\ DFWXDOO\ UHSUHVHQW PDQ\ VFKHGXOHV� 7KH IURQWLHU GHVFULEHG

E\ )UHQFK SURYLGHV D VWURQJ PRWLYDWLRQ IRU RXU ZRUN� KRZHYHU� )UHQFK RQO\ GLVFXVVHV

��



D WUDGH�Rm EHWZHHQ WZR WHPSRUDO PHDVXUHV� KH GRHV QRW GLVFXVV WKH SRVVLELOLW\ RI UH�

OD[LQJ SUHFHGHQFH FRQVWUDLQWV� 7KH IURQWLHU SORW LV IXUWKHU GHVFULEHG DQG LOOXVWUDWHG

LQ [������

7KH FRQFHSW RI D IURQWLHU LV WKH PHFKDQLVP WKDW ZH ZLOO XVH WR IRUPDOL]H WKH

WUDGH�Rm EHWZHHQ WHPSRUDO DQG ORJLFDO FRQVLVWHQF\� 7KH FKDUDFWHULVWLFV RI WKH IURQWLHU

GHSHQG RQ WKH DFWXDO SUREOHP� KRZHYHU LQ WKH JHQHUDO FDVH� D WUDGH�Rm FDQ EH PDGH�

7KH QRWLRQ RI D IURQWLHU FDQ HDVLO\ EH H[WHQGHG WR WKH PXOWL�FULWHULD SUREOHP ZKHUH

WKHUH DUH P PHDVXUHV RI SHUIRUPDQFH DQG WKH IURQWLHU LV P GLPHQVLRQDO�

����� 9DOXH�%DVHG 6FKHGXOLQJ

2I LQWHUHVW WR RXU ZRUN LV YDOXH�EDVHG VFKHGXOLQJ GHYHORSHG E\ /RFNH >/RF��@� ,Q

WKLV PRGHO� UDWKHU WKDQ GHnQH D VLQJOH WHPSRUDO DWWULEXWH �L�H� GHDGOLQH� IRU D WDVN�

D IXQFWLRQ LV GHnQHG WKDW LQGLFDWHV WKH UHODWLYH YDOXH RI FRPSOHWLQJ D WDVN DW VRPH

LQVWDQW RI WLPH� 7KH VFKHGXOHU WKHQ DWWHPSWV WR VFKHGXOH WDVNV LQ VXFK D ZD\ WKDW

WKH WRWDO V\VWHP YDOXH_WKDW LV� D FRPELQDWLRQ RI WKH YDOXHV DWWDLQHG E\ HDFK WDVN_

LV PD[LPL]HG� ,Q JHQHUDO� D YDOXH IXQFWLRQ FDQ EH DQ\ IXQFWLRQ RI YDOXH YV� WLPH�

:LWK YDOXH IXQFWLRQV� ERWK WKH XUJHQF\ DQG LPSRUWDQFH RI WKH WDVNV GHDGOLQH FDQ EH

GHnQHG DV ZHOO DV XWLOLW\ RI FRPSOHWLQJ WKH WDVN DIWHU WKH GHDGOLQH KDV SDVVHG� 7KXV�

YDOXH IXQFWLRQV FDQ FDSWXUH PRUH JHQHUDO WHPSRUDO FRQVLVWHQF\ UHTXLUHPHQWV WKDQ D

VLQJOH GHDGOLQH FDQ H[SUHVV�

$Q DGYDQWDJH RI YDOXH�EDVHG VFKHGXOLQJ LV WKDW D VLQJOH SHUIRUPDQFH PHDVXUH

QHHG QRW EH FKRVHQ IRU WKH V\VWHP� 3HUIRUPDQFH PHDVXUHV VXFK DV GHDGOLQHV PLVVHG�

DYHUDJH ODWHQHVV DQG DYHUDJH WDUGLQHVV DUH QRW� LQ JHQHUDO� DOO RSWLPDO IRU WKH VDPH

VFKHGXOH� )XUWKHUPRUH� D SHUIRUPDQFH PHDVXUH WKDW LV VXLWDEOH IRU VRPH WUDQVDFWLRQV

PD\ QRW FDSWXUH WKH SHUIRUPDQFH JRDOV RI DOO WUDQVDFWLRQV� 9DOXH�EDVHG VFKHGXOLQJ�

E\ FRQWUDVW� DOORZV HDFK WDVN WR VSHFLI\ LWV XQLTXH SHUIRUPDQFH JRDOV WKURXJK WKH

��



YDOXH IXQFWLRQ� %\ VFKHGXOLQJ WR PD[LPL]H WKH WRWDO V\VWHP YDOXH DV WKH VXP RI WKH

YDOXH DWWDLQHG E\ HDFK WDVN� WKH SHUIRUPDQFH JRDOV RI HDFK WUDQVDFWLRQ FDQ DOVR EH

PD[LPL]HG�

7KH WRWDO YDOXH WR WKH V\VWHP LV DFKLHYHG E\ VRPH FRPELQDWLRQ RI WKH YDOXH

DWWDLQHG E\ HDFK WDVN� 8VXDOO\ WKDW FRPELQDWLRQ LV VLPSO\ WKH VXP RI DOO WDVN YDOXHV�

$QRWKHU FKRLFH PLJKW EH WKH PD[LPXP YDOXH DWWDLQHG E\ DOO WDVNV� 7KURXJK WKH

VSHFLnFDWLRQ RI WDVN YDOXH IXQFWLRQ DQG KRZ WDVN YDOXHV DUH FRPELQHG WR IRUP WRWDO

V\VWHP YDOXH� PDQ\ FRPPRQO\ XVHG SHUIRUPDQFH PHDVXUHV FDQ EH PRGHOHG�

/RFNH GHYHORSHG D VFKHGXOLQJ KHXULVWLF FDOOHG D EHVW�HmRUW VFKHGXOHU WKDW VRXJKW

WR PD[LPL]H YDOXH� ,Q KLV PRGHO� /RFNH GHULYHG GHDGOLQHV IURP YDOXH IXQFWLRQV DQG

XVHG HDUOLHVW�GHDGOLQH�nUVW �(')�� WR GHWHUPLQH LI WKH V\VWHP FRXOG VFKHGXOH WKH

WDVNV WR PHHW DOO GHDGOLQHV� ,I (') IDLOHG� KLV VFKHGXOHU ZRXOG GHWHUPLQH ZKLFK

WDVNV QRW WR VFKHGXOH EDVHG RQ WKH DPRXQW RI YDOXH WKDW WKH\ ZRXOG LPSDUW WR WKH

V\VWHP >/RF��@�

9DOXH EDVHG VFKHGXOLQJ LV QRW ZLWKRXW SUREOHPV KRZHYHU� 6FKHGXOLQJ XVLQJ YDOXH

IXQFWLRQV FDQ EH D GLpFXOW SUREOHP� $W WKH YHU\ OHDVW� YDOXH IXQFWLRQV PXVW EH

UHVWULFWHG� VXFK DV WR RQH RI VHYHUDO FODVVHV_ZKLFK LV WKH DSSURDFK RI /RFNH� 0RVW

FRPPRQO\ XVHG SHUIRUPDQFH PHDVXUHV� VXFK DV PD[�WDUGLQHVV� QXPEHU RI GHDGOLQHV

PLVVHG� DFW DV D SUR[\ IRU D YDOXH IXQFWLRQ� $ SUR[\ LV DQ HDVLO\ PHDVXUHG SHUIRUPDQFH

FKDUDFWHULVWLF WKDW UHSUHVHQWV WKH WUXH FKDUDFWHULVWLF� )RU H[DPSOH� D GHDGOLQH LV

D SUR[\ IRU D YDOXH IXQFWLRQ� 7KH GHDGOLQH LV D VLQJOH SRLQW PHDVXUH RI WLPLQJ

UHTXLUHPHQWV WKDW FDSWXUHV RQO\ D VPDOO SDUW RI WKH YDOXH IXQFWLRQ� EXW LW LV HDVLHU

WR XQGHUVWDQG DQG XVH� %\ XVLQJ WKH SUR[LHV� WKH VFKHGXOLQJ SUREOHP EHFRPHV PRUH

UHDGLO\ VROYDEOH� DQG LQ WKH DJJUHJDWH� WKH GHVLUHG VFKHGXOLQJ SHUIRUPDQFH FDQ RIWHQ

EH DFKLHYHG� <HW� XVLQJ D SUR[\ SUHYHQWV WKH VFKHGXOHU IURP FRQVLGHULQJ PRUH DVSHFWV

�,Q 2SHUDWLRQV 5HVHDUFK� WKH WHUP (DUOLHVW 'HDGOLQH 'XH �(''� LV XVHG LQVWHDG RI (')� WKH
WZR DUH XVHG LQWHUFKDQJHDEO\ KHUH�

��



RI WLPLQJ UHTXLUHPHQWV DQG LQVWHDG LPSRVHV D ?RQH VL]H nWV DOO� PHWKRGRORJ\ RQ WKH

WDVN WLPLQJ UHTXLUHPHQWV� 8VLQJ D SUR[\� DOO WUDQVDFWLRQV RU WDVNV DUH RSWLPL]HG WR

WKH VDPH PHDVXUH�

/RFNH PDGH VHYHUDO DVVXPSWLRQV DERXW WKH IRUP RI YDOXH IXQFWLRQV WKDW HQDEOHG

WKH GHYHORSPHQW RI DQ HmHFWLYH KHXULVWLF� )RU H[DPSOH� DOO WDVNV ZHUH DVVLJQHG GHDG�

OLQHV VR WKRVH WDVNV FRXOG LQLWLDOO\ EH VFKHGXOHG E\ (')� )RU PDQ\ IXQFWLRQV� WKH

GHDGOLQH LV REYLRXV� EXW LQ RWKHUV� WKH DVVLJQPHQW RI D GHDGOLQH LV VRPHZKDW VXE�

MHFWLYH� %XW� LQ DQ\ FDVH� LW LV FOHDU WKDW WKH XVH RI DUELWUDU\ YDOXH IXQFWLRQV PDNHV

GHYHORSLQJ D UHDVRQDEOH KHXULVWLF XQOLNHO\�

/RFNH GLG QRW FRQVLGHU FRQFXUUHQF\ FRQWURO RI RWKHU VKDUHG UHVRXUFHV RU ERXQGLQJ

WKH ORJLFDO LPSUHFLVLRQ WKDW KLV VFKHGXOHU
V SUHHPSWLRQ PLJKW LQGXFH� 1HYHUWKHOHVV�

/RFNH
V ZRUN IRUPV D VWURQJ EDVLV IRU oH[LEOH WUHDWPHQW RI WHPSRUDO FRQVLVWHQF\ LQ

VFKHGXOLQJ WDVNV� +RZHYHU� WR EH XVHG KHUH LQ D XQLnHG VFKHGXOLQJ WHFKQLTXH� LW

QHHGV WR EH DXJPHQWHG WR DOVR KDQGOH ORJLFDO FRQVLVWHQF\ RI RWKHU VKDUHG UHVRXUFHV

DQG GDWD UHTXLUHG LQ D GDWDEDVH DV ZHOO DV DXJPHQWHG WR KDQGOH WKH LQHYLWDEOH WUDGH�

Rm EHWZHHQ WKH WZR IRUPV RI FRQVLVWHQF\�

,Q DGGLWLRQ WR WKH ZRUN RI +DULUL DQG 3RWWV� WKH ZRUN RI &ODUN LV DOVR UHODWHG WR

WKH ZRUN RI /RFNH� &ODUN H[WHQGV WKH ZRUN RI /RFNH WR LQFOXGH SUHFHGHQFH RUGHU�

LQJ� DOWKRXJK KH GRHV QRW FRQVLGHU WKH SRVVLELOLW\ RI YLRODWLQJ SUHFHGHQFH RUGHULQJ

>&OD��@� &ODUN SURSRVHV WKDW WKH YDOXH RI FRPSOHWLQJ D WDVN LQFOXGHV QRW RQO\ WKH

YDOXH RI FRPSOHWLQJ WKDW WDVN� EXW DOVR WKH YDOXHV FRQWULEXWHG E\ SUHGHFHVVRU WDVNV�

,Q WKLV ZD\� WKH YDOXHV RI SUHGHFHVVRU WDVNV DUH FRPELQHG ZLWK WKH VXFFHVVRU WDVNV�

7DVN LPSRUWDQFH LV FDOFXODWHG WR LQFOXGH WKH SUHFHGHQFH FKDLQ UDWKHU WKDQ MXVW WKH

nQDO WDVN� &ODUN� KRZHYHU� GRHV QRW FRQVLGHU WKH SRVVLELOLW\ RI YLRODWLQJ SUHFHGHQFH

FRQVWUDLQWV�

6RPH RI WKH ZRUN KHUH ZLOO XVH D QRWLRQ VLPLODU WR YDOXH IXQFWLRQV� :H UHIHU WR

WKHVH IXQFWLRQV DV SHQDOW\ IXQFWLRQV� 7KURXJK WKLV SHQDOW\ IXQFWLRQ� ZH ZLOO GHnQH

��



PXOWLSOH GHDGOLQHV IRU D WDVN DQG WKHQ DVVRFLDWH D SHQDOW\ WR EH DVVHVVHG IRU PLVVLQJ

HDFK GHDGOLQH� 3HQDOW\ IXQFWLRQV ZLOO EH GLVFXVVHG LQ GHWDLO LQ &KDSWHU ��

��� &RQFXUUHQF\ &RQWURO

&RQFXUUHQF\ FRQWURO VHHNV WR XSKROG D ORJLFDO FRQVLVWHQF\ FRUUHFWQHVV FULWHULRQ� &RQ�

FXUUHQF\ FRQWURO LQVXUHV WKDW WDVNV SURFHVVHG FRQFXUUHQWO\ GR QRW LQWHUIHUH ZLWK HDFK

RWKHU VXFK WKDW DQ LQFRUUHFW UHVXOW LV REWDLQHG� ,Q WKH FRQWH[W RI WKLV ZRUN� ZH XVH

WKH WHUP FRQFXUUHQW WR UHIHU WR WDVNV WKDW DUH LQWHUOHDYHG RU WLPH�VKDUHG�

7KHUH KDYH EHHQ PDQ\ FRQFXUUHQF\ FRQWURO PHFKDQLVPV GHYHORSHG IRU GDWDEDVHV

>%+*��@� &RQFXUUHQF\ FRQWURO WHFKQLTXHV W\SLFDOO\ ZRUN E\ OLPLWLQJ WKH GHJUHH RI

FRQFXUUHQF\ DPRQJ WDVNV� +RZHYHU� WKLV FDQ KDYH WKH XQGHVLUDEOH HmHFW RI HOLPLQDW�

LQJ VRPH EHQHnWV RI FRQFXUUHQF\� 7KXV� LQ DQ\ FRQFXUUHQF\ FRQWURO PHFKDQLVP� D

WUDGH�Rm PXVW EH PDGH EHWZHHQ WKH FRPSOH[LW\ RI WKH DOJRULWKP DQG WKH UHVWULFWLYH�

QHVV RI WKH FRQWUROV� )RU H[DPSOH� D VLPSOH FRQFXUUHQF\ FRQWURO VXFK DV WZR�SKDVH

ORFNLQJ PD\ JXDUDQWHH FRUUHFW UHVXOWV EXW PD\ OLPLW DFFHVV WR VKDUHG GDWD� 2YHUO\

UHVWULFWLYH DFFHVV WR VKDUHG GDWD PD\ UHGXFH WUDQVDFWLRQ WKURXJKSXW WR XQDFFHSWDEOH

OHYHOV� 0RUH FRPSOH[ FRQFXUUHQF\ DOJRULWKPV DWWHPSW WR SHUPLW JUHDWHU DFFHVV WR

VKDUHG GDWD E\ H[DPLQLQJ PRUH FORVHO\ WKH QDWXUH RI WKH GDWD FRQWHQWLRQ WR VHH LI

VKDUHG DFFHVV LV SRVVLEOH� 7KHVH FRQWUROV PD\ SURYLGH EHWWHU GDWDEDVH WKURXJKSXW

IRU FHUWDLQ W\SHV RI GDWD EXW DUH PRUH GLpFXOW WR LPSOHPHQW DQG PD\ UHTXLUH KLJK

SURFHVVLQJ RYHUKHDG�

$QRWKHU FODVV RI FRQFXUUHQF\ FRQWURO SURWRFROV LV RSWLPLVWLF FRQFXUUHQF\ FRQWURO�

7KLV FRQWURO VHHNV WR PD[LPL]H WKURXJKSXW E\ SODFLQJ QR UHVWULFWLRQV RQ SODQQHG

RSHUDWLRQV XQGHU WKH DVVXPSWLRQ WKDW FRQoLFWV DUH XQOLNHO\ WR RFFXU� ,QVWHDG RI

DWWHPSWLQJ WR GHFLGH ZKHWKHU D WUDQVDFWLRQ VKRXOG SURFHHG LQ DGYDQFH� RSWLPLVWLF

FRQFXUUHQF\ FRQWURO VLPSO\ DOORZV WKH WUDQVDFWLRQ WR SURFHHG� EXW WKHQ DQDO\]HV WKH

��



UHVXOW WR VHH LI D FRQoLFW GLG RFFXU ZKLFK OHG WR LQFRUUHFW UHVXOWV� ,Q WKH UDUH FDVH DQ

HUURU RFFXUUHG� WKH WUDQVDFWLRQ PXVW EH DERUWHG� ,I WKH WUDQVDFWLRQ KDV FRPPLWWHG D

UROOEDFN ZLOO EH UHTXLUHG >%+*��@� (YHQ LI D UROOEDFN LV QRW UHTXLUHG� WKH WUDQVDFWLRQ

PD\ EH LQLWLDWHG VHYHUDO WLPHV EHIRUH LW LV nQDOO\ FRPPLWWHG VXFFHVVIXOO\� ZDVWLQJ

YDOXDEOH WLPH� +RZHYHU� LI WKH DVVXPSWLRQ RI OLPLWHG FRQoLFWV KROGV� WKHQ RSWLPLVWLF

FRQFXUUHQF\ FRQWURO V\VWHPV FDQ SHUIRUP TXLWH ZHOO� DV WKH\ WUDGH WKH RYHUKHDG RI

FKHFNLQJ IRU FRQoLFWV SULRU WR HDFK WUDQVDFWLRQ WR VLPSO\ FRUUHFWLQJ SUREOHPV ZKHQ

WKH\ RFFXU� 5ROOEDFN� LI UHTXLUHG� SXWV WKH V\VWHP LQ WKH VWDWH RI D SULRU LQVWDQW LQ

WLPH� EXW LQ D UHDO�WLPH V\VWHP LW LV RIWHQ QRW SRVVLEOH WR ?JR EDFN� LQ WLPH� 6HQVRU

LQSXWV DQG RWKHU UHDO�WLPH HYHQWV FDQQRW EH UROOHG EDFN DQG LW LV RIWHQ QRW SRVVLEOH WR

UH�FUHDWH ROGHU VWDWHV� 'XULQJ WUDQVDFWLRQ UROOEDFN� WLPH LV PRYLQJ IRUZDUG_PDNLQJ

LW HYHQ PRUH GLpFXOW WR PHHW IXWXUH GHDGOLQHV�

:H GR QRW FRQVLGHU WKH XVH RI RSWLPLVWLF FRQFXUUHQF\ FRQWURO KHUH EHFDXVH RI

WKH LVVXHV RI UH�VXEPLWWLQJ RU UROOEDFNV� ,QVWHDG� ZH DVVXPH WKDW WKH V\VWHP RU

GDWDEDVH ZLOO FRQWLQXH RSHUDWLRQ DQG HLWKHU DFFHSWLQJ RU FRPSHQVDWLQJ IRU DQ\ HUURUV

LQWURGXFHG E\ YLRODWLRQV RI FRQFXUUHQF\ FRQWURO�

����� 1RQ�6HULDOL]DEOH &RQFXUUHQF\ &RQWURO

$ VLPSOH PHWKRG WR DYRLG LQWHUDFWLRQ EHWZHHQ RSHUDWLRQV UHDG\ WR EH SHUIRUPHG DW

WKH VDPH WLPH LV WR VLPSO\ H[HFXWH WKHP VHULDOO\� WKDW LV� EHJLQ WKH VHFRQG WDVN RQO\

DIWHU WKH nUVW FRPSOHWHV� 7KLV� KRZHYHU� OHDGV WR XQDFFHSWDEOH GHOD\V LQ SURFHVVLQJ

ZKLOH WUDQVDFWLRQV ZDLWLQJ IRU H[WHUQDO HYHQWV� VWDOO DOO SHQGLQJ WUDQVDFWLRQV� %\

DOORZLQJ FRQFXUUHQW� RU VLPXOWDQHRXVO\ H[HFXWLQJ WUDQVDFWLRQV� WKLV GHOD\ LV SUDFWL�

FDOO\ HOLPLQDWHG� EXW WKLV UDLVHV WKH SRVVLELOLW\ WKDW WUDQVDFWLRQV ZLOO FRQoLFW ZLWK

HDFK RWKHU� $ WUDQVDFWLRQ LQWHUOHDYLQJ LV VHULDOL]DEOH LI WKHUH H[LVWV D VHULDO RUGHU�

LQJ RI WUDQVDFWLRQV ZKLFK SURGXFHV WKH VDPH UHVXOW� 7KXV� VHULDOL]DEOH WUDQVDFWLRQV

��



FDQQRW SURGXFH HUURUV GXH WR LQWHUOHDYLQJ� 0RVW FRQFXUUHQF\ VFKHPHV DUH EDVHG RQ

VHULDOL]DELOLW\�

6HULDOL]DELOLW\ LV QRW WKH RQO\ ZD\ RI PDLQWDLQLQJ ORJLFDO FRQVLVWHQF\� :RUN LQ

QRQ�VHULDOL]DEOH FRQFXUUHQF\ FRQWURO LQFOXGHV WHFKQLTXHV WKDW XVH WKH VHPDQWLFV RI WKH

DSSOLFDWLRQ WR JDLQ LQIRUPDWLRQ DERXW DOORZDEOH LQWHUOHDYLQJ RI WUDQVDFWLRQV� *DUFLD�

0ROLQD >*0��@� FODVVLnHG WUDQVDFWLRQV LQWR VHPDQWLF W\SHV EDVHG RQ ZKDW WKH\ GR

LQ WKH GDWDEDVH� )RU HDFK W\SH� D FRPSDWLELOLW\ VHW LV GHnQHG WR LGHQWLI\ ZKLFK

RWKHU W\SHV DUH FRPSDWLEOH ZLWK� L�H�� PD\ LQWHUOHDYH ZLWK� WKH JLYHQ W\SH� ,QVWHDG RI

VHULDOL]DELOLW\� FRPSDWLELOLW\ VHWV GHWHUPLQH FRUUHFWQHVV� 7KH ZRUN RI *DUFLD�0ROLQD

LV H[SDQGHG E\ ERWK >/\Q��@ DQG >)2��@� 7KH 5HDO�WLPH 6HPDQWLF 2EMHFWV DQG

&RQVWUDLQWV �57625$&� PRGHO >3'3:��@ LQFRUSRUDWHV IHDWXUHV WKDW VXSSRUW WKH

UHTXLUHPHQWV RI D UHDO�WLPH GDWDEDVH LQWR DQ H[WHQGHG REMHFW�RULHQWHG PRGHO�

&RQFXUUHQF\ LV HQIRUFHG WKRXJK DOORZDEOH FRQFXUUHQW DFWLRQV ZLWKLQ D UHODWLRQ�

VKLS� GHnQHG EHWZHHQ WZR RU PRUH REMHFWV� 7KLV FRQFHSW LV EDVHG RQ WKH VHPDQWLF

GDWD PRGHOLQJ QRWLRQV >30��@�

57625$& XVHV DG KRF FRUUHFWQHVV FULWHULD DQG WKHUHIRUH DQ\ LPSUHFLVLRQ WKDW

UHVXOWV PD\ EH XQERXQGHG� 2WKHU FRQFXUUHQF\ FRQWURO WHFKQLTXHV KDYH EHHQ GHYLVHG�

EDVHG RQ PRUH IRUPDO FRUUHFWQHVV FULWHULD� WKDW DUH GHVLJQHG WR ERXQG LPSUHFLVLRQ

H[SOLFLWO\� ,Q .XR DQG 0RN >.0��@ VLPLODULW\ LV GHnQHG DV D FRUUHFWQHVV FULWHULRQ WKDW

DOORZV GDWD WKDW DUH ?FORVH HQRXJK� WR EH FRQVLGHUHG WKH VDPH� 7KH 6LPLODULW\ 6WDFN

3URWRFRO �663� GHVFULEHG E\ >.0��@ GHnQHV VLPLODULW\ RI GDWD EDVHG RQ WKH WLPH DW

ZKLFK WKH GDWD LV ZULWWHQ� L�H�� WZR GDWD LWHPV DUH FRQVLGHUHG WR EH VLPLODU LI WKHLU

WLPHVWDPSV DUH ZLWKLQ D VSHFLnHG ERXQG� 7UDQVDFWLRQV DUH SODFHG RQ D VFKHGXOLQJ

VWDFN DFFRUGLQJ WR WKHLU SULRULWLHV� 5HDG�ZULWH HYHQWV RI GLmHUHQW WUDQVDFWLRQV PD\

VZDS SRVLWLRQV RQ WKH VWDFN DV ORQJ DV WKH\ DUH VLPLODU�

��



)LJXUH ���� +LHUDUFK\ RI &RQFXUUHQF\ &RQWUROV

)LJXUH ���� SURSRVHG LQ >'L3��@� VKRZV WKH EHQHnWV RI QRQ�VHULDOL]DEOH FRQFXU�

UHQF\ FRQWURO DV WKH VHW RI VFKHGXOHV WKDW DUH DFFHSWDEOH ZLWK UHVSHFW WR ORJLFDO UH�

TXLUHPHQWV LV HQODUJHG� $V FRQFXUUHQF\ FRQWUROV DUH UHOD[HG� WKHUH DUH PRUH VFKHGXOHV

DYDLODEOH� WKXV LQFUHDVLQJ WKH SRVVLELOLW\ WKDW RQH RI WKRVH VFKHGXOHV DOVR PHHWV WHP�

SRUDO UHTXLUHPHQWV� (QODUJLQJ WKH VHW RI ORJLFDOO\ FRQVLVWHQW VFKHGXOHV DOVR LQFUHDVHV

WKH SUREDELOLW\ WKDW WKH VHW ZLOO LQFOXGH D JUHDWHU QXPEHU RI WHPSRUDOO\ FRQVLVWHQW

VFKHGXOHV�

����� (SVLORQ 6HULDOL]DELOLW\

6HYHUDO FRQFXUUHQF\ FRQWURO WHFKQLTXHV KDYH EHHQ GHVLJQHG WR PDLQWDLQ (SVLORQ 6HUL�

DOL]DELOLW\� 5DPDPULWKDP DQG 3X VXJJHVW WKDW DOORZHG FRQFXUUHQF\ HUURUV LQ D OLQHDU

GDWD VSDFH UHVXOW LQ D SUHGLFWDEOH HUURU LQ WKH GDWD >53@� %\ SODFLQJ D OLPLW RQ WKH

DOORZHG HUURU� WUDQVDFWLRQV FDQ SURFHHG LQ VSLWH RI FRQFXUUHQF\ FRQWUROV VR ORQJ DV WKH

��



HUURU OLPLW KDV QRW EHHQ UHDFKHG >:<3��@� ,Q WKLV ZD\� WKH HUURUV DUH SUHGLFWDEOH DQG

ERXQGHG� &RQFXUUHQF\ FRQWURO WHFKQLTXHV DUH GHVFULEHG E\ >:<3��@ LQ ZKLFK UHDG�

RQO\ WUDQVDFWLRQV QHHG QRW EH VHULDOL]DEOH ZLWK RWKHU XSGDWH WUDQVDFWLRQV� EXW XSGDWH

WUDQVDFWLRQV PXVW EH VHULDOL]DEOH DPRQJ WKHPVHOYHV� 7KH WHFKQLTXHV DUH YDULDWLRQV

RI WZR�SKDVH ORFNLQJ� WLPHVWDPS RUGHULQJ DQG RSWLPLVWLF FRQFXUUHQF\ FRQWURO� 7KH

ZRUN LQ >53@ VXJJHVWV WKDW LPSUHFLVLRQ FDQ EH ERXQGHG DQG XOWLPDWHO\ FRUUHFWHG�

(SVLORQ VHULDOL]DELOLW\ ZDV XVHG LQ >'L3��@ DV D ZD\ WR UHOD[ ORJLFDO FRQVLVWHQF\

ZLWK WKH KRSH WKDW WHPSRUDO FRQVLVWHQF\ FRXOG EH PHW� )LJXUH ��� VKRZV WKH H[SHFWHG

LQFUHDVH LQ WHPSRUDOO\ FRQVLVWHQW VFKHGXOHV WKURXJK WKH XVH RI OHVV VWULQJHQW FRQFXU�

UHQF\ FRQWURO PHWKRGV� +RZHYHU HSVLORQ VHULDOL]DELOLW\ GLmHUV VLJQLnFDQWO\ IURP WKH

RWKHU FRQFXUUHQF\ FRQWURO PHWKRGV� :KLOH WKH RWKHU PHWKRGV DOO SURYLGH JUHDWHU

FRQFXUUHQF\ RYHU VHULDOL]DELOLW\� WKH\ DOO UHTXLUH WKDW WKH FRQFXUUHQF\ FRQWURO UXOHV

EH IROORZHG DQG LQ UHWXUQ� WKH LQWHJULW\ RI WKH GDWDEDVH LV PDLQWDLQHG� (SVLORQ VH�

ULDOL]DELOLW\� E\ FRQWUDVW� SHUPLWV YLRODWLRQ RI WKH FRQFXUUHQF\ PHFKDQLVP LQ UHWXUQ

IRU ERXQGHG LPSUHFLVLRQ LQ WKH GDWD� 7KXV� WKH EHQHnW RI HSVLORQ VHULDOL]DELOLW\ LV

QRW n[HG� EXW FRQWUROOHG E\ WKH LPSUHFLVLRQ DOORZHG�

(SVLORQ VHULDOL]DELOLW\ UHTXLUHV WKDW WKH GDWDEDVH GDWD VSDFH EH D PHWULF VSDFH�

7KH YDOXHV RI DOO GDWD LQ D GDWDEDVH GHnQH WKH VWDWH RI WKH GDWDEDVH� )RU WKH GDWD WR

EH D PHWULF VSDFH� VHYHUDO FRQGLWLRQV PXVW EH PHW� )LUVW� D GLVWDQFH IXQFWLRQ PXVW

EH GHnQHG VXFK WKDW DEVROXWH YDOXH RI WKH GLmHUHQFH EHWZHHQ WKH SUHFLVH YDOXH RI D

GDWD LWHP DQG WKH UHFRUGHG LPSUHFLVH YDOXH FDQ EH PHDVXUHG� 6HFRQG� WKH GLVWDQFH

LV V\PPHWULF� WKH GLVWDQFH IURP WKH UHFRUGHG YDOXH WR WKH DFWXDO YDOXH LV WKH VDPH DV

WKH GLVWDQFH IURP DFWXDO WR UHFRUGHG� +HQFH� WKH GLVWDQFH �  M9D b 9UM w � �ZKHUH

9D LV WKH DFWXDO RU SUHFLVH YDOXH� DQG 9U LV WKH UHFRUGHG RU LPSUHFLVH YDOXH�� )LQDOO\�

WKH WULDQJOH LQHTXDOLW\ PXVW KROG VR WKDW WKH GLVWDQFH IURP RQH REMHFW WR D WKLUG LV

QR JUHDWHU WKDQ WKH VXP RI WKH GLVWDQFHV IURP WKH nUVW REMHFW WR WKH VHFRQG DQG

WKH VHFRQG WR WKH WKLUG RU� �WRWDO � �� � ��� 7KH FRQVHTXHQFH RI WKHVH FRQGLWLRQV LV

��



WKDW WKH LQFUHDVH LQ LPSUHFLVLRQ GXH WR PXOWLSOH YLRODWLRQV RI ORJLFDO FRQVWUDLQWV LV

QR JUHDWHU WKDQ WKH VXP RI VXFK LQFUHDVHV IRU HDFK YLRODWLRQ LQGLYLGXDOO\� 7KLV LV

LPSRUWDQW VLQFH LW JXDUDQWHHV WKDW HUURUV LQ WKH GDWDEDVH �RU V\VWHP� GR QRW LQFUHDVH

LQ D QRQ�OLQHDU IDVKLRQ� ,I WKH FRQGLWLRQV RI D PHWULF VSDFH DUH QRW PHW� WKHQ WKH

ORJLFDO FRQVWUDLQW YLRODWLRQV FDQQRW EH PDGH VLQFH WKHUH ZRXOG EH QR ZD\ WR PHDVXUH

WKH DFFXPXODWHG SHQDOW\� ,PSUHFLVLRQ PD\ EH LPSRUWHG LQWR WKH V\VWHP IURP WKH

LQWURGXFWLRQ RI LPSUHFLVH UHVXOWV EHLQJ XVHG WR XSGDWH D GDWD LWHP� ,PSUHFLVLRQ PD\

DOVR EH H[SRUWHG� 7KLV RFFXUV LI LPSUHFLVH UHVXOWV DUH SURYLGHG DV D UHVXOW RI D TXHU\�

([SRUWHG LPSUHFLVLRQ LV WKH HDVLHU WR GHDO ZLWK VLQFH LW KDV QR ODVWLQJ HmHFW RQ WKH

GDWDEDVH� ,PSRUWHG LPSUHFLVLRQ UHPDLQV LQ WKH GDWDEDVH DQG FDQ SURSDJDWH WKURXJK

WKH GDWDEDVH ZLWK VXFFHVVLYH WUDQVDFWLRQV�

,Q RXU ZRUN� ZH ZLOO UHTXLUH WKDW WKH GDWD IRUP D PHWULF VSDFH� 7KH SRVVLELOLW\

WKDW WKH FRQVHTXHQFHV RI ORJLFDO FRQFXUUHQF\ YLRODWLRQV FDQ EH PHDVXUHG� DQG SRVVLEO\

ERXQGHG� DOORZV XV WR SURSRVH VXFK YLRODWLRQV� (SVLORQ VHULDOL]DELOLW\� PRUHRYHU� VHWV

DQ XSSHU ERXQG RQ WKH HUURU WKXV FUHDWHG� DQ\ YLRODWLRQV WKDW ZRXOG FDXVH WKDW OLPLW

WR EH H[FHHGHG DUH QRW SHUPLWWHG� ,Q WKH ZRUN SUHVHQWHG KHUH� ZH GR QRW VHW DQ

H[SOLFLW ERXQG� 6XFK D ERXQG ZRXOG DOZD\V EH LQ MHRSDUG\ RI EHLQJ YLRODWHG� ,QGHHG

JLYHQ D ODUJH HQRXJK SHQDOW\ IRU PLVVLQJ D GHDGOLQH� DOPRVW DQ\ ORJLFDO FRQVWUDLQW

ZRXOG IDLO� ,Q RXU FDVH� D ERXQG� LI VHW ZRXOG EH XVHG WR VLJQDO WKH V\VWHP WKDW

FRUUHFWLYH DFWLRQ PXVW EH WDNHQ DV SURSRVHG E\ >:<3��@� 1HYHUWKHOHVV� HSVLORQ

VHULDOL]DELOLW\ SURYLGHV VRPH DVVXUDQFHV� WKDW� JLYHQ FHUWDLQ DVVXPSWLRQV DUH PHW�

YLRODWLQJ ORJLFDO FRQVWUDLQWV GRHV QRW OHDG WR XQERXQGHG HUURU� :H DOVR DSSO\ WKH

FRQFHSWV RI D PHWULF VSDFH DQG HSVLORQ VHULDOL]DELOLW\ WR QRQ�GDWDEDVH RSHUDWLRQV�

8VLQJ WKH WHFKQLTXHV UHYLHZHG KHUH� ZH SODQ WR JHQHUDOL]H FRQFXUUHQF\ FRQWURO WR

DQ HQIRUFHPHQW RI ORJLFDO FRQVLVWHQF\ WKDW LV H[SUHVVHG DV SUHFHGHQFH RUGHULQJV DPRQJ

WDVN RU WUDQVDFWLRQ RSHUDWLRQV� 5HOD[DWLRQV RI ORJLFDO FRQVWUDLQWV DUH SHUPLVVLEOH DV

WKH\ OHDG WR ERXQGHG OHYHOV RI LPSUHFLVLRQ LQ WKH GDWDEDVH� 7KHVH YLRODWLRQV DUH WKH

��



HPERGLPHQW RI WKH WUDGH�Rm WR JDLQ WHPSRUDO FRQVLVWHQF\�

����� 3UHFHGHQFH 2UGHULQJ

7KH HmHFW RI D FRQFXUUHQF\ FRQWURO WHFKQLTXH RQ D V\VWHP LV WKH HQIRUFHPHQW RI

D VHW RI RSHUDWLRQ RUGHULQJV WKDW DUH D VXEVHW RI DOO SRVVLEOH RUGHULQJV� 7KXV� DOO

SHVVLPLVWLF FRQFXUUHQF\ FRQWURO V\VWHPV FDQ EH PRGHOHG E\ FRQVWUXFWLQJ D VHW RI

SDUWLDO RUGHULQJV WKDW UHVWULFW RSHUDWLRQV RU WDVNV IURP H[HFXWLQJ GXULQJ WLPHV WKDW

WKH FRQFXUUHQF\ FRQWURO WHFKQLTXH SURKLELWV� %\ FRPSOHWLQJ WDVNV LQ D SHUPLVVLEOH

RUGHU� WKH FRQFXUUHQF\ UHTXLUHPHQWV DUH PHW� ,Q RXU ZRUN� ZH SHUPLW WKH VHOHFWLYH

YLRODWLRQ RI SUHFHGHQFH FRQVWUDLQWV� :H XVH WKH QRWLRQ RI SHQDOW\ WR FDSWXUH WKH

LPSUHFLVLRQ WKDW DFFUXHV DV D UHVXOW RI YLRODWLQJ D SUHFHGHQFH FRQVWUDLQW� $Q H[DPSOH

RI D W\SLFDO FRQFXUUHQF\ FRQWURO WHFKQLTXH
V VHW RI SHUPLVVLEOH RUGHULQJV LV WKH VHW RI

RUGHULQJV UHSUHVHQWLQJ VHULDOL]DEOH VFKHGXOHV� $OO SRVVLEOH VFKHGXOHV RI WUDQVDFWLRQ

WDVNV� DQG WKHUHIRUH DOO SHUPLVVLEOH VFKHGXOHV� FDQ EH H[SUHVVHG DV D SDUWLDO RUGHULQJ

RI WDVNV >%+*��@�

3DUWLDO RUGHULQJ LV FRPPRQO\ XVHG WR H[SUHVV RUGHULQJ DPRQJ REMHFWV RU WDVNV� $

SDUWLDO RUGHU � RQ D VHW LV WUDQVLWLYH DQG LUUHoH[LYH UHODWLRQ GHnQHG RQ VRPH RUGHUHG

SDLUV RI HOHPHQWV� 7KXV LI [ � \ DQG \ � ] WKHQ [ � ] EXW [ � \ DQG \ � [

FDQQRW ERWK KROG >%RO��@� 8QIRUWXQDWHO\� SUHFHGHQFH FRQVWUDLQWV FDQQRW H[SUHVV DOO

SRVVLEOH RUGHULQJV RI REMHFWV� )RU H[DPSOH� FRQVLGHU D UHTXLUHPHQW ZKHUH RQO\ WZR

RUGHULQJV DUH SHUPLVVLEOH� D � E � F RU F � D � E��� $Q\ VHW RI SUHFHGHQFH

FRQVWUDLQWV WR VSHFLI\ WKLV RUGHULQJ ZRXOG UHTXLUH WKDW ERWK D � F DQG F � D� ZKLFK

LV QRW SHUPLVVLEOH� )RU D JHQHUDOL]HG WUHH VWUXFWXUH� ZKLFK LV QHFHVVDU\ WR FDSWXUH DOO

RUGHULQJV� D GLmHUHQW QRWDWLRQ LV UHTXLUHG� 6XFK D QRWDWLRQ KDV EHHQ GHVFULEHG E\

SUHYLRXV ZRUN E\ >-6��@ DQG PD\ SURYH WR EH XVHIXO KHUH� +RZHYHU� ZH ZLOO FRQWLQXH

�:H XVH D� E WR GHQRWH DQ LQVWDQFH RI D VHTXHQFH 7KH QRWDWLRQ D � E GHQRWHV D FRQVWUDLQW�

��



WR UHIHU WR SDUWLDO RUGHULQJV E\ WKH FRQYHQWLRQDO QRWDWLRQ ZLWK WKH DVVXPSWLRQ WKDW

D PRUH FRPSOHWH QRWDWLRQ FRXOG EH XVHG LQ DSSOLFDWLRQV WKDW UHTXLUH LW�

:H KDYH FKRVHQ SDUWLDO RUGHULQJ DV RXU SULPDU\ FRQWURO RYHU ORJLFDO FRQVLVWHQF\

VLQFH SDUWLDO RUGHULQJ FDQ EH XVHG WR VSHFLI\ DQ\ DUELWUDU\ RUGHULQJ� 6LQFH DOO SHV�

VLPLVWLF FRQFXUUHQF\ FRQWUROV XOWLPDWHO\ GHnQH DQ DFFHSWDEOH RUGHULQJ RI WDVNV� VXFK

DQ RUGHULQJ FDQ DOVR EH VSHFLnHG XVLQJ SDUWLDO RUGHULQJ� 7KXV� LI RXU ZRUN LV YDOLG

IRU SDUWLDO RUGHULQJ� LW PXVW EH YDOLG IRU DQ\ RWKHU SHVVLPLVWLF FRQFXUUHQF\ FRQWURO

PHFKDQLVP� ,Q SUDFWLFH� WKH PHWKRGV GHVFULEHG LQ WKLV ZRUN FRXOG EH HDVLO\ PRGLnHG

WR XVH WKH FRQFXUUHQF\ FRQWURO PHFKDQLVP PRVW DSSURSULDWH WR WKH DSSOLFDWLRQ UDWKHU

WKDQ SDUWLDO RUGHULQJ�

����� 5HDO�7LPH &RQFXUUHQF\ &RQWURO

,Q D UHDO�WLPH V\VWHP� FRQFXUUHQF\ FRQWURO FDQQRW LJQRUH WHPSRUDO FRQVLVWHQF\ UH�

TXLUHPHQWV� ,QVWHDG� FRQFXUUHQF\ FRQWURO PXVW WDNH LQWR DFFRXQW ERWK ORJLFDO FRQ�

VLVWHQF\ DQG WHPSRUDO FRQVLVWHQF\ RI GDWD DQG RSHUDWLRQV� 6HYHUDO UHDO�WLPH FRQFXU�

UHQF\ FRQWURO WHFKQLTXHV KDYH EHHQ SURSRVHG WKDW DSSO\ UHDO�WLPH VFKHGXOLQJ FRQFHSWV

WR WUDGLWLRQDO FRQFXUUHQF\ FRQWURO SURWRFROV� VXFK DV WZR�SKDVH ORFNLQJ ><:/6��@�

2WKHU UHVHDUFK LQ UHDO�WLPH FRQFXUUHQF\ FRQWURO KDV IRXQG WKDW WKH VHULDOL]DELOLW\

UHTXLUHPHQW LV WRR UHVWULFWLYH� %\ UHOD[LQJ WKLV UHVWULFWLRQ� DQG WKHUHIRUH LQFUHDVLQJ

FRQFXUUHQF\� WKHUH LV D SRVVLELOLW\ RI PHHWLQJ PRUH WLPLQJ FRQVWUDLQWV DV VKRZQ LQ

)LJXUH ���� $ FRPSUHKHQVLYH VXUYH\ RI UHDO�WLPH FRQFXUUHQF\ FRQWURO WHFKQLTXHV LV

SUHVHQWHG LQ ><:/6��@� 7KH QRWLRQ RI UHOD[LQJ ORJLFDO FRQVWUDLQWV WR LPSURYH WHP�

SRUDO SHUIRUPDQFH LV VLPLODU WR RXU ZRUN� +RZHYHU� DV ZH KDYH VHHQ� WKLV UHOD[DWLRQ

DSSURDFK FDQQRW JXDUDQWHH EHWWHU WHPSRUDO SHUIRUPDQFH� ,QVWHDG LW VLPSO\ HQODUJHV

WKH VROXWLRQ VSDFH ZLWK WKH KRSH WKDW D EHWWHU VROXWLRQ FDQ EH IRXQG� 2XU ZRUN VHHNV

WR H[SOLFLWO\ PDNH WKH WUDGH Rm EHWZHHQ ORJLFDO DQG WHPSRUDO SHUIRUPDQFH�

��



/RJLFDO FRQVLVWHQF\ FDQ EH PDSSHG WR D SHQDOW\ WDEOH WKDW H[SUHVVHV WKH SHQDOW\

WR EH DVVHVVHG LI D YLRODWLRQ RI WKH UHTXLUHG WDVN RUGHULQJ RFFXUV� ,Q D GDWDEDVH V\V�

WHP� WKH UHTXLUHG RUGHULQJV DUH RIWHQ LPSRVHG E\ VHULDOL]DWLRQ RUGHULQJV� 3HVVLPLVWLF

FRQFXUUHQF\ FRQWURO VFKHPHV LPSRVH D VXEVHW RI DOORZDEOH WDVN RUGHULQJV RQ WKH VHW

RI DOO RUGHULQJV� ZKLFK LV HTXLYDOHQW WR LPSRVLQJ SDUWLDO RUGHULQJV RQ WDVNV� ,Q DQ

DSSOLHG VHWWLQJ� XVH RI D PRUH FRQYHQWLRQDO FRQFXUUHQF\ FRQWURO VFKHPH PLJKW EH GH�

VLUDEOH� 7KXV� D WUDGH�Rm EHWZHHQ WHPSRUDO DQG ORJLFDO FRQVWUDLQWV FDQ EH DFKLHYHG

LQGHSHQGHQW RI WKH SHVVLPLVWLF FRQFXUUHQF\ FRQWURO PHWKRG VHOHFWHG�

:H KDYH GHVFULEHG WKH ZRUN RI RWKHU UHVHDUFKHUV WKDW LV UHOHYDQW WR RXU ZRUN�

:H KDYH GHYHORSHG D VFKHGXOLQJ WHFKQLTXH WKDW XVHV D FRPELQDWLRQ RI SHQDOWLHV IRU

YLRODWLQJ WHPSRUDO FRQVWUDLQWV ZLWK SHQDOWLHV IRU YLRODWLQJ ORJLFDO FRQVWUDLQWV� %\

VFKHGXOLQJ WDVNV VXFK WKDW WRWDO SHQDOW\ LV PLQLPL]HG� WKH V\VWHP PHHWV� DV FORVHO\

DV SRVVLEOH� WKH ORJLFDO DQG WHPSRUDO UHTXLUHPHQWV LPSRVHG�

��



&KDSWHU �

0HWKRGRORJ\

��� ,QFUHPHQWDO $SSURDFK

,Q WKH FKDSWHUV WKDW IROORZ� ZH GHYHORS D XQLnHG VFKHGXOLQJ WHFKQLTXH WKDW V\QWKHVL]HV

VFKHGXOLQJ DQG FRQFXUUHQF\ FRQWURO WR KDQGOH ERWK ORJLFDO DQG WHPSRUDO FRQVLVWHQF\

LQ D GDWDEDVH RU RWKHU WDVN SURFHVVLQJ V\VWHP� 2XU DSSURDFK LV WR LQFUHPHQWDOO\

ZRUN WRZDUGV WKLV JRDO E\ nUVW FRQVLGHULQJ D VLPSOLnHG PRGHO� WKHQ H[SORULQJ PRGHOV

WKDW DUH PRUH FRPSOH[� 7KH nUVW PRGHOV ZLOO VHUYH WR LOOXVWUDWH WKH EDVLF SUREOHP

DQG YHULI\ WKH OHJLWLPDF\ RI D WUDGH�Rm EHWZHHQ ORJLFDO DQG WHPSRUDO FRQVWUDLQWV�

7KH VLPSOH PRGHOV DOVR KDYH WKH DGYDQWDJH EHLQJ HDVLO\ VROYHG DQG OHDG WR UHODWLYHO\

IDVW DOJRULWKPV WKDW SURYLGH RSWLPDO VROXWLRQV� 7KH VLPSOH PRGHOV DUH DOVR XVHIXO

LQ VROYLQJ UHDO SUREOHPV LQ VLWXDWLRQV ZKHUH WKH OLPLWDWLRQV SODFHG RQ WKH PRGHO

DUH YDOLG� 0RGHOV WKDW DUH PRUH FRPSOH[ ZLOO EH GHYHORSHG ZKLFK UHODWH WR JHQHUDO

VFKHGXOLQJ SUREOHPV� )RU WKHVH PRGHOV� DOJRULWKPV WKDW JXDUDQWHH RSWLPDOLW\ DUH QRW

VR HDVLO\ FRQVWUXFWHG� :H SURSRVH WR H[WHQG RXU VLPSOH PRGHOV LQ VPDOO VWHSV VR WKDW

UHVXOWV IURP RQH PRGHO FDQ EH DSSOLHG WR WKH QH[W�

,Q IRUPDOL]LQJ HDFK LQFUHPHQWDO PRGHO� ZH KDYH IROORZHG D VLPLODU SURFHGXUH�

)LUVW ZH GHVFULEH WKH PRGHO� WKHQ SURYLGH D IRUPDO GHnQLWLRQ XVLQJ D QRWDWLRQ WKDW

��



H[SUHVVHV WKH SUREOHP DV DQ ,3 �,QWHJHU 3URJUDPPLQJ� SUREOHP� $Q ,3 LV DQ OLQHDU

RSWLPL]DWLRQ SUREOHP �/3� LQ ZKLFK VRPH RU DOO RI WKH YDULDEOHV PXVW EH QRQQHJDWLYH

LQWHJHUV >:LQ��@� $Q ,3 FDQ EH VROYHG XVLQJ RQH RI VHYHUDO FRPPHUFLDOO\ DYDLODEOH

VRIWZDUH SURJUDPV� VXFK DV /,1'2 >OLQ��D@ RU &3/(; >FSO��@� :KLOH /,1'2 RU

&3/(; ZLOO nQG DQ RSWLPDO VROXWLRQ WR WKH ,3� WKLV PHWKRG LV JHQHUDOO\ QRW VXLWDEOH

IRU UHDO�WLPH VFKHGXOLQJ GXH WR WKH SURWUDFWHG SURFHVVLQJ WLPH UHTXLUHG� +RZHYHU�

VROYLQJ WKH ,3 IRUPXODWLRQ SURYLGHV YDOXDEOH LQVLJKWV LQWR WKH SUREOHP DQG SURYLGHV

RSWLPDO VROXWLRQV_DW OHDVW IRU UHDVRQDEOH VL]HG SUREOHPV_DJDLQVW ZKLFK DQ\ KHXULV�

WLF FDQ EH MXGJHG�

)RU SUDFWLFDO VROXWLRQV WR WKH VFKHGXOLQJ SUREOHPV GLVFXVVHG KHUH� ZH GHYHORS

KHXULVWLFV WKDW DUH FDSDEOH RI nQGLQJ D VFKHGXOH TXLFNO\� EXW ZLWKRXW DQ\ JXDUDQWHH

RI RSWLPDOLW\� ,Q PDQ\ FDVHV� LW LV GHVLUDEOH WR KDYH VHYHUDO KHXULVWLFV DYDLODEOH�

HDFK WDLORUHG WR WKH VSHFLnF QHHGV RI WKH DSSOLFDWLRQ IRU ZKLFK LW ZLOO EH XVHG� ,W

LV JHQHUDOO\ WUXH WKDW WKH SHUIRUPDQFH RI D KHXULVWLF IRU FRPSOH[ SUREOHPV VXFK DV

WKHVH FDQQRW EH PDWKHPDWLFDOO\ SURYHQ� ,QVWHDG� D KHXULVWLF LV HYDOXDWHG XVLQJ RQH

RI WKUHH PHWKRGV >//.6��@� 3HUIRUPDQFH FDQ EH GHWHUPLQHG XVLQJ DQDO\VLV E\ ZRUVW

FDVH� SUREDELOLVWLF RU HPSLULFDO PHDVXUHV�

:RUVW FDVH DQDO\VLV SURYLGHV D ORZHU ERXQG JXDUDQWHH RQ KHXULVWLF SHUIRUPDQFH�

EXW RIWHQ� WKH ZRUVW FDVH LV ERWK XQOLNHO\ WR RFFXU DQG PD\ EH GLVPDOO\ SRRU� $

ZRUVW FDVH DQDO\VLV SURYLGHV D PDWKHPDWLFDOO\ FRUUHFW SURRI WKH ZRUVW FDVH� EXW IRU

FRPSOH[ SUREOHPV� WKLV SURRI PD\ EH GLpFXOW WR FRQVWUXFW� $ SUREDELOLVWLF DSSURDFK

DWWHPSWV WR RYHUFRPH WKH SUREOHP RI WKH ZRUVW FDVH DQDO\VLV E\ SURYLGLQJ DQ DYHUDJH

RU H[SHFWHG OHYHO RI SHUIRUPDQFH� 3UREDELOLW\ GLVWULEXWLRQV DUH XVHG LQ WKH DQDO\VLV WR

nQG WKH H[SHFWHG SHUIRUPDQFH RI WKH KHXULVWLF� +RZHYHU� WKH YDOLGLW\ RI SUREDELOLVWLF

SUHGLFWLRQV GHSHQGV RQ DVVXPSWLRQV DERXW SUREDELOLW\ GLVWULEXWLRQV� ZKLFK PD\ QRW

EH ZHOO NQRZQ� $FWXDO UHVXOWV PD\ YDU\ VLJQLnFDQW IURP SUREDELOLVWLF SUHGLFWLRQV

LI WKH GLVWULEXWLRQV DVVXPHG DUH QRW FRUUHFW� )LQDOO\� HPSLULFDO WHVWLQJ FDQ SURYLGH

��



XVHIXO PHDVXUHV RI KHXULVWLF SHUIRUPDQFH XVLQJ W\SLFDO SUREOHPV IRU ZKLFK WKH KHXULV�

WLF ZLOO EH XVHG� (PSLULFDO DQDO\VLV FDQ PDNH QR JXDUDQWHH RI WKH JHQHUDO DFFXUDF\

RI WKH KHXULVWLF� 7KH DFFXUDF\ RI WKH HPSLULFDO DQDO\VLV GHSHQGV FRPSOHWHO\ RQ WKH

VLPLODULW\ RI WKH VLPXODWHG GDWD WR WKH DFWXDO WKDW ZLOO EH XVHG E\ WKH KHXULVWLF� 7KLV

SUREOHP�VSHFLnF GDWD ZLOO YDU\ IURP SUREOHP VHW WR SUREOHP VHW� +RZHYHU� HPSLULFDO

DQDO\VLV KDV D VWURQJ DGYDQWDJH LQ WKDW LW LV UHODWLYHO\ VLPSOH WR LPSOHPHQW VLPXOD�

WLRQ� HYHQ IRU YHU\ FRPSOH[ KHXULVWLFV� ,I WKH GDWD VHWV DUH VLPLODU WR WKH DFWXDO GDWD�

WKHQ WKH UHVXOWV DUH LQGLFDWLYH RI WKH UHVXOWV WKDW ZLOO EH DFKLHYHG ZLWK UHDO GDWD�

)RU WKLV ZRUN� ZH XVH DQ HPSLULFDO DSSURDFK WR PHDVXULQJ KHXULVWLF SHUIRUPDQFH�

6LPXODWLRQ LV XVHG ZLWK UDQGRPO\ JHQHUDWHG WDVN RU WUDQVDFWLRQ VHWV DQG WKH UHVXOWV

WDEXODWHG�� 6LPXODWLRQ UHVXOWV ZLOO EH DQDO\]HG DJDLQVW WKHRUHWLFDO UHVXOWV DQG ZH ZLOO

GHWHUPLQH WKH XVHIXOQHVV RI WKH KHXULVWLF LQ VSHFLnF DSSOLFDWLRQV� 7KH UHVXOWV IURP

VLPXODWLRQ DUH QRW� LQ JHQHUDO� YDOLG IRU DSSOLFDWLRQV WKDW GLmHU LQ WDVN FKDUDFWHULVWLFV�

:H KDYH DWWHPSWHG WR JHQHUDWH WDVNV VHW LQ D PRVW JHQHUDO PDQQHU VR DV QRW WR ELDV

WKH UHVXOWV� +RZHYHU� VLPXODWLRQ RI KHXULVWLF SHUIRUPDQFH DQG WXQLQJ RI KHXULVWLFV

PXVW EH SHUIRUPHG IRU HDFK DSSOLFDWLRQ� 7KLV LV D PDMRU OLPLWDWLRQ RI VLPXODWLRQ

DQDO\VLV�

��� *HQHUDO 6FKHGXOLQJ 0RGHO

����� 7DVNV

2XU VFKHGXOLQJ PRGHO FRQVLVWV RI QRQ�SUHHPSWDEOH XQLWV RI SURFHVVLQJ WKDW ZH UHIHU

WR DV WDVNV� 7DVNV DUH FRPPRQ LQ YDULRXV DSSOLFDWLRQV� VXFK DV D FRPSOHWH RSHUDWLRQ

SHUIRUPHG RQ PDFKLQHG SDUW� RU D PDQHXYHU RI DQ XQGHUZDWHU YHKLFOH� ,Q D GDWDEDVH

V\VWHP� VHWV RI WDVNV WR UHVSRQG WR XVHU UHTXHVW DUH UHIHUUHG WR DV WUDQVDFWLRQV�

�$OO VLPXODWLRQ WHVWLQJ FRQGXFWHG LQ WKH FRXUVH RI WKLV ZRUN ZDV SHUIRUPHG RQ D 3HQWLXP ���

00; FODVV SHUVRQDO FRPSXWHU

��



,Q RXU ZRUN� ZH FRQVLGHU D WUDQVDFWLRQ WR EH D VHW RI SDUWLDOO\ RUGHUHG WDVNV� EXW

RWKHUZLVH LJQRUH WKH WUDQVDFWLRQ GHVLJQDWLRQ� $VVRFLDWHG ZLWK HDFK WDVN LV D NQRZQ

DQG n[HG SURFHVVLQJ WLPH� ,Q VFKHGXOLQJ� ZH DVVXPH ERWK WHPSRUDO DQG ORJLFDO

FRQVWUDLQWV� 7KH WHPSRUDO FRQVWUDLQWV UHTXLUH WKDW WDVNV FRQIRUP WR VRPH PHDVXUH

RI WLPHOLQHVV� IRU H[DPSOH_WKH\ PHHW D GHDGOLQH� /RJLFDO FRQVWUDLQWV UHTXLUH WKDW

WDVNV EH SURFHVVHG LQ D FHUWDLQ VHTXHQFH� :H ZLOO FRQVLGHU WKH SRVVLELOLW\ RI UHOD[LQJ

FRQVWUDLQWV LQ RUGHU WR RSWLPL]H SHUIRUPDQFH�

$Q RSWLRQDO WHPSRUDO SHQDOW\ IXQFWLRQ LV SURYLGHG WR FDSWXUH WHPSRUDO FRQVLV�

WHQF\� 7KLV SHQDOW\ IXQFWLRQ FRQVLVWV RI VRPH QXPEHU RI GHDGOLQHV DQG D SRVLWLYH

SHQDOW\ DVVRFLDWHG ZLWK HDFK GHDGOLQH VXFK WKDW WKH SHQDOW\ LV DVVHVVHG LI WKH GHDG�

OLQH LV QRW PHW� 7KH SHQDOW\ IXQFWLRQ FRQVLGHUHG KHUH LV D PXOWLSOH VWHS IXQFWLRQ DQG

ZH DVVXPH LW LV QRQ�GHFUHDVLQJ� 3HQDOW\ IXQFWLRQV DUH GLVFXVVHG DQG LOOXVWUDWHG LQ

&KDSWHU ��

7DVNV PD\ DOVR EH UHODWHG WR RWKHU WDVNV WKURXJK D SUHFHGHQFH UHODWLRQVKLS� 7KH

WRWDO RI WKHVH SUHFHGHQFH UHODWLRQV LPSRVHV D SDUWLDO RUGHULQJ RQ DOO WDVNV LQ WKH

V\VWHP� )RU HDFK SUHFHGHQFH SDLU� WKHUH LV D SRVLWLYH SUHFHGHQFH SHQDOW\ GHnQHG�

ZKLFK LV DVVHVVHG LI WKH SUHFHGHQFH RUGHULQJ LV YLRODWHG LQ WKH VFKHGXOH� :H XVH WKH

QRWDWLRQ D � E WR H[SUHVV WKH ORJLFDO FRQVWUDLQW WKDW WDVN D SUHFHGH WDVN E LQ DQ\

VFKHGXOH� 6LQFH ZH KDYH DVVXPHG QRQ�SUHHPWDEOH WDVNV RQ D VLQJOH SURFHVVRU� D � E

LPSOLHV WKDW WDVN D FRPSOHWHV EHIRUH WDVN E EHJLQV� :H FRQVLGHU WKLV SUHFHGHQFH

RUGHULQJ WR EH WUDQVLWLYH� WKDW LV LI D � E DQG E � F WKHQ D � F� +RZHYHU� ZH GR

QRW FRQVLGHU SHQDOWLHV WR EH WUDQVLWLYH� 7KH LPSOLFDWLRQ LV WKDW DOO SHQDOWLHV PXVW

EH VSHFLnHG H[SOLFLWO\� 7KH UHDVRQ IRU WKLV LV WKDW WKHUH LV QRW D FOHDU ZD\ WR DVVLJQ

SHQDOWLHV WKURXJK WUDQVLWLYLW\� )RU H[DPSOH� LI WKH SHQDOW\ IRU D � E LV �� DQG WKH

SHQDOW\ IRU E � F LV ��� WKHQ FRQVLGHU WKH VHTXHQFH RI WDVNV E � F � D� &OHDUO\�

WKH FRQVWUDLQWV D � E LV YLRODWHG� IRU ZKLFK WKHUH LV D SHQDOW\ RI ��� %\ WUDQVLWLYLW\�

D � F LV DOVR YLRODWHG� EXW LW LV QRW FOHDU ZKDW WKLV SHQDOW\ VKRXOG EH� ,I D LV D

��



SUHGHFHVVRU WDVN WR F� WKDW LV� F LQ VRPH UHTXLUHV D LQ RUGHU WR EH FRUUHFW� WKHQ VRPH

SHQDOW\ VKRXOG DSSO\� ,I F GRHV QRW H[SOLFLWO\ UHTXLUH D WKHQ QR SHQDOW\ LV QHFHVVDU\�

1RW RQO\ LV WKH QHFHVVLW\ RI D SHQDOW\ XQFOHDU� EXW HYHQ LI ZH DJUHH WKDW D SHQDOW\ LV

MXVWLnHG� ZKDW WKDW SHQDOW\ VKRXOG EH LV QRW REYLRXV� 7KXV� ZH UHTXLUH WKDW SHQDOWLHV

EH VSHFLnHG H[SOLFLWO\ IRU DOO SUHFHGHQFH SDLUV�

3UHFHGHQFH WUDQVLWLYLW\ LV VSHFLnF WR WKH DSSOLFDWLRQ� DQG VRPH DSSOLFDWLRQV PD\

OHQG WKHPVHOYHV WR D PRUH JHQHUDO UXOH� ,I� IRU D VSHFLnF DSSOLFDWLRQ� D UXOH H[LVWV

IRU DVVLJQLQJ SHQDOWLHV� WKHQ WKLV UXOH FDQ SURYLGH D VKRUWFXW WR VSHFLI\ DOO WUDQVLWLYH

SHQDOWLHV�

����� 0HWULF 6SDFH

8VLQJ SUHFHGHQFH FRQVWUDLQWV WR PRGHO ORJLFDO FRQVLVWHQF\� ZH DVVXPH WKDW IRU DOO

SUHFHGHQFH FRQVWUDLQWV WKH FRQGLWLRQV IRU D PHWULF VSDFH KROG� DV GHnQHG LQ [������

7KDW LV� IRU DOO SUHFHGHQFH YLRODWLRQV ZH DVVXPH WKDW WKH HUURU LQWURGXFHG LV PHD�

VXUDEOH� :H DOVR DVVXPH WKDW WKH HUURU LV V\PPHWULF� WKDW LV WKH HUURU LQWURGXFHG LV

WKH VDPH ZKHWKHU YLHZHG DV WKH HUURU DGGHG WR JLYH WKH LPSUHFLVH UHVXOW RU WKH HUURU

VXEWUDFWHG WR JLYH WKH FRUUHFW UHVXOW� )LQDOO\� ZH DVVXPH WKDW WKH WULDQJOH LQHTXDOLW\

KROGV� 7KLV nQDO DVVXPSWLRQ LV WKH PRVW GLpFXOW WR PHHW DQG LW UHTXLUHV WKDW WKH

WRWDO HUURU GXH WR PXOWLSOH SUHFHGHQFH YLRODWLRQV DUH QRW JUHDWHU WKDQ WKH VXP RI WKH

LQGLYLGXDO HUURUV�

&RQVLGHU DQ )06 V\VWHP WR LOOXVWUDWH WKH LPSRUWDQFH RI D PHWULF VSDFH� $VVXPH

WKDW D SDUW UHTXLUHV VHYHUDO PDFKLQLQJ RSHUDWLRQV� VRPH RI ZKLFK DUH SDUWLDOO\ RU�

GHUHG� :H UHTXLUH WKDW LI DQ RSHUDWLRQ RFFXUV RXW RI RUGHU� WKHQ WKH HUURU LQWURGXFHG

LV PHDVXUDEOH� IRU H[DPSOH� DQ LQFUHDVH LQ WKH UHMHFW UDWH� :H DOVR UHTXLUH WKDW LI D

VHFRQG RSHUDWLRQ LV SHUIRUPHG RXW RI RUGHU� WKH UHVXOWLQJ HUURU FDQ EH DGGHG WR WKH

HUURU IURP WKH nUVW SUHFHGHQFH YLRODWLRQ� DQG WKH VXP RI WKH WZR LV QR OHVV WKDQ WKH
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WRWDO DFFXPXODWHG HUURU LQWURGXFHG �WKH WULDQJOH LQHTXDOLW\�� 7KLV LV RIWHQ WKH FDVH

LQ SUDFWLFH� )RU H[DPSOH� LI D nQLVK KROH LV GULOOHG ZLWKRXW nUVW GULOOLQJ WKH SLORW KROH�

D SHQDOW\ UHODWHG WR LQFUHDVHG WRRO ZHDU PD\ EH LPSRVHG� ,I D VHFRQG KROH LV DOVR

GULOOHG ZLWKRXW D SLORW KROH� WKHQ WKH WRWDO WRRO ZHDU LV QR JUHDWHU WKDQ WKH VXP RI

WKH ZHDU FDXVHG E\ HDFK KROH WDNHQ DORQH�

,I WKH FRQGLWLRQV RI D PHWULF VSDFH GR QRW KROG� WKHQ YLRODWLRQV RI SUHFHGHQFH

RUGHU PD\ QRW EH WROHUDEOH� 7R FRQWLQXH ZLWK WKH )06 H[DPSOH� FRQVLGHU DQ RXW

RI RUGHU RSHUDWLRQ UHVXOWLQJ LQ D SDUW WKDW FDQQRW EH FRPSOHWHG� $Q LQLWLDO PLOOLQJ

RSHUDWLRQ� LI VNLSSHG� PD\ PDNH LW LPSRVVLEOH WR FRQWLQXH ZLWK WKH PDFKLQLQJ RI WKH

SDUW� )RU SUDFWLFDO DSSOLFDWLRQV ZH FDQ KDQGOH WKLV FRQGLWLRQ E\ XVLQJ DQ DUELWUDULO\

ODUJH SHQDOW\ VXFK WKDW D VFKHGXOH WKDW GRHV QRW KDYH WKH PLOOLQJ RSHUDWLRQ VFKHGXOHG

nUVW LV LQIHDVLEOH� 6LPLODU H[DPSOHV FDQ EH FRQVWUXFWHG IRU GDWDEDVH V\VWHPV� PLVVLRQ

SODQQLQJ RU RWKHU DSSOLFDWLRQV�

)RU WKH PRGHOV WKDW IROORZ� ZH DVVXPH WKDW WKH FRQGLWLRQV RI HSVLORQ VHULDOL]DELOLW\

KROG� :H GR QRW UHTXLUH WKDW WKH LPSUHFLVLRQ UHVXOWLQJ IURP YLRODWLRQV RI ORJLFDO

FRQFXUUHQF\ FRQWUROV EH OLPLWHG WR D SUHGHWHUPLQHG ERXQG� EXW ZH GR UHTXLUH WKDW

LPSUHFLVLRQ EH ERXQGHG DQG NQRZQ�

����� 6FKHGXOH

:H FRQVLGHU D VFKHGXOH WR EH D VHTXHQFH RI DOO WDVNV NQRZQ WR WKH VFKHGXOHU� $Q

RSWLPDO VFKHGXOH IRU D JLYHQ UHJXODU SHUIRUPDQFH PHDVXUH LV D VFKHGXOH IRU ZKLFK

WKH DJJUHJDWH SHUIRUPDQFH PHDVXUH IRU DOO WDVNV LV OHVV WKDQ RU HTXDO WR DQ\ RWKHU

VFKHGXOH� $ UHJXODU PHDVXUH RI SHUIRUPDQFH �5� LV GHnQHG DV D PHDVXUH WKDW LV QRQ�

GHFUHDVLQJ LQ WKH FRPSOHWLRQ WLPHV� 7KXV LI 5 LV D IXQFWLRQ RI &�� &�� � � � &Q
VXFK WKDW
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$V D FRQVHTXHQFH RI RXU DVVXPSWLRQ RI QRQ�GHFUHDVLQJ WLPH SHQDOW\ IXQFWLRQ� WKHUH
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H[LVWV DQ RSWLPDO QRQ�GHOD\ VFKHGXOH LI DQ RSWLPDO QRQ�GHOD\ VFKHGXOH H[LVWV� 7KXV�

ZH ZLOO QRW IXUWKHU FRQVLGHU GHOD\ VFKHGXOHV� )RU WKLV PRGHO� ZH KDYH GHnQHG WZR

SHUIRUPDQFH PHDVXUHV� GHDGOLQH �WHPSRUDO� SHQDOW\ DQG SUHFHGHQFH �ORJLFDO� SHQDOW\�

7KHVH WZR PHDVXUHV DUH RUWKRJRQDO VLQFH WKH YDOXH RI RQH PHDVXUH LV XQUHODWHG WR

WKH YDOXH RI WKH RWKHU�

7KH RUWKRJRQDOLW\ RI WKH PHDVXUHV UHTXLUHV DGGLWLRQDO FRQVLGHUDWLRQ IRU VFKHGXO�

LQJ SXUSRVHV� 7KHUH DUH WZR DSSURDFKHV WR WKLV SUREOHP DQG ERWK UHTXLUH DQ HTXLY�

DOHQFH EHWZHHQ WKH WZR PHDVXUHV� 7KH HTXLYDOHQFH LV DQ H[SUHVVLRQ RI WKH UHODWLYH

LPSRUWDQFH RI PHHWLQJ GHDGOLQHV RU SHUIRUPLQJ WDVNV LQ WKH FRUUHFW SUHFHGHQFH RUGHU�

7KH HTXLYDOHQFH FDQ RQO\ EH VSHFLnHG E\ WKH XVHU ZLWK NQRZOHGJH RI WKH DSSOLFDWLRQ

DQG WKH VSHFLnF RSWLPDOLW\ UHTXLUHG� 7KXV� WKH HTXLYDOHQFH EHWZHHQ WHPSRUDO SHU�

IRUPDQFH DQG SUHFHGHQFH SHUIRUPDQFH LV DVVXPHG WR EH DQ LQSXW WR WKH VFKHGXOLQJ

SURFHVV� 1RWH WKDW WKH SHQDOW\ YDOXHV WR EH VSHFLnHG IRU GHDGOLQHV DQG SUHFHGHQFH

RUGHULQJ DUH HQWLUHO\ DUELWUDU\ LQ DEVROXWH PDJQLWXGH� 6LQFH ZH GR QRW VSHFLI\ WKH

UHODWLYH PDJQLWXGH RI WHPSRUDO DQG ORJLFDO SHQDOWLHV� LW LV XS WR WKH XVHU WR VXSSO\

WKLV LQIRUPDWLRQ� $V PHQWLRQHG DERYH� WKHUH DUH WZR DSSURDFKHV WR XVLQJ WKLV HTXLY�

DOHQFH LQIRUPDWLRQ� )LUVW� WKH HTXLYDOHQFH FDQ EH VSHFLnHG DV D VLQJOH YDOXH� )RU

H[DPSOH� VD\ D WHPSRUDO SHQDOW\ RI YDOXH ?��� LV HTXLYDOHQW WR D SUHFHGHQFH RI YDOXH

?��� 8VLQJ WKLV LQIRUPDWLRQ� WKH VFKHGXOHU FDQ nQG DQ RSWLPDO VHTXHQFH RI WDVNV UH�

oHFWLQJ WKLV HTXLYDOHQFH� $ VKRUWFRPLQJ RI WKLV PHWKRG LV WKDW DOWKRXJK WKH VFKHGXOH

LV RSWLPL]HG IRU WKLV VLQJOH YDOXH� WKH XVHU KDV QR ZD\ RI NQRZLQJ LI D ?EHWWHU� VFKHG�

XOH H[LVWV ZLWK D HTXLYDOHQFH MXVW VOLJKWO\ GLmHUHQW WKHQ WKH HTXLYDOHQFH VSHFLnHG_IRU

H[DPSOH� D VFKHGXOH ZLWK PXFK EHWWHU WHPSRUDO SHUIRUPDQFH ZLWK MXVW VOLJKWO\ OHVV

ORJLFDO SHUIRUPDQFH� 7KLV OLPLWDWLRQ OHDGV WR WKH VHFRQG DSSURDFK� WKH IRUPXODWLRQ

RI D IURQWLHU� 7KH IURQWLHU� DV LQWURGXFHG LQ &KDSWHU �� LV WKH VHW RI SRLQWV WKDW GHnQH

VFKHGXOHV IRU ZKLFK WKHUH DUH QR RWKHU VFKHGXOHV EHWWHU LQ ERWK PHDVXUHV� )URP WKLV

VHW RI SRLQWV� D VLQJOH VFKHGXOH FDQ EH FKRVHQ EDVHG RQ WKH WUDGH�Rm EHWZHHQ WKH WZR
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PHDVXUHV� :LWK WKH IURQWLHU� WKH XVHU FDQ VHH WKH LPSOLFDWLRQV RI WKLV FKRLFH� DQG WKH

UDQJH RI RSWLPDO VFKHGXOHV DYDLODEOH� ,Q WKH QH[W VHFWLRQ� WKH IURQWLHU LV GLVFXVVHG LQ

JUHDWHU GHWDLO�

:H XVH WKH IURQWLHU WR H[SUHVV WKH RSWLPDOLW\ EHWZHHQ WZR SHUIRUPDQFH PHDVXUHV�

7KLV FRQFHSW LV HDVLO\ H[WHQGHG WR P SHUIRUPDQFH PHDVXUHV� 7KH RSWLPDO VFKHGXOHV

OLH RQ WKH P�GLPHQVLRQDO VXUIDFH GHnQHG DV WKH IURQWLHU�

)LJXUH ���� /RJLFDO YV� 7HPSRUDO &RQVWUDLQWV LQ 6FKHGXOLQJ

����� %L�&ULWHULD 6FKHGXOLQJ

,Q RXU UHVHDUFK� ZH DUH FRQFHUQHG ZLWK WKH VFKHGXOLQJ RI WDVNV ZKHUH WKHUH DUH WZR�

RU SRVVLEO\ PRUH� SHUIRUPDQFH FULWHULD� 7KLV PXOWL�FULWHULD PHDVXUH FRPSOLFDWHV WKH

VFKHGXOLQJ SUREOHP� HVSHFLDOO\ ZKHUH WKH FULWHULD FRQoLFW ZLWK HDFK RWKHU� 7KH EL�

FULWHULD VFKHGXOLQJ SUREOHP �WKDW LV� WZR FULWHULD� ZKHUH ERWK PHDVXUHV UHODWH WR

WLPH� KDV EHHQ VWXGLHG H[WHQVLYHO\ LQ 2SHUDWLRQV 5HVHDUFK� )RU H[DPSOH� nQGLQJ D
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VFKHGXOH DPRQJ WDVNV ZLWK GHDGOLQHV WKDW PLQLPL]HV PD[LPXP WDUGLQHVV ZKLOH DOVR

PLQLPL]LQJ WKH QXPEHU RI GHDGOLQHV PLVVHG LV ERWK UHSUHVHQWDWLYH DQG FRPPRQO\

GLVFXVVHG� IRU H[DPSOH VHH >&/%��@ RU >9&<��@� +RZHYHU� WKH SRVVLELOLW\ RI XVLQJ

EL�FULWHULD VFKHGXOLQJ ZKHUH RQH PHDVXUH LV ORJLFDO FRQVWUDLQWV LV QRW FRQVLGHUHG LQ

WKH OLWHUDWXUH� 1RWH WKDW LQ WKLV ZRUN� ORJLFDO FRQVWUDLQWV DQG WHPSRUDO FRQVWUDLQWV

FDQ EH UHOD[HG� WKDW LV� WKH\ DUH QRW DEVROXWH UHTXLUHPHQWV�

:H FRQVLGHU WKH EL�FULWHULD VFKHGXOLQJ SUREOHP ZKHUH RQH PHDVXUH UHODWHV WR WLPH

DQG WKH VHFRQG UHODWHV WR ORJLFDO FRQVWUDLQWV� 7KHVH PHDVXUHV FDQ FRQoLFW� VXFK WKDW D

VFKHGXOH WKDW SHUIRUPV ZHOO LQ RQH PHDVXUH GRHV QRW SHUIRUP ZHOO LQ WKH RWKHU� 2Q D

VLQJOH PDFKLQH� DVVXPLQJ D QRQ�GHOD\ VFKHGXOH� WKHUH DUH Q� SRVVLEOH ZD\V WR VFKHGXOH

Q WDVNV� 2I WKH VHW RI DOO SRVVLEOH VFKHGXOHV� WKHUH LV D VHW RI VFKHGXOHV WKDW PHHW

WLPLQJ FRQVWUDLQWV DQG DQRWKHU VHW RI VFKHGXOHV WKDW PHHW DOO ORJLFDO FRQVWUDLQWV� 7KLV

LV LOOXVWUDWHG LQ )LJXUH ���� ,I VHWV RI WHPSRUDOO\ FRQVLVWHQW VFKHGXOHV DQG ORJLFDOO\

FRQVLVWHQW VFKHGXOHV DUH QRW HPSW\ DQG WKH\ RYHUODS� WKHQ WKH LQWHUVHFWLRQ RI WKHVH

WZR VHWV FRQWDLQV WKH VHW RI RSWLPDO VFKHGXOHV� 7KHVH VHWV PD\ QRW RYHUODS KRZHYHU�

DQG WKXV WKHUH ZLOO EH QR VFKHGXOHV WKDW PHHW ERWK FULWHULD�

)LJXUH ��� SUHVHQWV WKLV PRUH GLpFXOW FRQGLWLRQ� +HUH� WKH VHWV RI ORJLFDOO\ FRQ�

VLVWHQW DQG WHPSRUDOO\ FRQVLVWHQW GR QRW LQWHUVHFW� DQG WKXV WKHUH LV QR VFKHGXOH WKDW

PHHWV ERWK FRQVWUDLQWV� ,I� KRZHYHU� ZH FRXOG UHOD[ HDFK VHW RI FRQVWUDLQWV VOLJKWO\�

DV VKRZQ E\ WKH GDVKHG OLQHV� WKHQ WKH WZR VHWV ZRXOG RYHUODS� 7KLV SURYLGHV D

PHWKRG RI VFKHGXOLQJ WR PHHW ERWK ORJLFDO DQG WHPSRUDO FRQVWUDLQWV� VLQFH IURP WKH

YLHZSRLQW RI WKH VFKHGXOHU� DQ RSWLPDO VFKHGXOH GRHV H[LVW� ,Q UHDOLW\� QHLWKHU ORJLFDO

QRU WHPSRUDO FRQVWUDLQWV DUH VWULFWO\ PHW E\ D VFKHGXOH LQ WKH RYHUODSSLQJ UHJLRQ�

KRZHYHU HDFK FRQVWUDLQW LV DOPRVW PHW� ,I LW ZHUH SRVVLEOH WR FRQWURO WKH VL]H RI HDFK

DUHD RXWOLQHG E\ WKH GDVKHG OLQH� WKHQ ZH FRXOG FRQWURO WKH WUDGH�Rm EHWZHHQ WKH WZR

FRQVWUDLQWV�
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)LJXUH ���� 5HOD[LQJ /RJLFDO DQG 7HPSRUDO &RQVWUDLQWV

����� )URQWLHU

$V ZH GLVFXVVHG LQ &KDSWHU �� WKH VHW RI EHVW VFKHGXOHV DUH GHnQHG E\ D IURQWLHU�

7KLV IURQWLHU LV WKH RXWHU HGJH RI VFKHGXOHV RQ DQ [�\ VFDWWHU SORW WKDW VFRUH KLJK

LQ ERWK PHDVXUHV RI SHUIRUPDQFH� 7KH IURQWLHU UHSUHVHQWV WKH WUDGH Rm EHWZHHQ WKH

PHDVXUHV RI SHUIRUPDQFH DQG JLYHV WKH XVHU WKH RSWLRQ RI FKRRVLQJ ZKLFK VFKHGXOH

HPERGLHV WKH GHVLUHG WUDGH Rm�

$VVXPH ZH FDQ HYDOXDWH D VFKHGXOH RI WDVNV E\ WZR PHDVXUHV RI SHUIRUPDQFH� ,Q

WKH ZRUN SUHVHQWHG KHUH� ZH XVH RQH PHDVXUH WKDW UHODWHV WR WHPSRUDO SHUIRUPDQFH

DQG RQH WR ORJLFDO SHUIRUPDQFH� ,I ZH HQXPHUDWH DOO VFKHGXOHV DQG HYDOXDWH HDFK

IRU ERWK PHDVXUHV� D VHW RI �[� \� SRLQWV LV REWDLQHG� %\ SORWWLQJ WKH SRLQWV RQ D

WZR GLPHQVLRQDO SODQH� WKH UHVXOWLQJ VFDWWHU GLDJUDP LOOXVWUDWHV WKH IURQWLHU� DQG LV

VKRZQ LQ )LJXUH ���� 7KH SRLQWV PDUNHG D� E� F� G� H� DQG I GHnQH WKH IURQWLHU�
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7KDW LV� IRU HDFK SRLQW RQ WKH IURQWLHU� WKHUH LV QR SRLQW EHWWHU RU HTXDO LQ RQH

PHDVXUH DQG VWULFWO\ EHWWHU LQ WKH RWKHU >)UH��@� 7KXV� WKH RSWLPDO VFKHGXOH FDQ EH

FKRVHQ IURP DPRQJ WKH VFKHGXOHV UHSUHVHQWHG E\ WKH IURQWLHU� 3RLQWV RQ WKH IURQWLHU

UHSUHVHQW VFKHGXOHV WKDW DUH EHWWHU WKDQ DQ\ RWKHU LQ VRPH PHDVXUH RU FRPELQDWLRQ

RI PHDVXUHV� 7KH DFWXDO SRLQW WR EH FKRVHQ GHSHQGV RQ WKH GHVLUHG WUDGH�Rm EHWZHHQ

ORJLFDO DQG WHPSRUDO SHUIRUPDQFH� 7KLV FKRLFH RI VFKHGXOH IURP RWKHU VFKHGXOHV

RQ WKH IURQWLHU LV IXQGDPHQWDO WR WKLV ZRUN� 7KH FKRLFH PXVW EH PDGH EDVHG RQ

WKH UHTXLUHPHQWV RI WKH XVHU� EXW LQ UHDOLW\� LW LV PRUH FRPSOH[� ,Q DGYDQFH� ZH

FDQ SURSRVH D UHODWLYH LPSRUWDQFH RI WHPSRUDO YHUVXV ORJLFDO UHTXLUHPHQWV� )URP

WKLV LPSOLHG HTXLYDOHQFH� LW LV UHODWLYHO\ HDV\ WR FKRRVH WKH IURQWLHU SRLQW WKDW PRVW

FORVHO\ HPERGLHV WKLV HTXLYDOHQFH� $V LV VHHQ LQ )LJXUH ���� SRLQW FPLJKW PRVW FORVHO\

PDWFK WKH SUH�GHWHUPLQHG HTXLYDOHQFH EHWZHHQ ORJLFDO DQG WHPSRUDO UHTXLUHPHQWV�

+RZHYHU� FRQVLGHU SRLQW G� WKLV SRLQW SURYLGHV PXFK EHWWHU SHUIRUPDQFH ZLWK UHVSHFW

WR WHPSRUDO SHUIRUPDQFH ZLWK RQO\ PLQLPDO ORVV RI ORJLFDO SHUIRUPDQFH� DQG LQ VSLWH

RI WKH SUH�GHWHUPLQHG HTXLYDOHQFH� SRLQW G PLJKW DFWXDOO\ EHWWHU PHHW WKH VFKHGXOLQJ

UHTXLUHPHQWV� 7KXV� QRW RQO\ PXVW WKH HTXLYDOHQFH EHWZHHQ ORJLFDO DQG WHPSRUDO

FRQVWUDLQWV EH NQRZQ� EXW DOVR WKH VKDSH RI IURQWLHU LV QHFHVVDU\ LQ RUGHU WR PDNH

WKH EHVW GHFLVLRQ�

:H VHHN WR nQG D PHWKRG WR GHWHUPLQH WKH IURQWLHU SRLQWV� WKDW LV� WR nQG VFKHG�

XOHV WKDW FRUUHVSRQG WR WKH IURQWLHU SRLQWV� 6WUDWHJLHV LQFOXGH HQXPHUDWLYH PHWKRGV

VXFK DV EUDQFK DQG ERXQG RU KHXULVWLF PHWKRGV� %UDQFK DQG ERXQG SHUIRUPV D WUHH

VHDUFK IRU DOO VFKHGXOHV� E\ HLWKHU IROORZLQJ D EUDQFK WR WKH OHDI� RU SUXQLQJ EUDQFKHV

WKDW FOHDUO\ FDQQRW OHDG WR DQ RSWLPDO VROXWLRQ� 7KLV SUXQLQJ LV LPSRUWDQW VLQFH

IRU Q WDVNV� WKH QXPEHU RI SRVVLEOH VFKHGXOHV JURZV DV Q�� (QXPHUDWLYH PHWKRGV

DUH JHQHUDOO\ OLPLWHG E\ WKH SUREOHP VL]H� EXW WKURXJK SUXQLQJ� ODUJHU SUREOHP VL]HV

FDQ EH DFFRPPRGDWHG� %UDQFK DQG ERXQG DOJRULWKPV ZLOO EH GLVFXVVHG LQ GHWDLO LQ
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&KDSWHUV � DQG �� +HXULVWLF PHWKRGV DUH DOVR GHYHORSHG WKDW VROYH WKLV VFKHGXO�

LQJ SUREOHP PXFK IDVWHU� DQG DUH QRW OLPLWHG E\ WDVN VHW VL]H� +RZHYHU� KHXULVWLF

VROXWLRQV SUHVHQWHG KHUH GR QRW JXDUDQWHH D VROXWLRQ ZLWKLQ D ERXQGHG GLVWDQFH RI

RSWLPDO� :H XVH VLPXODWLRQ WR PHDVXUH WKH SHUIRUPDQFH RI KHXULVWLFV IRU UDQGRPO\

JHQHUDWHG WDVN VHWV�

)LJXUH ���� $ 7\SLFDO )URQWLHU 3ORW

����� 3UREOHP 0RGHO

,Q WKH VHFWLRQV WR IROORZ WKHUH DUH VHYHUDO DVVXPSWLRQV WKDW DSSO\ WR DOO PRGHOV DQG

ZLOO EH GLVFXVVHG KHUH�
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6LQJOH PDFKLQH� :H DVVXPH DOO SURFHVVLQJ LV SHUIRUPHG RQ D VLQJOH SURFHVVRU RU

PDFKLQH� )XUWKHUPRUH� WDVNV EHLQJ H[HFXWHG DUH QRW SUHHPSWDEOH�

6WDWLF VFKHGXOLQJ� :H DVVXPH D VWDWLF VFKHGXOHU� 7KDW LV� DOO WDVNV DUH NQRZQ

WR WKH VFKHGXOHU SULRU WR WKH H[HFXWLRQ RI WKH nUVW WDVN� $OO WDVN WLPHV DQG SHQDOW\

IXQFWLRQV DUH DOVR NQRZQ� 7KH VFKHGXOHU nQGV WKH EHVW VFKHGXOH RU VFKHGXOHV IRU

WKLV VHW RI WDVNV� ,I LW LV QHFHVVDU\ WR UHVFKHGXOH DIWHU VRPH WDVNV KDYH H[HFXWHG RU

PRUH WDVNV DUH HQWHUHG LQWR WKH V\VWHP� WKHQ D G\QDPLF VFKHGXOLQJ V\VWHP PLJKW EH

FRQVLGHUHG� 7KLV LV GLVFXVVHG IXUWKHU LQ &KDSWHU ��

1RQ�GHOD\ VFKHGXOHV� )RU WKH PRGHOV WR IROORZ� ZH FRQVLGHU RQO\ QRQ�GHOD\ VFKHG�

XOHV� $ QRQ�GHOD\ VFKHGXOH LV RQH WKDW GRHV QRW EHQHnW E\ WKH DGGLWLRQ RI LGOH WLPH

EHWZHHQ WDVNV� 7KLV DVVXPSWLRQ SODFHV VWURQJ UHVWULFWLRQV RQ WKH SHQDOW\ IXQFWLRQV

WKDW FDQ EH FRQVLGHUHG� 6FKHGXOLQJ ZKHUH GHOD\ VFKHGXOHV PLJKW EH RSWLPDO UHTXLUHV

YHU\ GLmHUHQW WHFKQLTXHV� )RU H[DPSOH� HQXPHUDWLYH VHDUFK PHWKRGV DUH LQHmHFWLYH�

'HnQH D SHQDOW\ IXQFWLRQ WR EH QRQ�GHFUHDVLQJ� 7KXV IRU GHDGOLQH G� ! G� SHQDOW\

{� w {�� :H SURSRVH WKH IROORZLQJ OHPPD�

/HPPD �� $VVXPH D VHW RI WDVNV WR EH SURFHVVHG RQ D VLQJOH PDFKLQH� $VVXPH HDFK

WDVN DV D NQRZQ SURFHVVLQJ WLPH DQG SHQDOW\ IXQFWLRQ� ,I WKH SHQDOW\ IXQFWLRQ LV

QRQ�GHFUHDVLQJ� WKHQ WKHUH H[LVWV IRU DQ\ GHOD\ VFKHGXOH� D QRQ�GHOD\ VFKHGXOH ZLWK

HTXDO RU EHWWHU SHUIRUPDQFH IRU DQ\ UHJXODU PHDVXUH RI SHUIRUPDQFH�

3URRI� $VVXPH D GHOD\ VFKHGXOH ZLWK LGOH WLPH }
Q
DIWHU WDVN Q� 6HWWLQJ }

Q
WR ]HUR�

ZLOO FDXVH DOO VXFFHVVRU WDVNV WR Q WR FRPSOHWH HDUOLHU WKDQ WKH\ ZRXOG ZLWK }Q ! ��

6LQFH DOO WDVNV KDYH D QRQ�LQFUHDVLQJ SHQDOW\ IXQFWLRQ� WKH SHQDOW\ �{Q� IRU WDVN Q

FRPSOHWLQJ DW WLPH &� PXVW EH OHVV WKDQ WKH SHQDOW\ �{�

Q
� IRU WKDW WDVN FRPSOHWLQJ

DW WLPH & � LI & � & �� 7KXV� WKH VXP RI DOO WDVN SHQDOWLHV ZLWK QR GHOD\ PXVW EH OHVV

WKDQ RU HTXDO WR WKH WRWDO SHQDOW\ ZLWK GHOD\�

��



+DUG YV� 6RIW 'HDGOLQHV� :H DVVXPH WKDW DOO GHDGOLQHV VSHFLnHG DUH VRIW GHDG�

OLQHV� DQG KHQFH FDQ EH PLVVHG_DOEHLW ZLWK SHQDOW\� +DUG GHDGOLQHV� RQ WKH RWKHU

KDQG PXVW� E\ GHnQLWLRQ� EH PHW� $ IDLOXUH WR PHHW D KDUG GHDGOLQH FDQ EH FRQVLG�

HUHG D IDLOXUH RI WKH V\VWHP >-HQ��@� 6LQFH WKH WUDGH�Rm EHWZHHQ WHPSRUDO DQG ORJLFDO

FRQVLVWHQF\ LV FRUH WR RXU ZRUN� ZH DVVXPH WKDW DQ\ GHDGOLQH LV D FDQGLGDWH IRU EHLQJ

PLVVHG� +DUG GHDGOLQHV FDQ QRW EH DFFRPPRGDWHG E\ WKH PHWKRGV ZH SUHVHQW KHUH�

7KLV LV QRW D VLJQLnFDQW UHVWULFWLRQ KRZHYHU� +DUG GHDGOLQHV DUH D VSHFLDO FDVH RXWVLGH

WKH FRQWLQXXP RI VRIW WR nUP GHDGOLQHV� ,Q QHDUO\ DOO DSSOLFDWLRQV� WKH QRWLRQ RI nUP

GHDGOLQH LV VXpFLHQW� $ WDVN ZLWK D nUP GHDGOLQH LPSDUWV QR YDOXH WR WKH V\VWHP LI LW

PLVVHV LWV GHDGOLQH� $ VXEVWDQWLDO SHQDOW\ LV XVXDOO\ VXpFLHQW WR LQVXUH WKDW WKH nUP

GHDGOLQH WDVN LV VFKHGXOHG WR PHHW LWV GHDGOLQH� 7\SLFDOO\� LQ D KDUG UHDO�WLPH V\VWHP�

ZRUVW FDVH DQDO\VLV LV XVHG WR LQVXUH VXpFLHQW UHVRXUFHV DUH DYDLODEOH WR JXDUDQWHH

WKDW GHDGOLQHV FDQ EH PHW� ,Q D KDUG�GHDGOLQH V\VWHP� LW LV ZLVH WR GHGLFDWH WKH

V\VWHP WR RQO\ KDUG WDVNV� 7DVNV ZLWK VRIW GHDGOLQHV VKRXOG EH SURFHVVHG HOVHZKHUH�

��� )RUPDO 0RGHO

7KH DERYH GHVFULSWLRQ LQWURGXFHV SDUWV RI WKH PRGHO LQ D VRPHZKDW LQIRUPDO ZD\�

+HUH ZH QRZ GHnQH D IRUPDO GHVFULSWLRQ RI RXU PRGHO�

7KH PRGHO FRQVLVWV RI D VHTXHQFH RI SDUWLDOO\ RUGHUHG WDVNV� �� �� ���� 1 � 7KHQ�

IRU HYHU\ WDVN L WKHUH LV D WHPSRUDO SHQDOW\ IXQFWLRQ IL�&L�� ZKHUH &L UHSUHVHQWV WKH

FRPSOHWLRQ WLPH RI WDVN L� :H UHVWULFW WKLV SHQDOW\ IXQFWLRQ DV DSSURSULDWH LQ WKH

PRGHOV WR IROORZ� (DFK WDVN L DOVR KDV DQ DVVRFLDWHG VHW 6L RI VXFFHVVRU WDVNV� )RU

HYHU\ WDVN M � 6L� WKHUH LV D zLM WKDW UHSUHVHQWV WKH ORJLFDO SHQDOW\ LQFXUUHG LI M LV

VFKHGXOHG EHIRUH L� $OVR IRU HYHU\ M � 6L� WKHUH LV DQ DVVRFLDWHG GHFLVLRQ YDULDEOH� [LM

WKDW WDNHV WKH YDOXH � LI L LV VFKHGXOHG EHIRUH M DQG � LI M LV VFKHGXOHG EHIRUH L� *LYHQ

WKLV PRGHO� WKH VFKHGXOLQJ JRDO LV WR PLQLPL]H WRWDO WHPSRUDO SHQDOW\ DQG PLQLPL]H

��



WRWDO ORJLFDO SHQDOW\� 7KDW LV�

Q �  PLQ
1;

L �

IL�&L��PLQ
1;

L �

1;

M �

zLM[LM

ZKHUH WKH QRWDWLRQ Q P $ % LV XVHG WR FODVVLI\ VFKHGXOLQJ SUREOHP RI Q WDVNV RQ

P SURFHVVRUV ZLWK $ WDVN oRZ SDWWHUQ EHWZHHQ PDFKLQHV� LI DQ\� DQG % SHUIRUPDQFH

PHDVXUH >)UH��@� 7KH EL�FULWHULD JRDO LV WR ERWK PLQLPL]H WHPSRUDO SHQDOW\ DQG PLQ�

LPL]H SHQDOWLHV IRU ORJLFDO FRQVWUDLQWV YLRODWLRQV� 7KLV JRDO LV DFFRPSOLVKHG WKURXJK

WKH VHOHFWLRQ RI WKH GHFLVLRQ YDULDEOHV� [LM� VXEMHFW WR WKH DSSURSULDWH FRQVWUDLQWV�

7KH ,3 FRQVWUDLQWV RI WKLV PRGHO DQG WKH ,3 PRGHOV WR IROORZ DUH QRW UHOD[HG� XQOLNH

WKH WHPSRUDO DQG ORJLFDO FRQVWUDLQWV RI RXU VFKHGXOLQJ SUREOHP�

7KLV SUREOHP LV IRUPXODWHG DV DQ REMHFWLYH IXQFWLRQ WR EH PLQLPL]HG� 7KH EL�

FULWHULD REMHFWLYH� WHPSRUDO DQG ORJLFDO SHQDOW\� LV D IXQFWLRQ RI WKH VHTXHQFH RI

VFKHGXOHG WDVNV� )RU HDFK VHTXHQFH� D PHDVXUH RI WHPSRUDO SHUIRUPDQFH DQG ORJLFDO

SHUIRUPDQFH FDQ EH FDOFXODWHG� 7KHVH ORJLFDO�WHPSRUDO SHUIRUPDQFH SDLUV GHnQH WKH

IURQWLHU IURP ZKLFK DQ RSWLPDO VFKHGXOH FDQ EH VHOHFWHG�

����� 5HVWULFWLRQV WR WKH 7HPSRUDO )XQFWLRQ

,Q WKLV ZRUN� ZH XVH D WHPSRUDO SHQDOW\ IXQFWLRQ WKDW VSHFLnHV IRU HDFK WDVN WKH

SHQDOW\ IRU PLVVLQJ D GHDGOLQH� 7KH SHQDOW\ IXQFWLRQ LV D PXOWLSOH VWHS IXQFWLRQ�

ZKHUH WKH SHQDOW\ IRU PLVVLQJ D GHDGOLQH LV FRQVWDQW XQWLO WKH QH[W GHDGOLQH LV UHDFKHG�

$ YHU\ ODUJH SHQDOW\ IRU FRPSOHWLQJ WKH WDVN DIWHU VRPH GHDGOLQH LPSOLHV D QRQ�IHDVLEOH

VFKHGXOH� VXFK WKDW DQ\ SUHFHGHQFH YLRODWLRQ ZRXOG EH DFFHSWDEOH WR DOORZ WKLV WDVN

WR FRPSOHWH SULRU WKH nQDO GHDGOLQH�

��



&KDSWHU �

0RGHO� 0DNHVSDQ YHUVXV 3UHFHGHQFH

:H nUVW IRFXV XSRQ WKH SUREOHP RI JHQHUDWLQJ D IURQWLHU IRU D VFKHGXOLQJ SUREOHP

ZKHUH D FRPPRQ GHDGOLQH LV VKDUHG E\ DOO WDVNV� 7KDW LV� IRU WHPSRUDO SHUIRUPDQFH

ZH DUH RQO\ LQWHUHVWHG LQ WKH PDNHVSDQ� ZKLFK LV WKH WRWDO WLPH WR FRPSOHWH DOO WDVNV�

/RJLFDO FRQVWUDLQWV DUH PHW WKURXJK SUHFHGHQFH RUGHULQJ EHWZHHQ WDVNV� VXFK WKDW

WDVNV VFKHGXOHG RXW RI RUGHU DUH QRW SHUIRUPHG� 7KH PRGHO WR EH GLVFXVVHG KHUH FDQ

EH FRQVLGHUHG WKH JHQHUDO PRGHO SUHVHQWHG LQ &KDSWHU � ZLWK FHUWDLQ UHVWULFWLRQV� ,Q

WKH IROORZLQJ SDUDJUDSKV� ZH OLVW WKH UHVWULFWLRQV WR WKH JHQHUDO PRGHO WKDW DSSO\

KHUH�

��� 5HVWULFWLRQV WR WKH *HQHUDO 0RGHO

�� 7KH WRWDO PDNHVSDQ LV WKH PHDVXUH RI WHPSRUDO SHUIRUPDQFH� 7KH

PHDVXUH RI WHPSRUDO FRQVLVWHQF\ IRU WKLV PRGHO LV WKH WRWDO WLPH LW WDNHV WR

SURFHVV DOO WDVNV� ,Q WKLV PRGHO LQGLYLGXDO WDVNV GR QRW KDYH GHDGOLQHV RU IXQF�

WLRQV WR UHSUHVHQW WKH WHPSRUDO UHTXLUHPHQWV RI D WDVN� ,QVWHDG� WKH PHDVXUH

RI WHPSRUDO SHUIRUPDQFH LV WKH WLPH LV WDNHV WR FRPSOHWH WKH WDVN VHW�

��



�� 3URFHVVLQJ WLPHV DUH UHGXFHG IRU WDVNV H[HFXWLQJ RXW�RI�RUGHU� 7DVNV

WKDW DUH VFKHGXOHG WR H[HFXWH DIWHU WKHLU VXFFHVVRU WDVNV KDYH WKHLU SURFHVVLQJ

WLPH UHGXFHG E\ D ?WLPH DGYDQWDJH� IDFWRU� )RU WKH H[DPSOH SUHVHQWHG ODWHU LQ

WKLV FKDSWHU� ZH ZLOO IXUWKHU DVVXPH WKDW RQO\ WDVNV WKDW H[HFXWH DIWHU DOO VXF�

FHVVRU WDVNV KDYH WKHLU SURFHVVLQJ WLPH UHGXFHG� DQG IXUWKHUPRUH� WKH UHGXFWLRQ

LV WR ]HUR �L�H�� WKH WDVN LV GHOHWHG��

&RQVLGHU D SDUWLDOO\ RUGHUHG VHTXHQFH RI WDVNV� �� �� � � � � 1 � )RU HDFK WDVN L� WKHUH

LV D �SRVVLEO\ HPSW\� VHW RI VXFFHVVRU WDVNV 6L VXFK WKDW WDVN L SUHFHGHV WDVN M IRU

DOO M � 6L� )XUWKHUPRUH� IRU HDFK VXFFHVVRU WDVN WKHUH LV D SHQDOW\ zLM w � LI WDVN L LV

VFKHGXOHG DIWHU WDVN M�

(DFK WDVN KDV D QRPLQDO SURFHVVLQJ WLPH� WL ! �� ,Q DGGLWLRQ� IRU HDFK WDVN L�

D WLPH DGYDQWDJH ~LM w � LV GHGXFWHG IURP WKH QRPLQDO SURFHVVLQJ WLPH� LI WDVN L

LV VFKHGXOHG DIWHU WDVN M� :H DVVXPH WKDW
3

M�6L
~LM � WL� WKDW LV� WKH WRWDO WLPH

DGYDQWDJH SRVVLEOH IRU D WDVN FDQQRW EH JUHDWHU WKDQ WKH SURFHVVLQJ WLPH IRU WKH

WDVN� 7KH PD[LPXP WLPH UHTXLUHG WR FRPSOHWH DOO WDVNV LV
3L 1

L � WL� DQG WKH PLQLPXP

SURFHVVLQJ WLPH UHTXLUHG LV
L 1;
L �

�
#WL b

;
M�6L

~LM

�
$ �

$OVR� WKH PD[LPXP SHQDOW\ SRVVLEOH LV

1;
L �

;
M�6L

zLM�

DQG WKH PLQLPXP SHQDOW\ LV ]HUR�

7KLV SUREOHP FDQ WKHQ EH VWDWHG DV IROORZV� JLYHQ D FRPPRQ GHDGOLQH 7 E\

ZKLFK DOO WDVNV PXVW EH FRPSOHWHG� LW LV QHFHVVDU\ WR GHWHUPLQH WKH VHW RI SUHFHGHQFH

UHODWLRQV WKDW ZLOO KDYH WR EH YLRODWHG WR PHHW WKLV WLPLQJ FRQVWUDLQW� 7KDW LV� LI D

WDVN LV VFKHGXOHG WR H[HFXWH DIWHU D VXFFHVVRU WDVNV WKHQ LWV SURFHVVLQJ WLPH LV UHGXFHG

��



SRVVLEO\ WR ]HUR� 7KH SUHFHGHQFH YLRODWLRQ UHVXOWV LQ D SHQDOW\� KRZHYHU WKH UHGXFHG

WDVN SURFHVVLQJ WLPH UHVXOWV LQ D VKRUWHU PDNHVSDQ� 7KLV LV WKH EDVLV IRU WKH WUDGH�Rm�

��� )RUPXODWLRQ IRU 0DNHVSDQ 3UREOHP

7KLV SUREOHP FDQ EH IRUPXODWHG DV DQ ,3 �LQWHJHU SURJUDP� RSWLPL]DWLRQ SUREOHP�

PLQ
1;

L �

;

M�6L

[LMzLM �����

VXEMHFW WR�

1;

L �

�
#WL b

;
M�6L

�� b [LM�~LM�

�
$ � 7 �����

[LM � I�� �J �����

7KH ELQDU\ GHFLVLRQ YDULDEOH [LM� LI VHW WR ]HUR� LQGLFDWHV WDVN L LV H[HFXWHG EHIRUH

WDVN M� DQG VHW WR RQH RWKHUZLVH� 7KH REMHFWLYH IXQFWLRQ� LQHTXDOLW\ ��� LV WR EH

PLQLPL]HG E\ VHWWLQJ WKH GHFLVLRQ YDULDEOHV WR ]HUR RU RQH� VXEMHFW WR WKH FRQVWUDLQW

RI HTXDWLRQ ��� EHLQJ PHW�

7KLV SUREOHP LV D NQDSVDFN SUREOHP� DQG D YDULHW\ RI WHFKQLTXHV FDQ EH IRXQG LQ

WKH OLWHUDWXUH W\DW SURYLGH D VROXWLRQ� 7KH NQDSVDFN SUREOHP LV 13�KDUG DQG WKXV D

SRO\QRPLDO WLPH VROXWLRQ LV QRW DYDLODEOH� 3VHXGR�SRO\QRPLDO WLPH VROXWLRQV GR H[LVW

KRZHYHU� DQG ZH ZLOO XWLOL]H WKHP ZKHQ DSSURSULDWH >60��@�

)RU JHQHUDWLQJ WKH IURQWLHU� LW LV QHFHVVDU\ WR VROYH WKLV SUREOHP IRU DOO NQDSVDFNV

RI VL]H � WR
3L 1

L � WL� ZKHUH VL]H LQ WKLV LQVWDQFH LV WKH WRWDO SURFHVVLQJ WLPH DOORFDWHG�

$ SDUWLFXODU DSSURDFK� XVLQJ G\QDPLF SURJUDPPLQJ� IRU VROYLQJ WKH NQDSVDFN SUREOHP

ZLWK WKH ODUJHVW SRVVLEOH NQDSVDFN ZLOO UHVXOW LQ WKH JHQHUDWLRQ RI WKH HQWLUH IURQWLHU�

'HnQH 3 �W� DV WKH PLQLPXP SHQDOW\ WKDW UHVXOWV IURP FRQVWUDLQLQJ WKH PDNHVSDQ WR
3L 1

L � WLb W� DQG ~LM LV WKH WHPSRUDO EHQHnW HDUQHG E\ YLRODWLQJ WKH SUHFHGHQFH L � M�

��



7DVN 'HVFULSWLRQ 7LPH

� 5HDG� �
� 5HDG� �
� 8SGDWH� �
� 5HDG� �
� 5HDG� �
� 8SGDWH� �
� 8SGDWH� �

7DEOH ���� ([DPSOH 7DVN 'HnQLWLRQV

,I WKHUH DUH QR SUHFHGHQFH YLRODWLRQV� WKHQ PDNHVSDQ LV PD[LPL]HG DQG W  �� 7KXV�

3 ���  �� 7KHQ�

3 �W�  PLQ
�L�M

IzLM � 3 �Wb ~LM�J �

7KDW LV� WKH VROXWLRQ IRU DQ\ n[HG PDNHVSDQ FDQ EH IRXQG E\ D SUHYLRXV VROXWLRQ�V�

SOXV VRPH DGGLWLRQDO WDVN SUHFHGHQFH YLRODWLRQ� 7KXV� WKH SURFHVV RI FRPSXWLQJ 3 �W�

IRU W  �� �� � � �
3

L 1
L � WL FDQ EH XVHG WR HpFLHQWO\ JHQHUDWH DOO SRLQWV RQ WKH IURQWLHU�

��� ([DPSOH

3UREOHP� $V DQ H[DPSOH� FRQVLGHU D VHW RI UHDO�WLPH GDWDEDVH WDVNV LQFOXGLQJ

UHDGV DQG XSGDWHV� (DFK WDVN KDV DQ DVVRFLDWHG H[HFXWLRQ WLPH� DQG VRPH RI WKHP

DUH FRQVWUDLQHG E\ SUHFHGHQFH UHODWLRQVKLSV� 7DEOH ��� OLVWV HDFK WDVN LQ WKH H[DPSOH

DORQJ ZLWK LWV H[HFXWLRQ WLPH� :H ZLOO VLPSOLI\ WKH H[DPSOH ZLWK WKH DVVXPSWLRQ WKDW

WKH WLPH DGYDQWDJH IRU DQ\ WDVN ~L  WL LI L ! M� �M � 6L� 6L � �� WKDW LV� WKHUH LV QR

WLPH DGYDQWDJH IRU WDVN L� XQOHVV LW H[HFXWHV DIWHU DOO VXFFHVVRU WDVNV� DQG LI WKHUH LV

D WLPH DGYDQWDJH� LW HTXDOV WKH QRPLQDO SURFHVVLQJ WLPH� 1RWH WKDW WKHUH FDQ EH QR

WLPH DGYDQWDJH IRU D WDVN ZLWK QR VXFFHVVRU WDVNV� ,Q RWKHU ZRUGV� WDVNV H[HFXWLQJ

DIWHU DOO VXFFHVVRU WDVNV DUH HmHFWLYHO\ GHOHWHG� 7DEOH ��� GLVSOD\V WKH SUHFHGHQFH

��



3UHFHGHQFH 3HQDOW\

��� ��
��� �
��� �
��� �
��� �
��� �

7DEOH ���� ([DPSOH 3UHFHGHQFH DQG 3HQDOWLHV

RUGHULQJV DQG DVVRFLDWHG SHQDOWLHV� 7R JUDSKLFDOO\ GHSLFW WKH GHSHQGHQFLHV GHnQHG

E\ WKH SUHFHGHQFH FRQVWUDLQWV� )LJXUH ��� VKRZV D QHWZRUN UHSUHVHQWDWLRQ RI WKHVH

WDVNV� (DFK QXPEHUHG QRGH LV D WDVN� 7KH GLUHFWHG DUFV FRQQHFWLQJ WKH QRGHV VSHFLI\

WKH RUGHU LQ ZKLFK WDVNV PXVW EH SHUIRUPHG� 6R� IRU H[DPSOH� WDVN � VKRXOG QRW EH

SHUIRUPHG XQWLO WDVNV � DQG � DUH FRPSOHWH� $V ZDV GLVFXVVHG LQ &KDSWHU �� ZH GR

QRW DVVXPH WKDW SHQDOWLHV IRU SUHFHGHQFH YLRODWLRQV DUH WUDQVLWLYH� 7KH RQO\ SHQDOWLHV

WKDW FDQ EH DVVHVVHG DUH WKRVH VKRZQ LQ 7DEOH ���� 7KXV� LQ WKLV H[DPSOH� LI WDVN �

ZHUH WR FRPSOHWH ODVW� WKHUH ZRXOG EH D SHQDOW\ RI � GXH WR WDVN � FRPSOHWLQJ DIWHU

WDVN �� 7KHUH ZRXOG EH QR SHQDOW\ IRU WDVN � FRPSOHWLQJ DIWHU WDVNV � RU �� HYHQ

WKRXJK D SHQDOW\ PLJKW EH LPSOLHG E\ )LJXUH ����

7KH SUHFHGHQFH FRQVWUDLQWV DQG DVVRFLDWHG SHQDOWLHV GHnQHG IRU WKLV H[DPSOH DUH

EDVHG RQ WKH VHPDQWLFV RI WKH DSSOLFDWLRQ� )RU LQVWDQFH� 5HDG� DQG 5HDG� DUH ERWK

VSHFLnHG WR RFFXU EHIRUH 8SGDWH�� :H KDYH DVVXPHG IRU WKLV H[DPSOH WKDW 8SGDWH�

LQYROYHV ZULWLQJ GDWD UHDG E\ 5HDG� DQG 5HDG�� %HFDXVH IRU ERWK RI WKHVH UHDG WDVNV�

8SGDWH� LV WKH RQO\ VXFFHVVRU WDVN� LI HLWKHU UHDG LV VFKHGXOHG DIWHU WKH XSGDWH� LW

ZLOO QRW EH H[HFXWHG� 7KH SHQDOWLHV DVVRFLDWHG ZLWK WKH WZR SUHFHGHQFH FRQVWUDLQWV

DUH GLmHUHQW WR UHoHFW WKH IDFW WKDW 5HDG� LV PRUH LPSRUWDQW WR H[HFXWH �L�H� OHVV

OLNHO\ WR EH UHPRYHG IURP WKH VFKHGXOH� WKDQ 5HDG�� 7KH XVHU PLJKW VSHFLI\ DQ

RYHUDOO GHDGOLQH E\ ZKLFK WKH VFKHGXOH PXVW EH FRPSOHWHG� RU ZDLW XQWLO WKH IURQWLHU

��



LV JHQHUDWHG WR FKRRVH WKH EHVW SRLQW�

)LJXUH ���� 3UHFHGHQFH &RQVWUDLQW 1HWZRUN 'LDJUDP IRU 6DPSOH 3UREOHP

6ROXWLRQ� %\ WKH DVVXPSWLRQV RI WKH H[DPSOH� DQ\ WDVNV WKDW DUH VFKHGXOHG WR

H[HFXWH DIWHU DOO VXFFHVVRU WDVNV ZLOO EH SURFHVVHG LQ ]HUR WLPH� L�H� WKRVH WDVNV ZLOO

EH GHOHWHG� ,I ZH FRQVLGHU DOO SRVVLEOH VFKHGXOHV� ZH FDQ FDOFXODWH� IRU DQ\ JLYHQ

VHTXHQFLQJ RI WDVNV� WKH VXP RI SHQDOWLHV DV D UHVXOW RI WDVNV H[HFXWLQJ RXW RI RUGHU�

:H FDQ DOVR FDOFXODWH� IRU DQ\ VHTXHQFH� WKH WRWDO WLPH RI H[HFXWLRQ� �PDNHVSDQ�

RI WKH VFKHGXOH� ZKLFK LV REYLRXVO\ DmHFWHG E\ RXW RI RUGHU WDVNV WKDW PD\ QRW EH

H[HFXWHG�

,Q WKH NQDSVDFN SUREOHP >60��@� ZH VHHN WR nOO D FRQWDLQHU �NQDSVDFN� RI OLPLWHG

FDSDFLW\ �ZHLJKW� ZLWK D VHULHV RI REMHFWV �?VWRQHV��� (DFK REMHFW KDV D ZHLJKW DQG

D YDOXH� 7KH JRDO LV WR nOO WKH NQDSVDFN VXFK WKDW WRWDO YDOXH LV PD[LPL]HG ZLWKRXW

H[FHHGLQJ WKH FDSDFLW\� ,I ZH EHJLQ ZLWK D VFKHGXOH LQ ZKLFK DOO WDVNV DUH VFKHGXOHG

DIWHU WKHLU VXFFHVVRU WDVNV� WKHQ DOO VXFK WDVNV DUH HmHFWLYHO\ GHOHWHG �L�H� DQ HPSW\

NQDSVDFN�� 7KLV VFKHGXOH KDV WKH VKRUWHVW PDNHVSDQ� EXW DOVR WKH KLJKHVW SHQDOW\�

��



,I ZH DFFHSW D VOLJKWO\ ORQJHU PDNHVSDQ� WKH TXHVWLRQ DULVHV DV WR ZKDW WDVN RU WDVNV

RI WKH GHOHWHG VHW VKRXOG EH H[HFXWHG �E\ VFKHGXOLQJ LW SULRU WR DOO LWV VXFFHVVRU

WDVNV�� 7DVNV DUH DGGHG VXFK WKDW WKH UHVXOWLQJ PDNHVSDQ LV OHVV WKDQ RU HTXDO WR WKH

ORQJHU PDNHVSDQ� DQG WKH UHGXFWLRQ LQ SHQDOW\ LV PD[LPL]HG� :H WKHQ DJDLQ LQFUHDVH

WKH DOORZDEOH PDNHVSDQ� DQG DJDLQ FKRRVH WDVNV WR nOO WKH WLPH ZLWK WKH PD[LPXP

UHGXFWLRQ LQ SHQDOW\� 7KURXJK WKLV SURFHVV� ZH DUH VROYLQJ VXFFHVVLYH NQDSVDFNV�

HDFK RI D VOLJKWO\ ODUJHU VL]H� :KLOH DW nUVW� WKLV DSSHDUV WR EH XQDFFHSWDEO\ WHGLRXV�

G\QDPLF SURJUDPPLQJ SURYLGHV D VROXWLRQ WR D NQDSVDFN RI JLYHQ VL]H E\ XVLQJ WKH

VROXWLRQV RI VPDOOHU NQDSVDFNV� 7KXV� E\ XVLQJ G\QDPLF SURJUDPPLQJ WR VROYH WKH

SUREOHP IRU WKH PD[LPXP PDNHVSDQ �DOO WDVNV LQFOXGHG�� ZH ZLOO VROYH WKH SUREOHP

IRU DOO VKRUWHU PDNHVSDQV �VRPH WDVNV H[FOXGHG� LQ WKH SURFHVV� DQG KHQFH GHnQH WKH

IURQWLHU�

7KH G\QDPLF SURJUDPPLQJ DOJRULWKP SURYLGHV DQ RSWLPDO VROXWLRQ WR WKH NQDS�

VDFN SUREOHP E\ VWDUWLQJ ZLWK D NQDSVDFN RI VL]H � �LJQRULQJ IRU WKH PRPHQW� WDVNV �

DQG ��� $VVXPH D VFKHGXOH VXFK WKDW DOO SUHFHGHQFH FRQVWUDLQWV DUH YLRODWHG� $OO WDVNV

�ZKLFK KDYH VXFFHVVRU WDVNV� FRPSOHWH DIWHU WKHLU VXFFHVVRU WDVNV� DQG DUH WKHUHIRUH

GHOHWHG �SURFHVVHG LQ ]HUR WLPH�� 7KHVH WDVNV IRUP WKH VHW RI GHOHWHG WDVNV� )RU WKLV

NQDSVDFN VL]H RI ]HUR� WKH VROXWLRQ LV VLPSO\ WKH QXOO VHW RI WDVNV� $OO WDVNV WKDW KDYH

VXFFHVVRU WDVNV DUH VFKHGXOHG WR YLRODWH WKHLU SUHFHGHQFH FRQVWUDLQWV� VR WKDW DOO WKHVH

WDVNV DUH GHOHWHG� )RU RXU H[DPSOH� WKLV PHDQV WKDW RQO\ WDVNV � DQG � DUH VFKHG�

XOHG� 7KHVH WDVNV KDYH QR VXFFHVVRU WDVNV� DQG WKXV FDQQRW YLRODWH DQ\ SUHFHGHQFH

FRQVWUDLQWV� )LJXUH ��� VWDJH �� VKRZV WKH VLWXDWLRQ� 0DNHVSDQ LV �� EXW WKH SHQDOW\

LV ���

,Q WKH JHQHUDO G\QDPLF SURJUDPPLQJ DOJRULWKP� WKHUH LV DVVXPHG WR EH DQ XQ�

OLPLWHG QXPEHU RI ?VWRQHV� RI HDFK VL]H WR nOO WKH NQDSVDFN� ,Q RXU FDVH� ZH KDYH D

OLVW RI DYDLODEOH ?VWRQHV�� DQG SHUKDSV RQO\ RQH RI DQ\ JLYHQ VL]H� 7KLV UHTXLUHV WKDW

VRPH DGGLWLRQDO ERRNNHHSLQJ WR WUDFN ZKLFK WDVNV KDYH EHHQ VFKHGXOHG VR WKH\ ZLOO

��



QRW EH FRQVLGHUHG DW WKH QH[W VWDJH� 2EYLRXVO\� RQFH D WDVN LV VFKHGXOHG LW FDQQRW

DJDLQ EH FRQVLGHUHG� :KHQ FRPELQLQJ ?NQDSVDFN� VROXWLRQV IURP VPDOOHU NQDSVDFNV�

LW LV SRVVLEOH WKDW HDFK RI WKH VPDOOHU NQDSVDFNV KDYH VFKHGXOHG WKH VDPH WDVN_VR

DJDLQ� ZH PXVW NHHS WUDFN RI WKH WDVNV LQFOXGHG LQ HDFK VROXWLRQ WR YHULI\ HDFK WDVN

LV VFKHGXOHG RQO\ RQFH�

:H EHJLQ ZLWK DQ HPSW\ NQDSVDFN� ZKLFK FRUUHVSRQGV WR DV PDQ\ WDVNV DV SRVVLEOH

EHLQJ GHOHWHG IURP WKH VHTXHQFH� :H WKHQ nOO LW WR D VXFFHVVLYHO\ JUHDWHU ZHLJKW

OLPLW �PDNHVSDQ�� WKDW LV� ZH DGG WDVNV WR WKH VFKHGXOH� $W HDFK VWDJH� ZH VHHN WR

PD[LPL]H WRWDO YDOXH �SHQDOW\� VR WKDW RQO\ SUHFHGHQFH YLRODWLRQV ZLWK ORZ SHQDOW\

UHPDLQ GHOHWHG� 6LQFH WKHUH LV QR SHQDOW\ IRU WDVNV WKDW DUH LQ WKH VFKHGXOH� ZH

VHHN WR JHW WKH ?KLJK SHQDOW\� WDVNV VFKHGXOHG nUVW� 7KXV� IRU D NQDSVDFN RI VL]H ��

FKRRVH IURP WKH VHW RI GHOHWHG WDVNV ZLWK SURFHVVLQJ WLPH RI � �RU OHVV�� WKH VLQJOH

WDVN DVVRFLDWHG ZLWK WKH JUHDWHVW SHQDOW\� ,Q RXU H[DPSOH� QR WDVN FDQ EH IRXQG� VR

WKH VROXWLRQ IRU � LV WKH VDPH DV IRU ��

)RU D NQDSVDFN RI VL]H �� ZH FRQVLGHU D VROXWLRQ XVLQJ HLWKHU RI WKH WZR SUHYLRXV

VROXWLRQV �NQDSVDFNV RI VL]H � DQG �� DQG XVH WKH EHVW RQH� %RWK DUH WKH VDPH VR

HLWKHU FDQ EH FKRVHQ� 1H[W� DGG D VLQJOH WDVN VXFK WKDW�

�� 7KH WDVN KDVQ
W EHHQ XVHG LQ WKH SUHYLRXV VROXWLRQ�

�� 7KH UHVXOWLQJ PDNHVSDQ LV HTXDO RU OHVV WKDQ WKH VSHFLnHG GHDGOLQH. �NQDSVDFN

VL]H�� DQG

�� ,I PRUH WKDQ WDVNV PHHWV WKH DERYH FULWHULD� WKHQ FKRVH WKH WDVN ZLWK WKH

JUHDWHVW ORJLFDO SHQDOW\�

)RU D NQDSVDFN RI VL]H �� WKH VLWXDWLRQ LV VKRZQ LQ )LJXUH ��� VWDJH �� ,Q WKLV FDVH

WKHUH LV RQH DQG RQO\ RQH WDVN ZLWK SURFHVVLQJ WLPH � VR LW LV VFKHGXOHG SULRU WR

WDVN ��

��



)LJXUH ���� 6HYHUDO 6WDJHV LQ '\QDPLF 3URJUDPPLQJ 3URFHGXUH

,Q JHQHUDO� IRU NQDSVDFN RI VL]H.1 � ZH WU\ WR FRPELQH WZR VPDOOHU NQDSVDFNV VXFK

WKDW WKH WRWDO ZHLJKW LV HTXDO WR .� WKDW LV� .� �.1 � .� �.1b�� .� �.1b�� � � �

1H[W DGG D VLQJOH WDVN ZKLFK PHHWV FRQGLWLRQV DERYH� 2I WKHVH SRVVLELOLWLHV� FKRRVH

WKH EHVW RQH �WKDW LV� WKH RQH WKDW UHVXOWV LQ WKH ORZHVW SHQDOW\�� ,I QR VROXWLRQ

FDQ EH IRXQG IRU .� WKHQ WKH VROXWLRQ IRU .1 LV WKH VDPH DV WKH VROXWLRQ IRU .1b��

)LJXUH ��� VWDJH ��� VKRZV WKH nQDO VWDJH� DOO WDVNV DUH VFKHGXOHG VR WKH SHQDOW\ LV

]HUR� EXW PDNHVSDQ LV ���

7KH JUDSK RI )LJXUH ��� VKRZV WKH VROXWLRQ SRLQWV IRU DOO SRVVLEOH VFKHGXOHV RI

WKH WDVNV LQ RXU UHDO�WLPH GDWDEDVH H[DPSOH IRXQG E\ HQXPHUDWLRQ� (DFK SRLQW

UHSUHVHQWV D PDNHVSDQ DQG SHQDOW\ IRU RQH RU PRUH VFKHGXOHV� 2I VSHFLnF LQWHUHVW

DUH WKH SRLQWV FRQQHFWHG E\ D VHULHV RI OLQHV� WKHVH SRLQWV GHnQH WKH IURQWLHU� )URP

WKH HQXPHUDWLRQ RI DOO VFKHGXOHV� WKH IURQWLHU LV HDVLO\ IRXQG DV ZDV GHVFULEHG LQ

��



[������ '\QDPLF SURJUDPPLQJ KRZHYHU� nQGV WKH IURQWLHU SRLQWV GLUHFWO\� ZLWKRXW

HQXPHUDWLQJ DOO VFKHGXOHV�

7KH IURQWLHU GHVFULEHV D VHW RI VFKHGXOHV IURP ZKLFK DQ RSWLPDO VFKHGXOH FDQ EH

FKRVHQ� $Q\ SRLQW RQ WKH IURQWLHU LV EHWWHU WKDQ DQ\ RWKHU SRLQW RQ WKH IURQWLHU LQ

VRPH ZD\� 2QO\ ZLWK D VSHFLnHG HTXLYDOHQFH EHWZHHQ WKH WZR SHUIRUPDQFH PHDVXUHV

FDQ D VLQJOH VFKHGXOH EH FKRVHQ� 7KH VSHFLnFDWLRQ RI WKH HTXLYDOHQFH LV GHWHUPLQHG

E\ WKH DSSOLFDWLRQ IRU ZKLFK WKH IURQWLHU LV VSHFLnHG� $ORQJ ZLWK VHWWLQJ SHQDOWLHV� LW

LV DOVR QHFHVVDU\ WR FKRRVH WKH SRLQW RQ WKH IURQWLHU WKDW PHHWV WKH VFKHGXOLQJ JRDOV�

$OWHUQDWLYHO\� LW LV SRVVLEOH WR TXDQWLI\ WKH HTXLYDOHQFH EHWZHHQ ORJLFDO DQG WHPSRUDO

UHTXLUHPHQWV SULRU WR VFKHGXOLQJ� ZKLFK WKHQ OHDGV WR VHOHFWLRQ RI DQ RSWLPDO VFKHGXOH

GLUHFWO\� +RZHYHU� LI DQ HTXLYDOHQFH LV GHnQHG DW WKH VWDUW RI WKH VFKHGXOLQJ SURFHVV�

WKH FKRLFHV IRU WUDGH�Rm ZLOO QRW EH HYLGHQW�

,Q RXU H[DPSOH� LI ZH UHTXLUH WKDW DOO WDVNV EH FRPSOHWHG E\ D WLPH RI ��� WKHQ WKH

VXEVHW RI IURQWLHU SRLQWV WKDW FDQ EH FKRVHQ DUH �������� ������� ������� DQG �������

:KLOH WKHVH SRLQWV PHHW WKH GHDGOLQH� WKH\ VXmHU LQ GDWDEDVH SUHFLVLRQ DV HYLGHQFHG

E\ WKH KLJK SHQDOWLHV� ,I WKH GDWDEDVH XVHU UHTXLUHV H[DFW SUHFLVLRQ LQ WKH GDWDEDVH�

WKHQ KH PXVW EH ZLOOLQJ WR ZDLW IRU WKH HQWLUH VFKHGXOH WR FRPSOHWH� DQG PLVV WKH

VSHFLnHG GHDGOLQH� 7DEOH ��� VKRZV WKH IURQWLHU SRLQWV RI RXU H[DPSOH� DQG JLYHV D

SRVVLEOH VFKHGXOH RI WDVNV ZKLFK UHVXOWV LQ WKH VKRZQ SHUIRUPDQFH PHDVXUHV� 5HFDOO

WKDW HDFK IURQWLHU SRLQW FDQ EH JHQHUDWHG E\ VHYHUDO GLmHUHQW VFKHGXOHV� )RU SXUSRVHV

RI LOOXVWUDWLRQ� ZH VKRZ RQO\ RQH VFKHGXOH IRU HDFK SRLQW� DQG LQGHHG VFKHGXOHV ZLWK

WKH VDPH SHUIRUPDQFH PHDVXUH DUH HTXLYDOHQW�

:KLOH WKH UHVWULFWLRQV GHVFULEHG E\ WKLV YHUVLRQ RI WKH PRGHO PD\ VHHP WR EH

UDWKHU OLPLWLQJ� WKHUH DUH UHDO DSSOLFDWLRQV IRU ZKLFK WKLV PRGHO LV VXpFLHQW� )RU H[�

DPSOH� FRQVLGHU WKH PLVVLRQ SODQQLQJ SUREOHP ZH LQWURGXFHG LQ [����� IRU DXWRQRPRXV

XQGHUVHD YHKLFOHV� $ W\SLFDO PLVVLRQ PLJKW LQFOXGH VHYHUDO KLJK OHYHO JRDOV VXSSRUWHG

��



)LJXUH ���� )URQWLHU 3ORW IRU ([DPSOH 3UREOHP

E\ ORZHU OHYHO JRDOV� )RU H[DPSOH� D ?VHDUFK� JRDO PLJKW EH SUHFHGHG E\ D ?LQLWLDOL]H�

JRDO WR SURSHUO\ RULHQW DQG FDOLEUDWH WKH QHFHVVDU\ VHQVRUV XVHG LQ WKH VHDUFK� 7KXV�

WKHUH DUH SUHFHGHQFH FRQVWUDLQWV EHWZHHQ WDVNV� ZLWK D SHQDOWLHV IRU RXW�RI�RUGHU H[H�

FXWLRQ� ,Q WKLV H[DPSOH� IDLOXUH WR LQLWLDOL]H WKH VHQVRUV SULRU WR WKH VHDUFK RSHUDWLRQ

PLJKW GHJUDGH WKH TXDOLW\ RI WKH GDWD� 2QFH WKH VHDUFK LV FRPSOHWHG KRZHYHU� WKHUH

LV QR QHHG WR LQLWLDOL]H WKH VHQVRUV� ,I WKHUH LV D GHDGOLQH E\ ZKLFK WKH PLVVLRQ PXVW

EH FRPSOHWHG� LW LV FOHDU WKDW E\ VFKHGXOLQJ WKH VHDUFK SULRU WR FDOLEUDWLRQ� WKH PLV�

VLRQ FDQ EH FRPSOHWHG VRRQHU� 7KXV� ZH KDYH D WUDGH�Rm� WKH DFFXUDF\ RI WKH VHDUFK

GDWD YHUVXV WKH WLPHOLQHVV RI WKH PLVVLRQ FRPSOHWLRQ� 7KLV H[DPSOH LOOXVWUDWHV WKH

��



6FKHGXOH 0DNHVSDQ 3HQDOW\
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7DEOH ���� )URQWLHU 3RLQWV )RU 6DPSOH 3UREOHP

WUDGH�Rm WKDW PXVW EH PDGH EHWZHHQ ORJLFDO FRQVLVWHQF\ DQG WHPSRUDO FRQVLVWHQF\

LQ WKH FRQWH[W RI WKLV UHVWULFWHG PRGHO�

2WKHU DSSOLFDWLRQV FDQ DOVR EHQHnW IURP WKLV PRGHO� LQFOXGLQJ WKH RWKHU H[DP�

SOHV WKDW KDYH EHHQ XVHG WKURXJKRXW WKLV ZRUN� 7KH EDVLF DVVXPSWLRQ LV WKDW WKH

SUHGHFHVVRU WDVNV KDYH QR UHOHYDQFH RQFH VXFFHVVRU WDVNV KDYH EHHQ H[HFXWHG� 7KLV

LV RIWHQ WKH FDVH� DV LW LV LQ WKH DERYH H[DPSOH� &OHDUO\� LW LV XQQHFHVVDU\ WR LQLWLDOL]H

WKH VHQVRU RQFH WKH VHDUFK LV FRPSOHWH� ,W LV XQQHFHVVDU\ WR GULOO WKH SLORW KROH RQFH

WKH nQLVK KROH KDV EHHQ GULOOHG� ,W LV XQQHFHVVDU\ WR UHDG D GDWDEDVH LWHP RQFH WKH

XSGDWH KDV FRPPLWWHG� ,Q HDFK FDVH� WKH WLPH WR SHUIRUP WKH FRPSOHWH VHW RI WDVNV

LV OHVV VLQFH RQH RU PRUH WDVNV DUH GHOHWHG� +RZHYHU� E\ GHOHWLQJ D SUHOLPLQDU\ WDVN�

WKH nQDO JRDO LV PHW ZLWK OHVV DFFXUDF\� OHVV SUHFLVLRQ� RU ZLWK JUHDWHU ULVN�

7KH G\QDPLF SURJUDPPLQJ DOJRULWKP ZH KDYH IRUPXODWHG WR VROYH WKLV SUREOHP

SURYLGHV DQ H[DFW VROXWLRQ WR WKH SUREOHP� 6LQFH WKH NQDSVDFN SUREOHP LV NQRZQ WR

EH 13�KDUG� ZH FDQQRW JXDUDQWHH WKDW WKLV DOJRULWKP ZLOO H[HFXWH LQ D UHDVRQDEOH

WLPH� +RZHYHU� VLQFH G\QDPLF SURJUDPPLQJ H[HFXWHV LQ SVHXGR�SRO\QRPLDO WLPH

��



WKXV� LW JHQHUDOO\ H[HFXWHV IDVWHU WKDQ HQXPHUDWLRQ� >:LQ��@�

7KH IURQWLHU FDOFXODWHG E\ G\QDPLF SURJUDPPLQJ PXVW DJUHH ZLWK WKH IURQWLHU

FDOFXODWHG E\ HQXPHUDWLYH VHDUFK� 7KLV GRHV QRW LPSO\ KRZHYHU� WKDW WKH VDPH

VFKHGXOHV DUH IRXQG E\ HDFK� 6LQFH HQXPHUDWLYH VHDUFK nQGV DOO VFKHGXOHV� LW WKHUHIRUH

nQGV DOO VFKHGXOHV RQ WKH IURQWLHU� '\QDPLF SURJUDPPLQJ E\ FRQWUDVW nQGV RQO\ WKH

SRLQWV RQ �RU FORVH WR� WKH IURQWLHU� $VVRFLDWHG ZLWK HDFK SRLQW IRXQG� RQH RU PRUH

VFKHGXOHV FDQ HDVLO\ EH FRQVWUXFWHG� KRZHYHU� nQGLQJ DOO VFKHGXOHV DVVRFLDWHG ZLWK D

VLQJOH IURQWLHU SRLQW LV QRW JXDUDQWHHG E\ WKH G\QDPLF SURJUDPPLQJ DOJRULWKP� 2I

FRXUVH� LQ SUDFWLFH� RQO\ RQH VFKHGXOH LV QHFHVVDU\� VLQFH DOO VFKHGXOHV ZLWK WKH VDPH

ORJLFDO DQG WHPSRUDO SHUIRUPDQFH DUH FRQVLGHUHG HTXDOO\ XVHIXO DQG LQWHUFKDQJHDEOH�

��



&KDSWHU �

,QGHSHQGHQW 7UDQVDFWLRQV ZLWK 'HDGOLQHV

,Q WKH SUHYLRXV PRGHO RI &KDSWHU � ZH VFKHGXOH D VHW RI WDVNV WR PHHW DQ RYHUDOO GHDG�

OLQH RU PDNHVSDQ� ,Q WKLV FKDSWHU� ZH FRQVLGHU D PRUH JHQHUDO SUREOHP� ZKHUH WDVNV

DUH PRGHOHG DV WUDQVDFWLRQV� :H DVVXPH D PRGHO WKDW DOORZV GHDGOLQHV RQ WUDQVDF�

WLRQV DQG VRPH SUHFHGHQFH FRQVWUDLQWV ZLWKLQ WKH WDVNV WKDW PDNH XS D WUDQVDFWLRQ�

+RZHYHU� WKLV PRGHO GRHV QRW DOORZ DQ\ SUHFHGHQFH FRQVWUDLQWV EHWZHHQ WUDQVDFWLRQV�

7KH UHVWULFWLRQV WKDW WKLV PRGHO SODFHV RQ WKH JHQHUDO PRGHO SUHVHQWHG LQ &KDSWHU �

DUH OLVWHG EHORZ�

��� 5HVWULFWLRQV WR WKH *HQHUDO 0RGHO

�� 7HPSRUDO SHQDOW\ IXQFWLRQV H[SUHVV D VLQJOH GHDGOLQH RQO\� 7KH PHD�

VXUH RI WHPSRUDO FRQVLVWHQF\ IRU WKLV PRGHO LV WKH PD[LPXP WDUGLQHVV RI WDVNV�

0D[ WDUGLQHVV LV IRXQG E\ FRPSXWLQJ WKH WDUGLQHVV IRU HDFK WDVN� WKDW LV WKH

DPRXQW RI WLPH HDFK WDVN LV ODWH LQ PHHWLQJ LWV GHDGOLQH� ,I D WDVN PHHWV� RU LV

HDUO\ IRU LWV GHDGOLQH� LWV WDUGLQHVV LV ]HUR� 7KH PD[LPXP RI WKH WDUGLQHVV IRU

DOO WDVNV LV WKH PD[ WDUGLQHVV �7PD[� IRU WKH VFKHGXOH� 7KLV PHDVXUH ZDV FKRVHQ

EHFDXVH DQ HDUOLHVW GHDGOLQH GXH �(''� SULRULW\ DVVLJQPHQW VFKHPH LV NQRZQ WR

��



EH RSWLPDO IRU PLQLPL]LQJ PD[LPXP WDUGLQHVV� $FFRUGLQJO\� SHQDOW\ IXQFWLRQV

DUH UHVWULFWHG WR D XQLW VWHS IXQFWLRQ� SHQDOW\ � SULRU WR �RU DW� GHDGOLQH DQG

YDOXH � DIWHU� 7KH SHQDOW\ IXQFWLRQ PRGHOV WKH WLPLQJ FRQVWUDLQW DV D VLQJOH

WDVN GHDGOLQH�

�� 2QO\ WKH nQDO WDVN LQ D WUDQVDFWLRQ KDV D GHDGOLQH� :KLOH WUDQVDFWLRQV

DUH PDGH XS RI VHYHUDO WDVNV� RQO\ WKH nQDO WDVN RI WKH WUDQVDFWLRQ KDV D GHDG�

OLQH� 7KLV HTXDWHV WR D WRWDO GHDGOLQH RQ WKH HQWLUH WUDQVDFWLRQ� ZKLFK LV RIWHQ

WKH FDVH LQ PDQ\ UHDO�WLPH GDWDEDVH DSSOLFDWLRQV�

�� 3UHFHGHQFH RUGHULQJV FDQ RQO\ EH H[SUHVVHG EHWZHHQ WKH GHDGOLQH

WDVN DQG WKH QRQ�GHDGOLQH WDVNV ZLWKLQ D WUDQVDFWLRQ� )XUWKHUPRUH� D

QRQ�GHDGOLQH WDVN PD\ RQO\ EH H[SUHVVHG DV D SUHGHFHVVRU WR D VLQJOH GHDGOLQH

WDVN� 7KLV UHVWULFWLRQ HQIRUFHV LQGHSHQGHQFH DPRQJ WUDQVDFWLRQV� 7KXV� WKHUH

DUH QR SUHFHGHQFH FRQVWUDLQWV EHWZHHQ WDVNV IURP GLmHUHQW WUDQVDFWLRQV�

7UDQVDFWLRQ WDVNV FRQVLVWV RI D nQDO WDVN_WKH FRPPLW WDVN_DQG D VHW RI SUHGH�

FHVVRU WDVNV� 8QOLNH WKH PRGHO RI &KDSWHU �� LW LV QRW QHFHVVDU\ WR GHOHWH WDVNV WKDW

YLRODWH SUHFHGHQFH FRQVWUDLQWV KRZHYHU� ,I D SUHGHFHVVRU WDVN LV SODFHG DW WKH HQG RI

WKH VFKHGXOH� LW KDV QR HmHFW RQ PD[LPXP WDUGLQHVV�

%\ SHUPLWWLQJ GHDGOLQHV RQ LQGLYLGXDO WUDQVDFWLRQV� WKLV PRGHO EULQJV XV FORVHU

WR WKH PRUH JHQHUDO PRGHO WKDQ WKH SUHYLRXV UHVWULFWHG PRGHO RI &KDSWHU �� &RQ�

VLGHU VHYHUDO WUDQVDFWLRQV� HDFK ZLWK DQ LQGHSHQGHQW GHDGOLQH� (DFK WUDQVDFWLRQ LV

FRPSRVHG RI RQH RU PRUH WDVNV� DQG WKHVH WDVNV FDQ LQWHUOHDYH LQ VXFK D ZD\ WKDW

PD[LPXP WDUGLQHVV LV PLQLPL]HG� :KHQ WKHUH LV QRW HQRXJK WLPH WR H[HFXWH DOO

WDVNV� ORZ YDOXH SUHGHFHVVRU WDVNV FDQ EH PRYHG WR WKH HQG RI WKH VFKHGXOH VR WKDW

WUDQVDFWLRQV FDQ PHHW GHDGOLQHV_EXW DW WKH FRVW RI H[HFXWLQJ WKH SUHGHFHVVRU WDVN

RXW RI RUGHU� $OWHUQDWLYHO\� WUDQVDFWLRQ GHDGOLQHV FDQ EH PLVVHG WR DOORZ VRPH RU DOO

SUHGHFHVVRU WDVNV WR H[HFXWH�

��



��� )RUPDO 0RGHO

)RUPDOO\� WKH PRGHO FRQVLVWV RI D VHW RI SDUWLDOO\ RUGHUHG WDVNV� �� �� � � �1 ZKHUH

HDFK WDVN L  �� �� � � �1 KDV DQ DVVRFLDWHG SURFHVVLQJ WLPH WL� 7KHUH LV D VXEVHW RI

WKHVH WDVNV� '� UHSUHVHQWLQJ WKH FRPPLW WDVNV ZKHUH WKH QXPEHU RI WDVNV LQ ' LV

0 � 1 � (DFK WDVN L � ' KDV DQ DVVRFLDWHG GHDGOLQH� GL� $QRWKHU VXEVHW RI WDVNV�

3L UHSUHVHQWV WKH VHW RI SUHGHFHVVRU WDVNV WR WDVN L � '� )RU HDFK WDVN M � 3L� WKHUH

LV D SHQDOW\ zML IRU VFKHGXOLQJ WDVN M EHIRUH WDVN L� $OVR DVVRFLDWHG ZLWK HDFK WDVN

M � 3L LV DQ LQGLFDWRU YDULDEOH [LM ZKLFK WDNHV WKH YDOXH � LI L LV VFKHGXOHG EHIRUH M

DQG � RWKHUZLVH�

7KH VHW RI GHDGOLQH WDVNV ' DQG WKH SUHGHFHVVRU WDVN VHWV 3L DUH GLVMRLQW� 7KDW

LV ZH KDYH�

' ? 3L  �� �L � '

$OVR� QR WDVN LV D SUHGHFHVVRU RI PRUH WKDQ RQH GHDGOLQH WDVN�

3L ? 3M  �� �L� M

)LQDOO\� ZH DVVXPH WKDW WKH WDVNV RI ' DUH RUGHUHG E\ WKHLU GHDGOLQHV� WKDW LV GL � GM

LI L � M�

/HW FL EH WKH FRPSOHWLRQ WLPH RI WDVN L� /HW GM EH WKH GHDGOLQH RI WDVN M � '� )RU

DQ\ VFKHGXOH ZH PHDVXUH WKH PD[LPXP WDUGLQHVV� 7PD[  PD[I�� �FLb GL�J �L � '�

*LYHQ D PD[LPXP WDUGLQHVV� �7PD[�� WKH SUREOHP QRZ LV WKH GHWHUPLQDWLRQ RI D

VHTXHQFH ZKLFK PLQLPL]HV WKH WRWDO SHQDOW\� 7KLV SUREOHP FDQ EH IRUPXODWHG DV�

PLQ
;

L�3

;

M�'

[LMzLM �����

VXEMHFW WR�

FLb� � WL � GL � 7PD[� �L � ' �����
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WL��b [LN� �����

[LM � I�� �J �����

7KH H[SUHVVLRQ ������ FRQVWUDLQV WKH FRPSOHWLRQ WLPH RI HDFK WDVN EDVHG RQ (''

RUGHULQJ DQG VRPH 7PD[� &RQVWUDLQW ����� FRPSXWHV WKH VL]H RI WKH JDS WKDW LP�

PHGLDWHO\ SUHFHGHV HDFK GHDGOLQH WDVN� &RQVWUDLQW ����� DFFRXQWV IRU WKH WRWDO WLPH

UHTXLUHG E\ WDVNV WR nOO HDFK JDS �*1�� 7KDW LV� HDFK JDS N SULRU WR GHDGOLQH WDVN

N FDQ EH nOOHG ZLWK RQO\ DV PDQ\ WDVNV WKDW nW� DQG IXUWKHUPRUH WKRVH WDVNV PXVW

EH SUHGHFHVVRUV WR WDVN N RU JUHDWHU� 7KLV PRGHO LV DQ LQWHJHU SURJUDPPLQJ IRUPX�

ODWLRQ� $ PLQLPXP YDOXH RI 7PD[ FDQ EH DFKLHYHG E\ VFKHGXOLQJ QR WDVNV SULRU WR

WKHLU VXFFHVVRU WDVNV_WKDW LV� WKH ('' VFKHGXOH RI GHDGOLQH WDVNV DORQH� 2SWLPDOO\

VFKHGXOLQJ WKH SUHGHFHVVRU WDVNV LQ WKH JDSV SULRU WR WKHLU VXFFHVVRU WDVNV UHGXFHV

WKH SHQDOW\ IRU SUHFHGHQFH YLRODWLRQ� DQG LI 7PD[ LV QRW DOORZHG WR LQFUHDVH� WKH nUVW

IURQWLHU SRLQW FDQ EH IRXQG� ,QFUHDVLQJ 7PD[ DOORZV DGGLWLRQDO WDVNV WR EH VFKHGXOHG�

:KHQ DOO WDVNV DUH VFKHGXOHG WR PHHW SUHFHGHQFH FRQVWUDLQWV WKH PD[LPXP YDOXH RI

7PD[ LV DFKLHYHG DQG WKH ODVW SRLQW RQ WKH IURQWLHU LV REWDLQHG�

��� +HXULVWLF 6ROXWLRQ

:H nUVW FRQVLGHU WKH FRPPLW WDVNV �L � '� DORQH� 7KHVH WDVNV PXVW EH VFKHGXOHG DQG

FDQQRW EH GHOHWHG� 6LQFH WKH FRPPLW WDVNV HDFK KDYH D GHDGOLQH DQG ZH DUH XVLQJ PD[

WDUGLQHVV DV WKH SHUIRUPDQFH PHDVXUH� DQ ('' VHTXHQFH ZLOO \LHOG WKH EHVW VFKHGXOH�

7KLV nUVW VFKHGXOLQJ DWWHPSW JLYHV XV WKH YDOXH RI PD[ WDUGLQHVV� 7PD[� ZKLFK ZH FDQ

WKHQ XVH D EDVLV IRU WKH QH[W VFKHGXOHV� :H VFKHGXOH HDFK GHDGOLQH WDVN WR FRPSOHWH

ODWH DV SRVVLEOH� EXW QR ODWHU WKDQ WKH WDVN GHDGOLQH SOXV 7PD[� 7KLV UHVXOWV LQ D

��



VFKHGXOH ZLWK WKH PLQLPXP YDOXH RI 0D[ 7DUGLQHVV� EXW ZLWK ?JDSV� EHWZHHQ WDVNV

VXFK WKDW SUHGHFHVVRU WDVNV FDQ H[HFXWH� %\ SODFLQJ WDVNV LQ WKHVH ?JDSV� VXFK DV WR

PLQLPL]H SUHFHGHQFH YLRODWLRQ SHQDOWLHV� ZH FDQ nQG D VHW RI VFKHGXOHV�

7KLV SUREOHP FDQ EH YLHZHG DV DQ HPEHGGHG NQDSVDFN SUREOHP ZKHUH WKH WDVNV

RI HDFK GLVWLQFW WUDQVDFWLRQ PXVW nW LQWR D WLPH IUDPH GHOLPLWHG E\ WKH GHDGOLQH RI

WKH WUDQVDFWLRQ� (DFK RI WKH JDSV GHVFULEHG DERYH PXVW EH nOOHG ZLWK WDVNV WKDW DUH

SUHGHFHVVRU WR WKH FRPPLW WDVN WKDW HQGV WKH FXUUHQW RU ODWHU JDS� $ KHXULVWLF WR

VROYH WKLV SUREOHP LV DQ H[WHQVLRQ RI WKH KHXULVWLF WR VROYH WKH 0DNHVSDQ 3UREOHP RI

&KDSWHU ��

7KH KHXULVWLF LV DV IROORZV�

q 6WHS �� )LUVW VFKHGXOH DOO GHDGOLQH WDVNV �WKDW LV� WKH nQDO WDVN RI HDFK WUDQV�

DFWLRQ� VXFK WKDW WKH\ FRPSOHWH DW WKHLU GHDGOLQH� ,I WKH VFKHGXOH FRQWDLQV D

FRQoLFW EHWZHHQ DQ\ WZR WDVNV� WKDW LV WZR WDVNV RYHUODS LQ WLPH� WKHQ VFKHG�

XOH WKH WDVN ZLWK WKH HDUOLHU GHDGOLQH MXVW SULRU WR WKH FRQoLFWLQJ WDVN� 7KLV

SURFHGXUH PXVW EH UHSHDWHG IRU HDFK FRQoLFW� VWDUWLQJ ZLWK WKH ODVW WDVN LQ WKH

VFKHGXOH DQG ZRUNLQJ WR WKH nUVW�

q 6WHS �� ,W LV SRVVLEOH WKDW� DIWHU 6WHS �� WKH nUVW WDVN ZLOO EH VFKHGXOHG EHIRUH

WKH VWDUWLQJ WLPH �WLPH  ��� ,I WKLV LV WKH FDVH� WKHQ DGG DQ HTXDO DPRXQW RI

WLPH WR HDFK WDVN
V VWDUW WLPH VXFK WKDW WKH nUVW WDVN EHJLQ DW WLPH ]HUR� 7KLV

VWHS ZLOO n[ WKH ORZHU ERXQG RI 7PD[ IRU WKH IURQWLHU�

q 6WHS �� $V D UHVXOW RI 6WHSV � DQG �� ZH KDYH DOO WKH nQDO WDVNV RI HDFK WUDQV�

DFWLRQ VFKHGXOHG ZLWK SRVVLEOH WLPH JDSV EHWZHHQ WDVNV� :H DOVR KDYH D VHW RI

WDVNV� ZLWKRXW GHDGOLQHV� EXW ZLWK SUHFHGHQFH FRQVWUDLQWV� WKDW PXVW EH VFKHG�

XOHG� 6WDUWLQJ ZLWK WKH nQDO WDVN 1 � FRQVLGHU WKH JDS MXVW SULRU WR WKLV WDVN

�*1 �� ,W FDQ EH nOOHG �ZLWKRXW SHQDOW\� RQO\ ZLWK WDVNV IRU ZKLFK WDVN 1 LV

��



WKH nQDO WUDQVDFWLRQ WDVN� WKDW LV WDVNV �M� ZLWK WKH SUHFHGHQFH UHODWLRQVKLS

M � 1 � 8VLQJ WKH G\QDPLF SURJUDPPLQJ DOJRULWKP RI WKH 0DNHVSDQ SUREOHP

GHVFULEHG LQ [���� nOO WKH JDS SULRU WR WDVN 1 ZLWK SUHGHFHVVRU WDVNV RI 1 �

q 6WHS �� )RU DQ\ JDS �*L� MXVW SULRU WR WDVN L� nOO *L ZLWK WDVNV �M� ZLWK SUHFH�

GHQFH UHODWLRQVKLSV RI WKH IRUP M � L� M � �L���� � � � M � 1 � WKDW LV DOO WDVNV �M�

ZKLFK FDQ EH VFKHGXOHG ZLWKRXW YLRODWLQJ WKHLU SUHFHGHQFH FRQVWUDLQWV� 7KLV

JDS LV nOOHG XVLQJ WKH VDPH SURFHGXUH DV GHVFULEHG LQ WKH SUHYLRXV VWHS�

q 6WHS �� 5HSHDW VWHS � IRU DOO *L IRU GHFUHPHQWLQJ YDOXHV RI L XQWLO WKH nUVW

JDS LV nOOHG L  �� $W WKLV SRLQW� WPD[ LV VWLOO DW WKH PLQLPXP� ZKLFK LV WKH

EHVW VFKHGXOH LQ WKH PHDVXUH RI WHPSRUDO FRQVLVWHQF\� +RZHYHU� LW LV WKH ZRUVW

VFKHGXOH LQ ORJLFDO FRQVLVWHQF\�

q 6WHS �� 7R FUHDWH WKH IURQWLHU RI VROXWLRQV� FRQVLGHU WKH JDS SULRU WR WDVN ��

*�� ,QFUHDVH WKH VL]H RI WKLV JDS E\ RQH XQLW DQG DWWHPSW WR DJDLQ nOO LW ZLWK

DQ\ XQVFKHGXOHG WDVN� 7KLV LQFUHDVHV 7PD[ E\ RQH DQG UHGXFHV WKH SHQDOW\ LI

DQ\ DGGLWLRQDO WDVNV FDQ EH VFKHGXOHG� 5HSHDW WKLV VWHS� E\ UHSHDWHGO\ LQFUHDV�

LQJ WKH JDS E\ RQH XQWLO DOO WDVNV DUH VFKHGXOHG� ,Q D PDQQHU VLPLODU WR WKH

PDNHVSDQ SUREOHP RI &KDSWHU �� D IURQWLHU LV GHnQHG� 7KLV IURQWLHU GHVFULEHV

WKH WUDGH�Rm EHWZHHQ WHPSRUDO DQG ORJLFDO FRQVLVWHQF\ LQ WKH PHDVXUHV RI 7PD[

DQG SHQDOW\ �VHH [�������

:KLOH RXU VROXWLRQ WR WKH nUVW SUREOHP LQ &KDSWHU � JHQHUDWHV D VHW RI JRRG

VROXWLRQV� WKLV SURFHGXUH GRHV QRW PDNH VXFK D JXDUDQWHH� ,QVWHDG� WKLV VROXWLRQ

SURYLGHV D UHDVRQDEOH VROXWLRQ LQ D UHDVRQDEOH DPRXQW RI WLPH� 1RW RQO\ GRHV WKLV

SURFHGXUH QRW SURGXFH DQ RSWLPDO VROXWLRQ� EXW LW LV QRW SRVVLEOH WR SODFH D ERXQG

RQ WKH HUURU� 7R YDOLGDWH WKLV SURFHGXUH� ZH LQVWHDG XVH VLPXODWLRQ�

��



��� 6LPXODWLRQ

7KH KHXULVWLF KDV EHHQ VLPXODWHG IRU D ODUJH QXPEHU RI UDQGRPO\ JHQHUDWHG SUREOHP

VHWV RI DSSUR[LPDWHO\ ��� WDVNV HDFK� (DFK WDVN VHW ZDV JHQHUDWHG UDQGRPO\� EXW

VXFK WKDW DQ RSWLPDO VFKHGXOH H[LVWV� WKDW LV� D VFKHGXOH ZLWK ERWK 7PD[  � DQG

SHQDOW\  �� )RU HDFK FDVH WKHQ� LW LV SRVVLEOH WKDW WKH KHXULVWLF FRXOG nQG WKH

RSWLPDO VROXWLRQ� .QRZLQJ WKDW D VLQJOH RSWLPDO VROXWLRQ GRHV H[LVW JLYHV XV D ZD\

WR DVVHVV WKH SHUIRUPDQFH RI WKH KHXULVWLF� 6LPXODWLRQ UHVXOWV VKRZ WKDW LI WKH WDVN

VL]HV DUH VPDOO� WKHQ RSWLPDO VROXWLRQV DUH OLNHO\ WR EH IRXQG� ,I WDVN VL]HV DUH ODUJH�

WKHQ LW LV OHVV OLNHO\ WKDW DQ RSWLPDO VFKHGXOH FDQ EH IRXQG�

(DFK VLPXODWLRQ UXQ FRQVLVWHG RI ��� SUREOHP VHWV JHQHUDWHG� ,Q FUHDWLQJ D VFKHG�

XOH WKH DWWULEXWHV RI HDFK WDVN ZHUH DVVLJQHG D YDOXH FKRVHQ UDQGRPO\� 7KH WDVN

DWWULEXWHV DUH OLVWHG LQ 7DEOH ���� ,Q WKH WDEOH� WKH QRWDWLRQ 8�D ^ E�� PHDQV WKDW WKH

UDQGRP YDOXHV IRU WKLV DWWULEXWH DUH GLVWULEXWHG XQLIRUPO\ IURP D WR E� )�F� PHDQV

WKDW WKLV DWWULEXWH LV D n[HG YDOXH RI F� 7ZR VHWV RI WDVNV ZHUH FUHDWHG� GHDGOLQH

WDVNV DQG SUHGHFHVVRU WDVNV� 7R FUHDWH D WDVN VHW� GHDGOLQH WDVNV ZKHUH VFKHGXOHG E\

(''� 7DVN GHDGOLQHV ZHUH LQFUHDVHG LI QHFHVVDU\ VR WKDW WKH VFKHGXOH ZDV IHDVLEOH�

3UHGHFHVVRU WDVNV ZLWK UDQGRP SURFHVVLQJ WLPHV ZHUH WKHQ FUHDWHG WR nW LQ WKH JDSV

EHWZHHQ GHDGOLQH WDVNV� VXFK WKDW WKH JDSV ZHUH FRPSOHWHO\ nOOHG� 7KLV UHTXLUHV WKDW

WKH WLPH RI WKH nQDO WDVN RI D SUHGHFHVVRU VHW PLJKW EH WUXQFDWHG VR DV QRW WR H[FHHG

WKH WLPH DYDLODEOH� )LQDOO\� HDFK SUHGHFHVVRU WDVN ZDV UDQGRPO\ DVVRFLDWHG ZLWK D

GHDGOLQH WDVN VXFK WKDW QR SUHGHFHVVRU WDVN FRPSOHWHG DIWHU LWV GHDGOLQH WDVN�

7KH QXPEHU RI SUHGHFHVVRU WDVNV GHSHQGV ERWK RQ WKH SURFHVVLQJ WLPH DVVLJQHG WR

WKHVH WDVNV DQG WKH DPRXQW RI SURFHVVLQJ WLPH DYDLODEOH IRU WKHP� $V PHQWLRQHG� WKH

VFKHGXOH LV JHQHUDWHG VXFK WKDW DOO WDVNV PHHW GHDGOLQHV DQG SUHFHGHQFH FRQVWUDLQWV�

)RU HDFK WDVN VHW JHQHUDWHG� WKH KHXULVWLF FRPSXWHV D VFKHGXOH� 7KH IURQWLHU IRU WKH

WHVW VHW� DV JHQHUDWHG� LV D VLQJOH SRLQW� ��� ��� 7KH KHXULVWLF JHQHUDWHV D IURQWLHU

��



7DVN $WWULEXWH 'LVWULEXWLRQ

0D[LPXP WRWDO SURFHVVLQJ WLPH �VHF� )�����
1XPEHU RI 'HDGOLQHV 8�� ^ ���
7DVN 'HDGOLQH 8�� ^ ����
'HDGOLQH 7DVN 3URFHVVLQJ 7LPH 8�� ^ ��
3UHGHFHVVRU 7DVN 3URFHVVLQJ 7LPH 8�� ^ ��
3HQDOW\ IRU 3UHFHGHQFH 9LRODWLRQ �HDFK SUHGHFHVVRU WDVN� 8�� ^ ���

7DEOH ���� 7DVN 6HW $WWULEXWHV

RI RQH RU PRUH SRLQWV� 7KH HUURU LV FDOFXODWHG DV WKH PLQLPXP GLVWDQFH IURP DQ\

IURQWLHU SRLQW WR WKH RSWLPDO ��� ��� )RU VLPSOLFLW\� WKH GLVWDQFH EHWZHHQ WZR SRLQWV

�[�� \��� �[�� \�� ZDV WDNHQ DV WKH UHFWLOLQHDU GLVWDQFH� '  M[� b [�M � M\� b \�M� $V

LV XVXDOO\ WKH FDVH� WKH UHVXOWV RI WKH VLPXODWLRQ DUH RQO\ YDOLG IRU DSSOLFDWLRQV WKDW

KDYH D VLPLODU SUREDELOLW\ GLVWULEXWLRQ RI WDVN DWWULEXWHV� ,Q DGGLWLRQ� ZH DVVXPH

WKDW SHUIRUPDQFH RI WKH KHXULVWLF LV QRW ELDVHG E\ WKH IDFW WKDW DQ RSWLPDO VROXWLRQ

GRHV H[LVW IRU HDFK SUREOHP VHW� ,QGHHG WKH KHXULVWLF GRHV QRW XVH WKH H[LVWHQFH RI DQ

RSWLPDO VROXWLRQ LQ DQ\ ZD\� DQG IXUWKHUPRUH ZH UHTXLUH WKH NQRZOHGJH RI DQ RSWLPDO

VROXWLRQ WR PHDVXUH WKH KHXULVWLF SHUIRUPDQFH�

7ZHQW\�nYH VLPXODWLRQ UXQV RI ��� SUREOHP VHWV HDFK ZHUH SHUIRUPHG� )RU HDFK

UXQ� WDVN VL]H� 7 � ZDV YDULHG IURP � WR ��� )LJXUH ��� VKRZV WKH UHVXOWV IRU nYH RI

WKHVH UXQV� (DFK OLQH UHSUHVHQWV WKH GLVWULEXWLRQ RI HUURUV� SORWWHG DV WKH QXPEHU

RI VFKHGXOHV ZLWK D JLYHQ HUURU IRU HDFK YDOXH RI HUURU� 7KH SORWV VKRZ WKDW WKH

KHXULVWLF JHQHUDOO\ SHUIRUPV VXFK WKDW LQ PRVW FDVHV WKH HUURU LV ]HUR RU YHU\ VPDOO�

)LJXUH ��� VKRZV WKH HmHFW RI YDU\LQJ WKH WDVN SURFHVVLQJ WLPH� 7KH DYHUDJH HUURU

ZDV FDOFXODWHG IRU HDFK UXQ� DQG WKLV LV SORWWHG IRU PD[LPXP WDVN VL]H �7 �� )URP WKLV

SORW LV FOHDU WKDW WKH KHXULVWLF SHUIRUPV EHVW ZLWK VPDOO WDVN VL]HV� 7KLV LV EHFDXVH LW

LV HDVLHU WR ?nW� PDQ\ VPDOO WDVNV LQWR D OLPLWHG VSDFH� WKDQ RQH RU WZR ODUJH WDVNV�
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)LJXUH ���� +LVWRJUDP WR 6KRZ +HXULVWLF 3HUIRUPDQFH

$JDLQ� QRWH WKDW ZKLOH WKLV LV QRW WKH IXOO JHQHUDO PRGHO RI UHDO�WLPH GDWDEDVH

VFKHGXOLQJ DQG FRQFXUUHQF\ FRQWURO� DSSOLFDWLRQV H[LVW IRU ZKLFK WKLV UHVWULFWHG PRGHO

LV VXpFLHQW� 5HFDOO WKH DLU WUDpF FRQWURO H[DPSOH RI [������ &RQVLGHU DQ DLU WUDpF

FRQWURO GLVSOD\� ZKHUH D VLQJOH WUDQVDFWLRQ UHVXOWV LQ WKH GLVSOD\ RI D VLQJOH DLUFUDIW�

(DFK WUDQVDFWLRQ KDV D GHDGOLQH WR LQVXUH WKH WLPHO\ GLVSOD\ RI LQIRUPDWLRQ� DQG

HDFK WUDQVDFWLRQ KDV D QXPEHU RI WDVNV ZKLFK SUHFHGH WKH nQDO GLVSOD\ WDVN� ,I WKHUH

LV QRW VXpFLHQW WLPH WR FRPSOHWH WKH GLVSOD\� D SUHGHFHVVRU WDVN� VXFK DV WUDFNHU

SURFHVVLQJ� FRXOG EH VFKHGXOHG DIWHU WKH GLVSOD\ WDVN� 7KLV UHVXOWV LQ WKH WUDFNHU

SURFHVV EHLQJ PRRW DQG WKXV WKH FDOFXODWLRQ RI DLUFUDIW SRVLWLRQ PXVW UHO\ RQ ROG

KHDGLQJ DQG VSHHG GDWD� +RZHYHU� WKH GLVSOD\ WUDQVDFWLRQ PD\ QRZ FRPSOHWH E\ LWV

GHDGOLQH� $OWHUQDWLYHO\� H[HFXWLQJ WKH WUDFNHU WDVN ZRXOG UHVXOW LQ D PRUH DFFXUDWH�

��



)LJXUH ���� 6LPXODWLRQ 5HVXOWV� 7DVN 6L]H YV� +HXULVWLF (UURU

EXW ODWH GLVSOD\� ,Q WKH FDVH RI RYHUORDG� ZKHUH PRUH DLUFUDIW DUH SUHVHQW LQ WKH VHFWRU

RU DLUFUDIW DUH FOXVWHUHG FORVHU WRJHWKHU WKDQ QRUPDOO\ H[SHFWHG� VRPH WUDFNHU WDVNV

FDQ EH VDFULnFHG LQ RUGHU WR PDLQWDLQ DQ XS�WR�GDWH� EXW OHVV DFFXUDWH� GLVSOD\�

��



&KDSWHU �

7DVNV ZLWK 0XOWLSOH 'HDGOLQHV

$V DQ H[WHQVLRQ RI WKH SUHYLRXV SUREOHPV� ZH QRZ FRQVLGHU WKH SUREOHP ZKHUH WLPLQJ

FRQVWUDLQWV DUH JLYHQ E\ VHYHUDO GHDGOLQHV UDWKHU WKDQ D VLQJOH GHDGOLQH� 7KLV LV D

GLVFUHWH YHUVLRQ RI WKH SUREOHP FRQVLGHUHG E\ /RFNH� $V GLVFXVVHG LQ &KDSWHU ��

/RFNH XVHV D YDOXH IXQFWLRQ WR H[SUHVV WKH YDOXH WR WKH V\VWHP RI FRPSOHWLQJ D WDVN

DW VRPH SRLQW LQ WLPH� /RFNH SHUPLWV D JHQHUDO IXQFWLRQ RI WLPH� EXW WKHQ UHGXFHV

WKLV WR WZR EDVLF SDUDPHWHUV� D FULWLFDO WLPH� ZKLFK FDQ EH FRQVLGHUHG D GHDGOLQH�

DQG D YDOXH GHQVLW\ ZKLFK FKDUDFWHUL]HV WKH VORSH RI WKH IXQFWLRQ DIWHU WKH FULWLFDO

WLPH� 8VLQJ WKHVH WZR SDUDPHWHUV WR VSHFLI\ HDFK WDVN� D VFKHGXOH LV FUHDWHG XVLQJ

DQ ('' �(DUOLHVW 'HDGOLQH 'XH� DOJRULWKP DQG WKHQ GHOHWLQJ WDVNV ZLWK ORZ YDOXH

GHQVLW\ XQWLO DOO UHPDLQLQJ WDVNV DUH FRPSOHWHG E\ WKHLU FULWLFDO WLPH� 7KH GHOHWHG

WDVNV DUH WKHQ SODFHG DW WKH HQG RI WKH VFKHGXOH�

7KH VSHFLDO FDVH ZLWK WZR GHDGOLQHV KDV EHHQ FRQVLGHUHG LQ +DULUL DQG 3RWWV

>+3��@� +DULUL DQG 3RWWV DVVHVV D SHQDOW\ IRU FRPSOHWLQJ WKH WDVN DIWHU WKH nUVW

GHDGOLQH EXW SULRU WR WKH VHFRQG� $OO WDVNV PXVW FRPSOHWH E\ WKH VHFRQG GHDGOLQH

IRU WKH VFKHGXOH WR EH IHDVLEOH� 7KH DOJRULWKP SURSRVHG E\ +DULUL DQG 3RWWV DVVXPHV

WKDW D IHDVLEOH VFKHGXOH H[LVWV� :H JHQHUDOL]H WKH SUREOHP DGGUHVVHG E\ +DULUL DQG

3RWWV WR LQFOXGH DGGLWLRQDO GHDGOLQHV IRU HDFK WDVN� ,Q DGGLWLRQ� ZH DOORZ� EXW GR

��



QRW UHTXLUH D nQDO GHDGOLQH IRU IHDVLELOLW\� +RZHYHU� LPSRVLQJ D nQDO GHDGOLQH PDNHV

WKH VHDUFK IRU D VROXWLRQ IDVWHU E\ HOLPLQDWLQJ LQIHDVLEOH VROXWLRQV DQG WKXV JUHDWO\

UHGXFLQJ WKH VHDUFK VSDFH� 7KXV� D nQDO GHDGOLQH LV UHFRPPHQGHG ZKHQ DSSURSULDWH

WR WKH DSSOLFDWLRQ� 7KH SHQDOW\ IXQFWLRQ SURSRVHG KHUH UHSUHVHQWV D VRPHZKDW PRUH

UHVWULFWHG LPSOHPHQWDWLRQ RI WKH YDOXH IXQFWLRQ SURSRVHG E\ /RFNH� :KLOH WKLV ZRXOG

VHHP WR EH D GLVDGYDQWDJH� WKH PXOWLSOH GHDGOLQH IXQFWLRQ FDQ EH FRQVLGHUHG D SLHFH�

ZLVH OLQHDU IXQFWLRQ UHSUHVHQWLQJ WKH FRQWLQXRXV YDOXH IXQFWLRQ� DOEHLW LQ LQYHUWHG

IRUP�

,Q SUHYLRXV FKDSWHUV� ZH KDYH LQWURGXFHG VFKHGXOLQJ SUREOHPV WKDW LQFOXGH ERWK

WHPSRUDO DQG ORJLFDO FRQVWUDLQWV� 7KHVH SUREOHPV DUH FKDUDFWHUL]HG E\ UDWKHU VXE�

VWDQWLDO UHVWULFWLRQV WKDW OLPLW WKHLU XWLOLW\ LQ VRPH DSSOLFDWLRQV� EXW DOORZ WKH SURE�

OHPV WR EH PRUH HDVLO\ VROYHG� 7KLV SUHYLRXV ZRUN KDV SURYLGHG WKH QHFHVVDU\ IRXQ�

GDWLRQ RQ ZKLFK WR EXLOG WKLV nQDO PRGHO� ,Q SDVW SUREOHPV ZH KDYH SURSRVHG ERWK

H[DFW DQG DSSUR[LPDWH VROXWLRQ PHWKRGV� +HUH WRR� ZH ZLOO VXJJHVW ERWK D KHXULVWLF

ZKLFK SURYLGHV D VROXWLRQ EXW ZLWKRXW DQ\ JXDUDQWHH RI RSWLPDOLW\ DQG DQ H[DFW VR�

OXWLRQ EXW ZLWKRXW DQ\ JXDUDQWHH RI H[HFXWLRQ WLPH� ,Q JHQHUDO� DQ RSWLPDO VROXWLRQ

ZRXOG DOZD\V EH SUHIHUUHG RYHU WKH KHXULVWLF� KRZHYHU EHFDXVH RI WKH QDWXUH RI WKH

SUREOHP� DQ RSWLPDO VROXWLRQ PD\ WDNH D YHU\ ORQJ WLPH WR nQG� 7KXV� JLYHQ D OLP�

LWHG DPRXQW RI WLPH� DV LQ WKH FDVH LQ UHDO�WLPH VFKHGXOLQJ VLWXDWLRQV� RU LI SUREOHP

VL]H LV ODUJH� D KHXULVWLF PD\ EH QHFHVVDU\ WR SURYLGH D XVHIXO VROXWLRQ LQ D UHDVRQDEOH

DPRXQW RI WLPH� ,Q [��� ZH VXJJHVW VRPH VWUDWHJLHV IRU XVLQJ WKHVH WZR PHWKRGV IRU

SUDFWLFDO DSSOLFDWLRQV�

7KH GHDGOLQH IXQFWLRQ H[SUHVVHV WKH SHQDOW\ WKDW ZLOO UHVXOW LI D WDVN PLVVHV RQH

RU PRUH GHDGOLQHV� )LJXUH ��� VKRZV W\SLFDO SHQDOW\ IXQFWLRQV� (DFK WDVN KDV ]HUR

RU PRUH GHDGOLQHV� DQG IRU HDFK GHDGOLQH WKHUH LV DQ DVVRFLDWHG SHQDOW\� :H IXUWKHU

DVVXPH WKDW GHDGOLQHV DUH QRQ�QHJDWLYH DQG QRQ�GHFUHDVLQJ LQ WLPH� :H GLVFXVV WKH

LPSOLFDWLRQV RI WKHVH DVVXPSWLRQV LQ [������ 7KHUH LV QR ERXQG RQ WKH PDJQLWXGH

��



RI WKH SHQDOW\ IXQFWLRQ� +RZHYHU� IRU SUDFWLFDO FRQVLGHUDWLRQV� D PD[LPXP YDOXH DW

ZKLFK WKH WDVN FDQQRW EH IHDVLEO\ VFKHGXOHG LV GHnQHG� 7KDW LV� LI WKH nQDO GHDGOLQH

LV PLVVHG� WKH VFKHGXOH LV FRQVLGHUHG LQIHDVLEOH� DQG D VXpFLHQWO\ KLJK SHQDOW\ LV

DVVHVVHG WR GHQRWH WKLV FRQGLWLRQ�

)LJXUH ���� 7\SLFDO 6HW RI 3HQDOW\ )XQFWLRQV

,Q WKLV FKDSWHU ZH H[DPLQH WKH SUREOHP RI WDVNV ZLWK WHPSRUDO FRQVWUDLQWV RQO\�

WKHQ H[SDQG LW WR LQFOXGH UHTXLUHG SUHFHGHQFH RUGHULQJV LQ &KDSWHU ��

��� 7HPSRUDO &RQVWUDLQWV

7R LOOXVWUDWH WKLV VFHQDULR� ZH ZLOO XVH DQ H[DPSOH IURP VFKHGXOLQJ WDVNV LQ )06

�)OH[LEOH 0DQXIDFWXULQJ 6\VWHP�� $Q )06 FDQ SURFHVV VHYHUDO GLmHUHQW MREV� ZKLFK

FDQ EH SHUIRUPHG LQ EDWFKHV ZLWK PLQLPDO VHWXS WLPH LQ EHWZHHQ� $VVXPH WKDW

DVVRFLDWHG ZLWK HDFK MRE WKHUH LV D GHDGOLQH IRU FRPSOHWLRQ RI WKH EDWFK� $V VXJJHVWHG

��



E\ +DULUL DQG 3RWWV >+3��@� WKHUH PD\ LQ UHDOLW\ EH PRUH WKDQ RQH GHDGOLQH� 7R VHH

WKLV� FRQVLGHU WKH VKLSSLQJ WLPH WR WKH FXVWRPHU� )RU H[DPSOH� SDUWV FDQ EH VKLSSHG

E\ WUXFN DW ORVW FRVW� EXW ZLOO UHTXLUH SHUKDSV D ZHHN WR DUULYH� 7KLV LPSRVHV D

GHDGOLQH RQ WKH SURGXFWLRQ oRRU WR FRPSOHWH WKH RUGHU� ,I KRZHYHU� WKH SDUWV DUH

VKLSSHG E\ DLU IUHLJKW� D ODWHU GHDGOLQH FDQ EH WROHUDWHG DW WKH IDFWRU\� EXW ZLOO UHTXLUH

WKH DGGLWLRQDO VKLSSLQJ FRVWV_WKH SHQDOW\� 2WKHU IDFWRUV FDQ DOVR OHDG WR DGGLWLRQDO

GHDGOLQHV VXFK DV RWKHU PRGHV RI VKLSPHQW� D FXVWRPHU ZLOOLQJQHVV �RU XQZLOOLQJQHVV�

WR DFFHSW D ODWH RUGHU� RU SHUKDSV FRQWUDFWXDO SHQDOWLHV IRU ODWH GHOLYHU\� :KLOH +DULUL

DQG 3RWWV SURSRVH WZR GHDGOLQHV� LW LV FOHDU WKDW WKHUH FDQ EH VHYHUDO GHDGOLQHV� HDFK

ZLWK GLmHUHQW SHQDOWLHV� ,Q WKLV H[DPSOH� ZH PD\ KDYH D GHDGOLQH IRU VKLSSLQJ E\

WUXFN DQG DUULYLQJ DW WKH FXVWRPHU RQ WLPH� VKLSSLQJ E\ WUXFN DUULYLQJ RQH GD\ ODWH�

VKLSSLQJ E\ DLU DUULYLQJ RQ WLPH� HWF� ,Q HDFK FDVH� ZH FDQ DQWLFLSDWH D SHQDOW\� HLWKHU

LQ DGGLWLRQDO VKLSSLQJ FRVWV RU LQ SHQDOW\ IHHV IRU ODWH GHOLYHU\�

����� 0RGHO

&RQVLGHU D VHW RI WDVNV �� �� � � � � 1 � (DFK WDVN L KDV SURFHVVLQJ WLPH WL DQG D VHW

RI GHDGOLQHV GLN� IRU N  �� �� � � � %L� $VVRFLDWHG ZLWK HDFK GLN LV D SHQDOW\ {LN�

:H RUGHU WDVNV E\ GHDGOLQH VXFK WKDW GLN � GL�N��� DQG LPSRVH D SHQDOW\ {LN LI�

IRU WDVN L� GHDGOLQH GLN LV PLVVHG� EXW GHDGOLQH GL�N��� LV HLWKHU PHW RU GRHV QRW

H[LVW� )XUWKHUPRUH� ZH DVVXPH WKDW {LN � {L�N���� )RUFLQJ WKH SHQDOWLHV WR EH QRQ�

GHFUHDVLQJ ZLWK GHDGOLQH ZLOO LQVXUH WKDW IRU DQ\ GHOD\ VFKHGXOH WKHUH LV D QRQ�GHOD\

VFKHGXOH WKDW LV DW OHDVW DV JRRG� 7R VLPSOLFLW\ WKH PRGHO� ZH KDYH DVVXPHG WKDW

DOO WDVNV KDYH WKH VDPH QXPEHU RI GHDGOLQHV� +RZHYHU� WKH QXPEHU RI GHDGOLQHV IRU

DQ\ WDVN FDQ EH HmHFWLYHO\ UHGXFHG E\ VSHFLI\LQJ VXFFHVVLYH GHDGOLQHV ZLWK WKH VDPH

SHQDOW\� 7KH SUREOHP RI GHWHUPLQLQJ WKH EHVW VFKHGXOH WKDW PHHWV DOO FRQVWUDLQWV

FDQ WKHQ EH UHSUHVHQWHG E\ WKH IROORZLQJ IRUPXODWLRQ�

��



'HnQH /LN  � LI WDVN L FRPSOHWHV SULRU WR WKH NWK GHDGOLQH GLN� DQG ,LM  � LI

WDVN L LV WKH LPPHGLDWH SUHGHFHVVRU WR WDVN M DQG ]HUR RWKHUZLVH� $VVXPH 0 WR EH

DQ DUELWUDULO\ ODUJH QXPEHU� 7KHQ WKH REMHFWLYH LV�

0LQ
1;

L �

%L;

N �

{LN/LN� �����

VXEMHFW WR WKH IROORZLQJ FRQVWUDLQWV�

1;

L �

L� M

,LM  �� � M �����

1;

M �

L� M

,LM  �� � L �����

FL b FM � SM � 0�� b ,LM�� � L� M� M � � �����

F�  � �����

FL b
%L;

N �

GLN/LN � �� � L �����

%L;

N �

/LN  �� � L �����

,LM � I�� �J�/LN � I�� �J �����

7KH REMHFWLYH ����� LV WR PLQLPL]H WKH WRWDO SHQDOW\ LQFXUUHG E\ WKH VFKHGXOH

E\ RSWLPDO VHOHFWLRQ RI WKH GHFLVLRQ YDULDEOHV ,LM� 7KLV SUREOHP LV DQ LQVWDQFH RI

WKH 763 �7UDYHOLQJ 6DOHVPDQ 3UREOHP�� DQG FDQ EH IRUPXODWHG DV DQ DVVLJQPHQW

SUREOHP ZLWK DGGLWLRQDO FRQVWUDLQWV WR HOLPLQDWH VXEWRXUV�

7KH 763 LQYROYHV WKH FRQVWUXFWLRQ RI D WRXU� ZKHUH HDFK FLW\ LV YLVLWHG RQFH DQG

RQO\ RQFH� 7KH WRXU EHJLQV DQG HQGV DW WKH VDPH FLW\� WKDW LV� WKH WRXU LV D FRPSOHWH

F\FOH� 6LQFH IRU RXU VFKHGXOLQJ SUREOHP� ZH QHHG D VHTXHQFH DQG QRW D F\FOH� D

GXPP\ WDVN �WDVN�� LV DGGHG ZLWK QR SURFHVVLQJ WLPH DQG QR GHDGOLQHV� :LWKRXW

LQFUHDVLQJ WKH FRVW RI WKH VFKHGXOH� WKLV WDVN LV XVHG WR FRPSOHWH WKH WRXU�

��



(TXDWLRQ ����� IRUFHV HDFK WDVN WR EH DVVLJQHG D XQLTXH SRVLWLRQ LQ WKH VHTXHQFH�

DQG HTXDWLRQ ����� HQVXUHV HDFK SRVLWLRQ LV DVVLJQHG WR D XQLTXH WDVN� 7KLV LV WKH

EDVLF DVVLJQPHQW SUREOHP� ,QHTXDOLW\ ����� UHTXLUHV WKDW HDFK WDVN
V FRPSOHWLRQ WLPH

EH JUHDWHU WKDQ WKH SUHGHFHVVRU WDVN
V FRPSOHWLRQ WLPH E\ DW OHDVW WKH SURFHVVLQJ

WLPH RI WKH SUHGHFHVVRU WDVN� 7KH GXPP\ YDULDEOHV� FL� FM� DOVR HOLPLQDWH VXE�WRXUV

E\ UHTXLULQJ WKDW HDFK WDVN LQ WKH VHTXHQFH� H[FHSW WKH GXPP\ WDVN �WDVN��� KDV D

FRPSOHWLRQ WLPH JUHDWHU WKDQ WKH WDVN VFKHGXOHG SULRU WR LW� 6LQFH WKHUH LV RQH WDVN LQ

D VXEWRXU WKDW PXVW EH ERWK EHIRUH DQG DIWHU DOO RWKHU WDVNV LQ WKH VXEWRXU� VXEWRXUV

ZKLFK GR QRW LQFOXGH WDVN� DUH HOLPLQDWHG� 7KHUHIRUH WDVN� LV WKH RQO\ WDVN WR FRP�

SOHWH D WRXU� WKHUH FDQ EH QR RWKHU WRXUV� 7KH XVXDO VXE�WRXU HOLPLQDWLRQ FRQVWUDLQW

IRU WKH 763 >:LQ��@>//.6��@ LV� XL b XM � 1,LM � 1 b � ZKLFK LV PDWKHPDWLFDOO\

HTXLYDOHQW WR LQHTXDOLW\ ����� �DQG SUHFLVHO\ HTXLYDOHQW LI DOO WDVN SURFHVVLQJ WLPHV�

SL  ���

)LQDOO\� HTXDWLRQ ����� LQLWLDOL]HV WKH FXPXODWLYH SURFHVVLQJ WLPH WR ]HUR� ,QHTXDO�

LW\ ����� DQG HTXDWLRQ ����� DUH XVHG WR FRPSXWH /LM ZKLFK LQGLFDWHV WKH GHDGOLQH

nUVW PLVVHG E\ WDVN L� 7KH nQDO FRQVWUDLQWV� HTXDWLRQV ����� DUH XVHG WR UHVWULFW /LM

DQG ,LM WR ELQDU\ YDULDEOHV� $OO YDULDEOHV DUH DVVXPHG WR EH QRQ�QHJDWLYH LQ WKLV ,3

IRUPXODWLRQ�

����� ([DPSOH

&RQVLGHU WKH IROORZLQJ H[DPSOH� $ MRE VKRS KDV nYH MREV ZDLWLQJ WR EH FRPSOHWHG LQ

DQ )06 FHOO� (DFK MRE KDV D GHDGOLQH UHTXLUHG E\ WKH FXVWRPHU� +RZHYHU� DV LV RIWHQ

WKH FDVH� WKH GHDGOLQHV DUH QRW ?KDUG� DQG PD\ EH PLVVHG� EXW ZLWK VRPH SHQDOW\� $V

ZH KDYH GLVFXVVHG HDUOLHU� WKH SHQDOWLHV PD\ DULVH IRU VHYHUDO UHDVRQV� EXW ZKDWHYHU WKH

VRXUFH� WKH FRPSDQ\ ZLVKHV WR FRPSOHWH DOO MREV VXFK WKDW SHQDOWLHV DUH PLQLPL]HG�

7DEOH ��� VKRZV WKH SURFHVVLQJ WLPHV� UHTXLUHG GHDGOLQHV DQG FRUUHVSRQGLQJ SHQDOWLHV

��



'HDGOLQH 3URFHVVLQJ
-RE �3HQDOW\� 7LPH

� �� �� �� �
��� ���� ����

� �� �� �� �
��� ���� ����

� �� �� �� �
��� ��� ����

� �� �� �� �
��� ���� ����

7DEOH ���� ([DPSOH -RE 'HDGOLQHV

IRU HDFK MRE�

5HFDOO WKLV SUREOHP LV DQ LQVWDQFH RI WKH 7UDYHOLQJ 6DOHVPDQ 3UREOHP� ZKLFK LV

NQRZQ WR EH 13�KDUG >//.6��@� 7KHUH DUH D QXPEHU RI VWUDWHJLHV IRU VROYLQJ WKLV

SUREOHP� VHYHUDO ZLOO EH GLVFXVVHG ODWHU� 2QH SRVVLELOLW\ LV WR XVH RQH RI VHYHUDO

FRPPHUFLDO VRIWZDUH SDFNDJHV� 8VLQJ /,1*2 >OLQ��E@ VPDOO LQVWDQFHV RI WKH 763

SUREOHP FDQ EH IRUPXODWHG DQG VROYHG LQ D UHDVRQDEOH DPRXQW RI WLPH� )RU WKH 763

SUREOHP� /,1*2 FDQ EH UHDVRQDEO\ XVHG WR SURYLGH DQ H[DFW VROXWLRQ IRU VHWV RI XS

WR WHQ WDVNV� 8VLQJ /,1*2� DQ RSWLPDO VROXWLRQ WR WKH SUREOHP GHnQHG LQ 7DEOH ���

LV WKH WDVN VHTXHQFH� � � � � �� �� ZKLFK KDV DQ REMHFWLYH YDOXH RI ��� $FWXDOO\

WKHUH DUH � RSWLPDO VHTXHQFHV RXW RI ��  �� SRVVLEOH VHTXHQFHV� +RZHYHU� ZH UHTXLUH

RQO\ RQH VROXWLRQ DQG WKXV /,1*2 SURYLGHV D EDVHOLQH PHWKRG WR VROYH WKLV SUREOHP�

:H ZLOO XVH /,1*2 WR MXGJH WKH SHUIRUPDQFH RI WKH KHXULVWLFV GLVFXVVHG EHORZ� 2I

FRXUVH� WKLV H[DPSOH SUREOHP� ZLWK RQO\ � WDVNV� LV YHU\ VPDOO� 7KH VLPXODWLRQ UHVXOWV

GLVFXVVHG LQ [��� UHIHU WR SUREOHPV VHWV RI VL]H �� WR �� WDVNV�

7KH SURFHVVLQJ WLPH UHTXLUHG WR VROYH WKLV SUREOHP LV DQ LVVXH DV WKH FRPSOH[LW\

RI WKH 763 DQG WKLV SUREOHP LV 2�Q��� DQG WKHUHIRUH VROXWLRQ WLPH� LV SURSRUWLRQDO

WR Q�� )RU WKLV SUREOHP RI IRXU WDVNV WKH SURFHVVLQJ WLPH LV PLQLPDO� )LJXUH ���

��



VKRZV WKH SURFHVVLQJ WLPHV IRU ODUJHU SUREOHPV� $V H[SHFWHG� WKH SURFHVVLQJ WLPHV

LQFUHDVH TXLFNO\ ZLWK SUREOHP VL]H� PDNLQJ /,1*2 XQDFFHSWDEOH DV D PHDQV IRU

VROYLQJ DQ\WKLQJ EXW WKH VPDOOHVW SUREOHPV�

)LJXUH ���� 3URFHVVLQJ 7LPHV IRU /,1*2 6ROXWLRQV

��� %UDQFK DQG %RXQG

/,1*2 DQG VLPLODU SURJUDPV nQG D VROXWLRQ WR WKH IRUPXODWHG SUREOHP E\ UHOD[LQJ

LQWHJHU FRQVWUDLQWV� WKDW LV� WKH UHTXLUHPHQW WKDW VRPH YDULDEOHV DVVXPH LQWHJHU YDOXHV

LV UHOD[HG� 7KH UHOD[HG SUREOHP LV WKHQ VROYHG E\ /3 �/LQHDU 3URJUDPPLQJ�� ZKLFK

nQGV D VROXWLRQ UHODWLYHO\ TXLFNO\� $ EUDQFK DQG ERXQG WHFKQLTXH LV DSSOLHG WR nQG

LQWHJHU VROXWLRQV LQ WKH YLFLQLW\ WKH /3 VROXWLRQ� :H LQYHVWLJDWH WKH XVH D EUDQFK DQG

ERXQG VROXWLRQ IRU WKLV SUREOHP� EXW ZKHUH WKH VHDUFK LV FRQGXFWHG PRUH HpFLHQWO\

E\ XVLQJ FKDUDFWHULVWLFV VSHFLnF WR WKLV SUREOHP� 7KLV UHVXOWV LQ D IDVWHU DOJRULWKP

��



IRU WKLV VSHFLDO FDVH� %UDQFK DQG ERXQG LV D WUHH VHDUFK DQG WKLV ZDV LPSOHPHQWHG

DV D GHSWK nUVW VHDUFK �')6� RI WKH SUREOHP VSDFH� 7KH ')6 SURYLGHV DQ H[DFW

VROXWLRQ� KRZHYHU ZLWKRXW DSSURSULDWH PHWKRGV WR UHGXFH RU SUXQH WKH VHDUFK VSDFH�

LW LV FRPSXWDWLRQDOO\ H[SHQVLYH� EHLQJ RI FRPSOH[LW\ 2�Q��� %RXQGV DUH XVHG WR SUXQH

WKH VHDUFK WUHH VR WKDW DOO QRGHV QHHG QRW EH H[SORUHG�

,Q DQ\ LPSOHPHQWDWLRQ RI EUDQFK DQG ERXQG� VHYHUDO LVVXHV PXVW EH FRQVLGHUHG

LQ RUGHU WR \LHOG DQ HmHFWLYH LPSOHPHQWDWLRQ >//.6��@� 7KHVH LQFOXGH�

�� 7KH RUGHU LQ ZKLFK QRGHV DUH FRQVLGHUHG �EUDQFKLQJ UXOH��

�� ,QLWLDO FDQGLGDWH VROXWLRQ �XSSHU ERXQG��

�� 7KH HVWLPDWH IRU WKH REMHFWLYH DW DQ\ QRGH �ORZHU ERXQG��

�� 3UXQLQJ 5XOH�

�� 7HUPLQDWLRQ FULWHULD�

7KH VSHFLnF IRUP RI WKHVH UXOHV LV DSSOLFDWLRQ GHSHQGHQW DQG LV GLVFXVVHG EHORZ

IRU WKLV SUREOHP�

����� %UDQFKLQJ 5XOH

7KH EUDQFKLQJ UXOH VSHFLnHV WKH QH[W QRGH WR EH VHDUFKHG IURP WKH QRGH FXUUHQWO\

EHLQJ H[SORUHG� 7KHUH DUH WZR EDVLF EUDQFKLQJ UXOHV� 'HSWK )LUVW 6HDUFK �')6�

DQG %UHDGWK )LUVW 6HDUFK �%)6�� ')6 LV HDVLO\ LPSOHPHQWHG XVLQJ D VLPSOH UHFXUVLYH

DOJRULWKP� 7KDW LV� IURP DQ\ SDUHQW QRGH� HDFK FKLOG QRGH LV FKRVHQ LQ D VHW VHTXHQFH�

DQG WKH ')6 LV SHUIRUPHG RQ WKDW QRGH� :KHQ DOO FKLOG QRGHV KDYH EHHQ H[SORUHG�

FRQWURO LV UHWXUQHG WR WKH FDOOLQJ QRGH� ')6 DOVR KDV D PDMRU DGYDQWDJH LQ WKDW LW

UHTXLUHV WKDW YHU\ OLWWOH LQIRUPDWLRQ EH VWRUHG LQ WKH FRXUVH RI WKH VHDUFK� 2QO\ WKH

LQFXPEHQW VROXWLRQ DQG VRPH LQIRUPDWLRQ UHODWHG WR WKH VWDWH RI FDOOLQJ SURFHGXUH �L�H�

��



WKH QXPEHU RI WKH FKLOG QRGH FXUUHQWO\ EHLQJ H[SORUHG DW HDFK OHYHO RI WKH UHFXUVLRQ�

PXVW EH VDYHG� 7KH EUDQFKLQJ UXOH EDVHG RQ %)6 PD\ RmHU VRPH DGYDQWDJHV LQ

SUXQLQJ VLQFH LW FDQ FRPSDUH DOO SDUWLDO VROXWLRQV DW WKH FXUUHQW OHYHO� +RZHYHU� %)6

UHTXLUHV D PRUH FRPSOLFDWHG DOJRULWKP IRU EUDQFKLQJ� DQG DOVR UHTXLUHV D YHU\ ODUJH

DPRXQW RI VWRUDJH� $W HDFK VWDJH� LQIRUPDWLRQ IRU DOO QRGHV PXVW EH VWRUHG� $W

WKH ORZHU OHYHOV RI ODUJH SUREOHPV� WKH VWRUDJH UHTXLUHPHQWV FDQ EHFRPH KXJH� )RU

H[DPSOH� LJQRULQJ WKH EHQHnWV RI SUXQLQJ� RQO\ WZHOYH WDVNV ZLOO UHTXLUH VWRUDJH RI

VHYHUDO KXQGUHG PHJDE\WHV RI GDWD�

:H XVH ')6� EXW HQKDQFH LW ZLWK VHYHUDO RWKHU VWUDWHJLHV LQ FKRRVLQJ WKH QH[W

QRGH WR H[SORUH� 5HFDOO WKDW ZH KDYH DVVXPHG WKH GHDGOLQH SHQDOW\ IXQFWLRQ XVHG LV

QRQ�GHFUHDVLQJ� )RU VRPH WDVNV� WKH SHQDOW\ IRU EHLQJ SURFHVVHG ODVW LQ WKH VHTXHQFH

FDQ EH TXLWH KLJK� 7KLV OHDGV WR WKH REVHUYDWLRQ WKDW VRPH WDVNV SODFHG ODVW LQ WKH

VFKHGXOH ZLOO KDYH UDWKHU KLJK SHQDOW\ YDOXHV� DQG OLNHO\ FUHDWH D SRRU �L�H� KLJK

SHQDOW\� VFKHGXOH� 6LQFH WDVNV WHQG WR KDYH D ORZ YDOXH RI SHQDOW\ LI VFKHGXOHG

HDUO\ LQ WKH VHTXHQFH� DQ\ WDVN FDQ EH VXFFHVVIXOO\ VFKHGXOHG DW WKH EHJLQQLQJ RI

WKH VFKHGXOH� ,QGHHG� LI ZH FKRRVH DQ\ WDVN IRU WKH nUVW SRVLWLRQ LQ WKH VHTXHQFH�

LW PXVW KDYH D ORZHU SHQDOW\ WKDQ WKH FDQGLGDWH �XSSHU ERXQG� VROXWLRQ VLQFH WKDW

VROXWLRQ FRQWDLQV DOO WDVNV� &OHDUO\� DQ\ WDVN SODFHG nUVW LQ WKH VHTXHQFH PXVW KDYH D

SHQDOW\ ORZHU WKDQ WKH LQFXPEHQW VFKHGXOH� $OWHUQDWLYHO\� FRQVLGHU FKRRVLQJ D WDVN

IRU WKH ODVW SRVLWLRQ LQ WKH VHTXHQFH� %\ WKH DVVXPSWLRQ RI QRQ�GHFUHDVLQJ SHQDOW\

IXQFWLRQV� WKDW WDVN DORQH PD\ KDYH D SHQDOW\ JUHDWHU WKDQ WKH LQFXPEHQW VROXWLRQ�

7KXV� WKDW QRGH DQG DOO LWV FKLOG QRGHV FDQ EH SUXQHG� %\ VFKHGXOLQJ WDVNV IURP ODVW

SRVLWLRQ WR nUVW� ODUJH SRUWLRQV RI WKH VHDUFK VSDFH FDQ EH SUXQHG HDUO\ LQ WKH VHDUFK

SURFHVV� 3UXQLQJ QRGHV HDUO\ LQ WKH VHDUFK KDV WKH JUHDWHVW LPSDFW RQ SURFHVVLQJ

WLPH� VLQFH D QRGH SUXQHG QHDU WKH WRS RI WKH WUHH HOLPLQDWHV DOO QRGHV EHORZ LW IURP

FRQVLGHUDWLRQ�

8VLQJ D ')6 GXULQJ WHVWLQJ� D WDVN VHW RI OHVV WKDQ WHQ FDQ EH VHDUFKHG LQ D VKRUW

��



DPRXQW RI WLPH RQ D W\SLFDO SHUVRQDO FRPSXWHU� +RZHYHU� DGGLQJ MXVW D IHZ WDVNV

UHTXLUHV D FRPSXWHU ZLWK D VSHHG VHYHUDO RUGHUV RI PDJQLWXGH IDVWHU WR SURFHVV WKH

ODUJHU WDVN VHW LQ WKH VDPH DPRXQW RI WLPH� 7KH VSHFWDFXODU JURZWK LQ WKH VHDUFK

VSDFH GXH WR FRPELQDWRULDO H[SORVLRQ PDNHV SUREOHPV ZLWK MXVW D IHZ PRUH WDVNV

XQVROYDEOH LQ D UHDVRQDEOH DPRXQW RI WLPH�

3ULRU WR LQLWLDWLQJ WKH ')6 VHDUFK� ZH DUUDQJH WKH WDVNV DFFRUGLQJ WR D KHXULVWLF

WKDW UDQNV WDVNV ZLWK UHVSHFW WR DQ HVWLPDWH RI LPSRUWDQFH LQ WKH FRQWULEXWLRQ WR

WKH REMHFWLYH IXQFWLRQ� 7KLV KHXULVWLF LV GHVFULEHG LQ GHWDLO LQ [���� 7KH ')6 LPSOH�

PHQWDWLRQ SHUIRUPV WKH VHDUFK RQ REMHFWV� ,Q RXU FDVH WKH REMHFWV DUH WDVN QXPEHUV�

KRZHYHU� DQ\ WDVN FDQ EH DVVLJQHG WR DQ\ REMHFW� %DUULQJ DQ\ UHDVRQ QRW WR GR VR� WKH

nUVW VROXWLRQ WR EH H[SORUHG PLJKW EH �� �� � � �� Q� WKDW LV� WDVNV DUH DVVLJQHG WR

REMHFWV LQ QXPHULFDO RUGHU� %XW WDVNV QHHG QRW EH DVVLJQHG LQ WKLV RUGHU� DQG LQ IDFW�

ZH DVVLJQ WDVNV LQ WKH RUGHU RI WKH FDQGLGDWH VROXWLRQ SURYLGHG E\ WKH KHXULVWLF� :H

?SULPH� WKH EUDQFK DQG ERXQG DOJRULWKP ZLWK WKLV VROXWLRQ VR WKDW WKH EUDQFKLQJ

UXOH DW DQ\ QRGH WUDFNV WKH VHTXHQFH VXJJHVWHG E\ WKH KHXULVWLF� 7KH LPSOLFDWLRQV

RI WKLV SUH�RUGHULQJ DUH IXUWKHU H[SORUHG LQ [������ 7KLV FRQFHSW FDQ EH H[WHQGHG WR

UHFDOFXODWH D FDQGLGDWH VROXWLRQ DW DQ\ QRGH� DQG DJDLQ ?SULPH� WKH DOJRULWKP ZLWK

WKLV YDOXH� 7HVWLQJ LQGLFDWHV WKDW WKH DGGLWLRQDO WLPH UHTXLUHG IRU WKH UH�FDOFXODWLRQ

LV OHVV WKDQ WKH JDLQ LW SURYLGHV� DOWKRXJK WKLV LV LPSOHPHQWDWLRQ VSHFLnF� ,Q RXU

WHVWLQJ� LW EHFDPH FOHDU WKDW WKH KHXULVWLF VROXWLRQ VHTXHQFH DW VRPH ORZHU OHYHO QRGH

ZDV QRW YHU\ GLmHUHQW WKDQ WKH LQLWLDO VHTXHQFH SURYLGHG E\ WKH KHXULVWLF� 7KH VPDOO

EHQHnW RI UHFDOFXODWLQJ WKH VHTXHQFH DW HDFK QRGH ZDV RXWZHLJKHG E\ WKH DGGLWLRQDO

WLPH WR GR VR�

��



����� 8SSHU ERXQG

)RU WKLV SUREOHP� WKH FDOFXODWLRQ RI WKH XSSHU ERXQG LV QRW QHDUO\ DV FULWLFDO DV WKH

ORZHU ERXQG� ,Q IDFW� D VHSDUDWH FDOFXODWLRQ LV QRW UHTXLUHG VLQFH WKH XSSHU ERXQG LV

FDOFXODWHG LQ WKH SURFHVV RI H[DPLQLQJ QRGHV� 2QFH D EUDQFK LV FRPSOHWHO\ H[SORUHG

GRZQ WR WKH OHDI QRGH� DQ XSSHU ERXQG LV NQRZQ� 7KH VROXWLRQ EHFRPHV WKH XSSHU

ERXQG LI LW LV EHWWHU WKDQ WKH FXUUHQW XSSHU ERXQG� 7KH XSSHU ERXQG LV XVHG LQ

IDWKRPLQJ QRGHV� ZKLFK ZLOO EH GLVFXVVHG LQ WKH VXEVHTXHQW VHFWLRQV� 7R JHW DQ

LQLWLDO ERXQG� ZH FDQ VLPSO\ H[SORUH D EUDQFK �DQ\ EUDQFK� IXOO\� 7KLV \LHOGV DQ

XSSHU ERXQG� DOWKRXJK D QRW QHFHVVDULO\ D YHU\ JRRG RQH� ,Q IDFW� ZH XVH D KHXULVWLF

WR REWDLQ WKH LQLWLDO XSSHU ERXQG� 7KH KHXULVWLF LV GLVFXVVHG LQ [����

$V PRUH DQG PRUH QRGHV DUH H[SORUHG� ZH ZLOO FRQWLQXH WR nQG EHWWHU XSSHU

ERXQGV� 7KH EHWWHU XSSHU ERXQG ZH FDQ REWDLQ� WKH PRUH HpFLHQWO\ ZH FDQ SUXQH

QRQ�SURGXFWLYH EUDQFKHV� 7KLV LV PRVW HYLGHQW DW WKH URRW RI WKH VHDUFK WUHH�

����� /RZHU %RXQG

$Q HVVHQWLDO HOHPHQW RI EUDQFK DQG ERXQG LV WKH GHWHUPLQDWLRQ RI ZKLFK QRGHV VKRXOG

EH SUXQHG� 1RGHV DUH SUXQHG ZKHQ WKH SHQDOW\ DFFXPXODWHG DW WKH QRGH� LQ DGGL�

WLRQ� DQ HVWLPDWH RI WKH SHQDOW\ IRU WKH UHPDLQGHU RI WKH VFKHGXOH �QRGHV� LV JUHDWHU

WKDQ WKH XSSHU ERXQG� $W DQ\ QRGH� WKH SHQDOW\ DFFXPXODWHG WKXV IDU LV D VLPSOH

FDOFXODWLRQ VLQFH WKH FRPSOHWLRQ WLPH RI HDFK VFKHGXOHG WDVN LV NQRZQ� 7KXV� LW LV

WKH FDOFXODWLRQ RI ORZHU ERXQG WKDW GHWHUPLQHV WKH HmHFWLYHQHVV RI SUXQLQJ� ,I WKH

ORZHU ERXQG LV D ZHDN ORZHU ERXQG� WKDW LV� LW LV WRR ORZ� WKHQ EUDQFKHV WKDW ZLOO QRW

OHDG WR D VROXWLRQ ZLOO FRQWLQXH WR EH H[SORUHG� 7KH FORVHU WKH ORZHU ERXQG LV WR WKH

DFWXDO VROXWLRQ� WKH PRUH HpFLHQW WKH VHDUFK LV OLNHO\ WR EH�

7KH FDOFXODWLRQ RI D ORZHU ERXQG LV GHSHQGHQW RQ WKH VWUXFWXUH RI WKH SUREOHP�

)RU WKH SUREOHP GLVFXVVHG KHUH� ZH SURSRVH WKUHH PHWKRGV RI FDOFXODWLQJ WKH ORZHU

��



ERXQG� $OO WKUHH WDNH DGYDQWDJH RI WKH FKDUDFWHULVWLFV RI WKLV SUREOHP�

q 0HWKRG �� $ ORZHU ERXQG FDQ EH FDOFXODWHG E\ DJJUHJDWLQJ WKH PLQLPXP

SHQDOW\ WKDW PD\ EH LQFXUUHG E\ HDFK XQVFKHGXOHG WDVN� 7KH PLQLPXP SHQDOW\

IRU HDFK WDVN LV WKH SHQDOW\ LW ZRXOG LQFXU LI LW ZHUH WR EH VFKHGXOHG nUVW� 6LQFH

QR RUGHULQJ RI WDVNV FRXOG UHVXOW LQ D ORZHU SHQDOW\� WKLV LV LQGHHG D ORZHU ERXQG�

+RZHYHU� VLQFH RQO\ RQH WDVN ZLOO EH VFKHGXOHG nUVW� WKH DFWXDO SHQDOW\ FRXOG

EH PXFK KLJKHU� $Q DGYDQWDJH RI WKLV FDOFXODWLRQ LV WKDW LW LV HDVLO\ H[HFXWHG�

q 0HWKRG �� $ VHFRQG FDOFXODWLRQ IRU WKH ORZHU ERXQG LV EDVHG RQ D UHnQHPHQW

RI WKH VFKHPH XVHG DERYH� ,QVWHDG RI DVVXPLQJ WKDW DOO WDVNV EHJLQ H[HFXWLRQ

DW WKH EHJLQQLQJ RI WKH VFKHGXOH� ZH XVH D VHTXHQFH RI WDVNV ZKLFK DOORZV XV

WR FDOFXODWH D VHW RI FRPSOHWLRQ WLPHV� $VVXPLQJ IRU D PRPHQW WKDW DOO WDVN

SHQDOW\ IXQFWLRQV DUH LGHQWLFDO� WKH VHTXHQFH RI WDVNV WKDW ZLOO UHVXOW LQ WKH

ORZHVW SHQDOW\ LV WKH VHTXHQFH ZKHUH VKRUWHVW WDVNV DUH VFKHGXOHG nUVW� 7KLV

DOORZV WDVNV WR FRPSOHWH HDUOLHU LQ WKHLU SHQDOW\ IXQFWLRQV� +HQFH� WKLV VHTXHQFH

SURGXFHV D OLVW RI PRVW RSWLPLVWLF FRPSOHWLRQ WLPHV� 6LQFH ZH GR QRW \HW NQRZ

WKH RUGHU LQ ZKLFK WDVNV ZLOO FRPSOHWH� ZH VLPSO\ XVH WKH PLQLPXP SHQDOW\

RYHU DOO WDVNV IRU HDFK FRPSOHWLRQ WLPH� 7KH WRWDO SHQDOW\ LV WKH VXP RI WKH

PLQLPXP SHQDOWLHV IRU DOO FRPSOHWLRQ WLPHV� 7KLV LV D ORZHU ERXQG VLQFH QR

RUGHULQJ RI WDVNV FRXOG UHVXOW LQ HDUOLHU FRPSOHWLRQ WLPHV DQG QR DVVRFLDWLRQ

RI SHQDOW\ IXQFWLRQ WR WDVN FRPSOHWLRQ WLPH FRXOG UHVXOW LQ DQ ORZHU SHQDOW\�

'HSHQGLQJ RQ WKH DFWXDO SHQDOW\ IXQFWLRQV� WKH VDPH WDVN SHQDOW\ IXQFWLRQ PD\

EH XVHG VHYHUDO WLPHV� UHVXOWLQJ D ZHDNHU ORZHU ERXQG� 7KLV PHWKRG SURYLGHV D

ORZHU ERXQG WKDW PD\� RU PD\ QRW� EH EHWWHU WKDQ WKH nUVW PHWKRG� +RZHYHU�

LW WDNHV PRUH WLPH WR FRPSXWH�

q 0HWKRG �� $ VWURQJHU ORZHU ERXQG FDQ DOVR EH FDOFXODWHG E\ DSSUR[LPDWLQJ

WKH 763 E\ DQ DVVLJQPHQW SUREOHP� %RWK WKH SUHYLRXV PHWKRGV PDNH SRRU

��



7DVN 3URFHVVLQJ 7LPH

� �
� �
� �
� �

7DEOH ���� 8QVFKHGXOHG 7DVNV IRU %UDQFK DQG %RXQG

DVVXPSWLRQV� ZKLFK ZH NQRZ FDQQRW EH WUXH� UHVXOWLQJ LQ D ZHDN ORZHU ERXQG

LQ HLWKHU FDVH� )RU WKLV PHWKRG� ZH DVVXPH WKH VDPH 637 �VKRUWHVW SURFHVVLQJ

WLPH nUVW� FDOFXODWLRQ RI FRPSOHWLRQ WLPHV RI WKH VHFRQG PHWKRG� +RZHYHU�

LQVWHDG RI XVLQJ WKH PLQLPXP SRVVLEOH SHQDOW\� ZH DVVRFLDWH D VLQJOH SHQDOW\

IXQFWLRQ ZLWK D VLQJOH WDVN VXFK WKDW WRWDO SHQDOW\ LV PLQLPL]HG� 7KLV DVVR�

FLDWLRQ RI SHQDOWLHV WR WDVNV LV VROYHG DV WKH DVVLJQPHQW SUREOHP �$3�� 7KH

DVVLJQPHQW SUREOHP LV DQ LQWHJHU SUREOHP WKDW LV VROYDEOH DV D OLQHDU SUREOHP�

DQG WKXV LW LV VROYDEOH LQ D UHODWLYHO\ VKRUW DPRXQW RI WLPH� ,Q SUDFWLFH� WKLV

WKLUG PHWKRG SHUIRUPV WKH EHVW ZKHQ FDOFXODWLQJ WKH ORZHU ERXQG� +RZHYHU�

WKH JDLQV LQ SUXQLQJ PRUH QRGHV PD\ EH RmVHW E\ WKH DGGLWLRQDO WLPH UHTXLUHG

IRU FDOFXODWLQJ WKH $3 VROXWLRQ�

$V DQ LOOXVWUDWLRQ RI WKH WKLUG PHWKRG� DVVXPH D VHW RI IRXU XQVFKHGXOHG WDVNV�

ZLWK DVVRFLDWHG SURFHVVLQJ WLPHV� DV VKRZQ LQ 7DEOH ���� )LJXUH ��� GLDJUDPV WKH

SHQDOW\ IXQFWLRQV�

:H VHHN D ORZHU ERXQG RQ WKH SHQDOW\ IRU VFKHGXOLQJ WKH WDVNV� 7KH H[DFW VROXWLRQ

RI WKH ORZHU ERXQG LV VLPSO\ D VXEVHW RI WKH ODUJHU SUREOHP� WKH 763� VR FOHDUO\ ZH

GR QRW H[SHFW WR nQG DQ H[DFW VROXWLRQ �LI ZH FRXOG� ZH ZRXOG KDYH QR QHHG IRU

D ORZHU ERXQG�� :H VHHN WR VROYH LQVWHDG� D VLPSOHU SUREOHP WKDW ZLOO JLYH XV D

ORZHU ERXQG� :H FDQ FDOFXODWH EHVW FDVH FRPSOHWLRQ WLPHV E\ DUUDQJLQJ WKH WDVNV

LQ RUGHU RI VPDOOHVW SURFHVVLQJ WLPH nUVW� 7KLV RUGHULQJ LV WDVNV� � � � � � � ��

��



)LJXUH ���� ([DPSOH 3HQDOW\ )XQFWLRQV IRU /RZHU %RXQG &DOFXODWLRQ

DQG WKH FRUUHVSRQGLQJ FRPSOHWLRQ WLPHV DUH �� �� �� � VHFRQGV� :H FDQ DVVRFLDWH�

ZLWK HDFK FRPSOHWLRQ WLPH DQG WDVN� D SHQDOW\ VKRXOG WKH WDVN FRPSOHWH DW WKDW

WLPH� 7KLV \LHOGV DQ �d� PDWUL[ ZKHUH WKH SHQDOWLHV IRU DOO WDVNV DUH EDVHG RQ n[HG

FRPSOHWLRQ WLPHV� LQGHSHQGHQW RI WDVN RUGHULQJ� 7DEOH ��� VKRZV WKH UHVXOWLQJ PDWUL[

IRU WKLV H[DPSOH� (DFK HQWU\ LV WKH SHQDOW\ IRU WDVN L FRPSOHWLQJ DW WLPH W� ,W LV DQ

LQVWDQFH RI WKH DVVLJQPHQW SUREOHP WR FKRRVH RQH XQLTXH FRPSOHWLRQ WLPH IRU HDFK

WDVN VXFK WKDW WRWDO SHQDOW\ LV PLQLPL]HG� 7KH DVVLJQPHQW SUREOHP FDQ EH VROYHG

XVLQJ /,1*2� DQG IRU WKLV H[DPSOH WKH DVVLJQPHQWV WKDW UHVXOW LQ WKH PLQLPXP

SHQDOW\ DUH HQFORVHG LQ SDUHQWKHVLV LQ 7DEOH ���� 7KH VXP RI WKH SHQDOWLHV IRU WKLV

DVVLJQPHQW� ��� LV D ORZHU ERXQG IRU WKH 763� 7KH DFWXDO PLQLPXP SHQDOW\ IRU WKH

763 RI WKLV H[DPSOH LV ��� ZDV DOVR REWDLQHG XVLQJ /,1*2�

��



&RPSOHWLRQ 7LPH
7DVN � VHF � VHF � VHF � VHF

� ��� � � �

� � ��� � �
� � � � ���

� � � ��� �

7DEOH ���� 3HQDOW\ 7DEOH IRU /RZHU %RXQG &DOFXODWLRQ

����� 3UXQLQJ 5XOH

:LWK XSSHU DQG ORZHU ERXQG GHnQHG� ZH DUH QRZ LQ D SRVLWLRQ WR IRUPDOO\ GHnQH WKH

UXOH XVHG IRU SUXQLQJ� 7KLV UXOH LV LPSRUWDQW WR WKLV ZRUN� VLQFH YDULDWLRQV RI EUDQFK

DQG ERXQG WKDW ZLOO EH LQWURGXFHG LQ ODWHU FKDSWHUV GHSHQG RQ PRGLnFDWLRQV WR WKLV

UXOH� %UDQFKHV DUH SUXQHG DFFRUGLQJ WR WKH IROORZLQJ UXOH� 'HnQH WKH SHQDOW\ DW DQ\

QRGH DV g
Q
� 7KH XSSHU ERXQG RQ WKH RSWLPDO VROXWLRQ LV 8%� ,W FDQ EH GHWHUPLQHG

E\ D KHXULVWLF VROXWLRQ LQLWLDOO\ DQG PRGLnHG E\ EHWWHU VROXWLRQV IRXQG GXULQJ WKH

EUDQFK DQG ERXQG SURFHVV� 7KH ORZHU ERXQG� /%� LV WKH HVWLPDWH RI D VROXWLRQ WR

WKH HQG RI D EUDQFK� :H WKHQ SUXQH LI WKH IROORZLQJ FRQGLWLRQ LV PHW�

gQ � /% ! 8%� �����

%HFDXVH RI WKH HQRUPRXV QXPEHU RI QRGHV WKDW PXVW EH FRQVLGHUHG LQ DOO EXW YHU\

VPDOO SUREOHPV� SUXQLQJ LV QHFHVVDU\ IRU VROYLQJ WKLV SUREOHP HpFLHQWO\�

����� 7HUPLQDWLRQ &RQGLWLRQV

,Q WKH EUDQFK DQG ERXQG DOJRULWKP� QRGHV DUH H[SORUHG XQWLO WKH\ DUH DOO IDWK�

RPHG� WKDW LV DOO EUDQFKHV DUH HLWKHU H[SORUHG WR WKH OHDI QRGH RU GLVFDUGHG DV QRQ�

SURGXFWLYH� ,I� GXULQJ WKH SURFHVV� D VROXWLRQ LV IRXQG WKDW LV EHWWHU WKDQ WKH XSSHU

��



ERXQG� WKLV EHFRPHV WKH EHVW VROXWLRQ DQG WKXV WKH QHZ XSSHU ERXQG� :KHQ DOO

QRGHV KDYH EHHQ IDWKRPHG� WKH DOJRULWKP WHUPLQDWHV ZLWK DQ RSWLPDO VROXWLRQ� 7KH

QXPEHU RI VXE�RSWLPDO VROXWLRQV IRXQG GHSHQGV RQ WKH HmHFWLYHQHVV RI SUXQLQJ VLQFH

ZH VHHN WR SUXQH DOO QRGHV WKDW ZLOO QRW OHDG WR RSWLPDO VROXWLRQV�

2QH RI WKH SUREOHPV ZLWK EUDQFK DQG ERXQG LV WKH WLPH LW PD\ WDNH WR nQG DQ

RSWLPDO VROXWLRQ� ,Q WKH ZRUVW FDVH� QHDUO\ DOO QRGHV PLJKW KDYH WR EH H[SORUHG_

DOWKRXJK WKLV LV XQOLNHO\ WR RFFXU LQ SUDFWLFH� +RZHYHU� ZH FDQ SUXQH DGGLWLRQDO

QRGHV E\ DFFHSWLQJ D VROXWLRQ ZKLFK LV ZLWKLQ VRPH DFFHSWDEOH GLVWDQFH �q� RI WKH

ORZHU ERXQG� 7KLV OHDGV WR DQ DOWHUQDWH WHUPLQDWLRQ FRQGLWLRQ IRU ZKLFK ZH VSHFLI\

WKH GLVWDQFH IURP WKH ORZHU ERXQG GHVLUHG� DQG WKHQ WHUPLQDWH ZKHQ WKLV LV VDWLVnHG�

:H GHnQH q w � WR EH WKH PD[LPXP GLmHUHQFH EHWZHHQ D ORZHU ERXQG DQG D

WHUPLQDWLQJ VROXWLRQ� 7\SLFDOO\� q LV H[SUHVVHG DV D SHUFHQWDJH RI WKH ORZHU ERXQG�

KRZHYHU LQ WKH IRUPXODWLRQV WR IROORZ LW LV DVVXPHG WKDW q KDV EHHQ FRQYHUWHG WR DQ

DEVROXWH YDOXH� :H PRGLI\ WKH SUXQLQJ UXOH RI HTXDWLRQ ����� WR SUXQH D QRGH RQO\

LI LW FRXOG OHDG WR D VROXWLRQ WKDW FRXOG QRW EH EHWWHU WKDQ WKH FXUUHQW XSSHU ERXQG

E\ DQ DPRXQW q�

$V EHIRUH� GHnQH WKH SHQDOW\ DW DQ\ QRGH DV g
Q
� WKH XSSHU ERXQG 8%� DQG WKH

/%� :H WKHQ SUXQH LI WKH IROORZLQJ FRQGLWLRQ LV PHW�

g
Q
� /% � q ! 8% ZKHUH q w �� ������

8VLQJ q� WKH WHUPLQDWLRQ FRQGLWLRQ IRU WKH EUDQFK DQG ERXQG DOJRULWKP LV DV

IROORZV� $OO QRGHV WKDW FDQQRW OHDG WR D VROXWLRQ EHWWHU WKDQ WKH XSSHU ERXQG E\ q

DUH SUXQHG� 7KH DOJRULWKP WHUPLQDWHV DIWHU DOO QRGHV KDYH EHHQ IDWKRPHG�

����� %UDQFK DQG %RXQG 5HVXOWV

6LQFH EUDQFK DQG ERXQG SURGXFHV DQ H[DFW UHVXOW� VLPXODWLRQ LV QRW UHTXLUHG WR

GHWHUPLQH LWV DFFXUDF\� +RZHYHU� ZH GLG SHUIRUP VHYHUDO WHVWV WR GHWHUPLQH WKH

��



DYHUDJH WLPH UHTXLUHG E\ WKH DOJRULWKP WR WHUPLQDWH� ,Q FDOFXODWLQJ D ORZHU ERXQG�

PHWKRG � DQG PHWKRG � �LQ [������ UHVXOWHG LQ DSSUR[LPDWHO\ WKH VDPH QXPEHU RI

QRGHV EHLQJ SUXQHG� %HFDXVH WKLV LV VR GHSHQGHQW RQ WKH VSHFLnF WDVN VHW XVHG

KRZHYHU� ZH GLG QRW WU\ WR WHVW WKLV K\SRWKHVLV� ,QGHHG� WKH UHVXOW LV HDVLO\ FRQWUROOHG

E\ WKH FKDUDFWHULVWLFV RI WKH WDVN VHW XVHG� :H GLG PHDVXUH WKH SURFHVVLQJ WLPH

RI PHWKRG � DORQH� WKHQ WKH SURFHVVLQJ WLPH IRU PHWKRG � DQG PHWKRG � WRJHWKHU�

0HWKRG � UHTXLUHG PRUH SURFHVVLQJ WKDQ PHWKRG �� VR ZH IRXQG WKDW WKH JDLQV GXH

WR LQFUHDVHG SUXQLQJ ZKHUH ORVW WR WKH DGGLWLRQDO WLPH WR FDOFXODWH WKH ORZHU ERXQG�

7KH EUDQFK DQG ERXQG DOJRULWKP XVLQJ PHWKRG � �ORZHU ERXQG E\ WKH DVVLJQ�

PHQW SUREOHP� ZDV IRXQG WR EH EHWWHU LQ WKH QXPEHU RI QRGHV SUXQHG� 7KH SHU�

IRUPDQFH JDLQ� ZLWK UHVSHFW WR DGGLWLRQDO QRGHV SUXQHG ZDV GHWHUPLQHG WKURXJK

VLPXODWLRQ� ([HFXWLQJ WKH EUDQFK DQG ERXQG DOJRULWKP� QRGHV ZHUH WHVWHG IRU SUXQ�

LQJ E\ PHWKRG � DQG PHWKRG �� LI WKH QRGH GLG QRW PHHW WKH FULWHULD IRU SUXQLQJ�

WKHQ WKH QRGH ZDV WHVWHG XVLQJ PHWKRG � IRU nQGLQJ WKH ORZHU ERXQG� $ FRXQW ZDV

NHSW RI QRGHV WKDW PHW WKH FULWHULD IRU SUXQLQJ XVLQJ PHWKRG �� EXW GLG QRW PHHW WKH

FULWHULD RI PHWKRGV � DQG �� 5HVXOWV VKRZHG WKDW WKH ORZHU ERXQG XVLQJ PHWKRG �

SUXQHG DQ DGGLWLRQDO ������ RYHU WKH RWKHU PHWKRGV� $ JHQHUDO DOJRULWKP ZDV XVHG

WR VROYH WKH DVVLJQPHQW SUREOHP� DQG QR HmRUW ZDV PDGH WR RSWLPL]H WKH DOJRULWKP

LWVHOI� 7KXV ZH GR PDNH DQ\ FODLP DERXW SHUIRUPDQFH ZLWK UHVSHFW WR SURFHVVLQJ

WLPH� 7KLV WHVWLQJ ZDV SULPDULO\ WR VKRZ WKH HmHFWLYHQHVV RI XVLQJ WKH DVVLJQPHQW

SUREOHP IRU FRPSXWLQJ WKH ORZHU ERXQG DQG WKH HmHFW RQ VWDWH VSDFH UHGXFWLRQ�

7KH WLPH UHTXLUHG WR SHUIRUP D EUDQFK DQG ERXQG VHDUFK LV� RI FRXUVH� GHSHQGHQW

RQ WKH QXPEHU RI WDVNV� )RU D VLPSOH HQXPHUDWLYH VHDUFK� ZH ZRXOG H[SHFW WKH WLPH WR

EH QRQ�SRO\QRPLDO DQG SURSRUWLRQDO WR 2�Q��� 7KURXJK SUXQLQJ� EUDQFK DQG ERXQG

VKRXOG EH VLJQLnFDQWO\ EHWWHU� 6LPXODWLRQ ZDV XVHG WR PHDVXUH WKH HmHFWLYHQHVV RI

SUXQLQJ� DQG DV H[SHFWHG� EUDQFK DQG ERXQG� RQ DYHUDJH� SHUIRUPHG PXFK EHWWHU

WKDQ HQXPHUDWLYH VHDUFK� 7KH UHVXOWV DUH VKRZQ LQ )LJXUH ���� 7KH VHDUFK WLPH LV

��



OHVV WKDQ Q� EXW JUHDWHU WKDQ Q
� ZLWK UHVSHFW WR WKH QXPEHU RI WDVNV �Q��

)LJXUH ���� %UDQFK DQG %RXQG 3URFHVVLQJ 7LPH

7KH XVH RI HSVLORQ �q� ZDV XVHG WR UHGXFH WKH VHDUFK VSDFH� ZLWK WKH H[SHFWDWLRQ

WKDW SURFHVVLQJ WLPH ZRXOG DOVR GHFUHDVH� 8VLQJ q HTXDO WR �� RI WKH RSWLPDO REMHFWLYH

YDOXH� IRU H[DPSOH� GHFUHDVHG WKH VHDUFK WLPH E\ DERXW ��� LQ D VLPXODWLRQ RI ���

SUREOHP VHWV� 6LPLODU UHVXOWV ZKHUH IRXQG ZKHQ q ZDV LQFUHDVHG IURP �� WR ��

WKHQ WR ���� %H\RQG WKDW� LQFUHDVLQJ q WR ��� UHVXOWHG LQ D VPDOOHU LPSURYHPHQW LQ

SURFHVVLQJ WLPH�

7KH EUDQFK DQG ERXQG WHFKQLTXH� DV RXWOLQHG DERYH� LV JXDUDQWHHG WR nQG WKH

RSWLPDO VROXWLRQ� $ OLPLWDWLRQ RI WKH EUDQFK DQG ERXQG LV WKDW WKH WLPH UHTXLUHG WR

nQG D VROXWLRQ LV QRW D SRO\QRPLDO IXQFWLRQ RI WDVN VHW VL]H� ,Q WKH ZRUVW FDVH� SUR�

FHVVLQJ WLPH LV SURSRUWLRQDO WR Q�� +RZHYHU� E\ HpFLHQW SUXQLQJ RI QRGHV� ZH IRXQG

��



WKDW D VROXWLRQ IRU WDVN VHWV RI WZHQW\ WDVNV FDQ EH IRXQG LQ D VKRUW WLPH� 3UXQLQJ

GHSHQGV RQ WKH DFFXUDWH FDOFXODWLRQ RI ORZHU ERXQG� :H KDYH SUHVHQWHG VHYHUDO PHWK�

RGV RI GRLQJ WKLV� DQG REVHUYHG WKDW E\ VROYLQJ WKH $3 �DVVLJQPHQW SUREOHP� PRUH

QRGHV DUH SUXQHG� +RZHYHU� DQ HpFLHQW LPSOHPHQWDWLRQ RI WKLV PHWKRG LV UHTXLUHG

WR FRPSHQVDWH IRU WKH WLPH UHTXLUHG WR FRPSXWH D VROXWLRQ WR WKH $3�

��� +HXULVWLF

:KLOH LQWHJHU SURJUDPPLQJ DQG EUDQFK DQG ERXQG SURYLGH D PHWKRG RI REWDLQLQJ

H[DFW VROXWLRQV� ODUJHU SUREOHPV EHFRPH GLpFXOW WR VROYH LQ D UHDVRQDEOH DPRXQW RI

WLPH� 5HJDUGOHVV RI WKH HQKDQFHPHQWV WR EUDQFK DQG ERXQG� DW VRPH SRLQW� WKH QXP�

EHU RI WDVNV VLPSO\ EHFRPHV RYHUZKHOPLQJ� )RU ODUJHU SUREOHPV LW LV RIWHQ GHVLUDEOH

WR XVH D KHXULVWLF WKDW SURYLGHV D JRRG VROXWLRQ� EXW LQ D JUHDWO\ UHGXFHG DPRXQW RI

WLPH�

7KH IROORZLQJ KHXULVWLF KDV EHHQ GHYHORSHG IRU WKLV SUREOHP� ,Q HDFK VWHS RI WKLV

DOJRULWKP� D WDVN LV VHOHFWHG WR nOO WKH ODVW XQDVVLJQHG SRVLWLRQ LQ WKH VHTXHQFH� 7KHUH

DUH VHYHUDO DWWULEXWHV RI D WDVN WKDW ZRXOG PDNH LW D FDQGLGDWH WR EH VFKHGXOHG ODVW�

7KLV FDQ EH PRUH HDVLO\ VHHQ LI ZH FRQVLGHU VHYHUDO VLPSOH FDVHV RI SHQDOW\ IXQFWLRQV

ZKLFK DUH LOOXVWUDWHG LQ )LJXUH ����

=HUR 6ORSH� ,Q WKLV FDVH� DOO WDVNV DUH HTXDOO\ VXLWDEOH WR EH VFKHGXOHG ODVW� ,I DOO

WDVNV KDYH D SHQDOW\ IXQFWLRQ ZKLFK LV FRQVWDQW IRU DOO FRPSOHWLRQ WLPHV �?]HUR VORSH�

VKRZQ LQ )LJXUH ����� WKHQ DOO VFKHGXOHV ZLOO SURGXFH WKH VDPH REMHFWLYH YDOXH� 7KLV

LV WUXH UHJDUGOHVV RI WKH YDOXH RI WKH SHQDOW\ IXQFWLRQ� 7KLV LV HDVLO\ SURYHQ� &RQVLGHU

DQ\ DUELWUDU\ VFKHGXOH RI Q WDVNV DQG FRPSXWH WKH WRWDO SHQDOW\� ,QWHUFKDQJLQJ DQ\

WZR WDVNV KDV QR HmHFW RQ WKH WRWDO SHQDOW\� VLQFH WKH SHQDOW\ IRU DQ\ WDVN LV D

FRQVWDQW UHJDUGOHVV RI FRPSOHWLRQ WLPH�

��



(TXDO 6ORSH� 6DPH 3URFHVVLQJ 7LPHV� 7KH DERYH UHVXOW FDQ EH H[WHQGHG WR

WKH FDVH LI DOO WDVNV KDYH WKH VDPH SURFHVVLQJ WLPH DQG DOO WDVNV KDYH D OLQHDU IXQFWLRQ

ZLWK HTXDO VORSHV DV VKRZQ LQ )LJXUH ���� 7KH UHVXOW LV VDPH DV DERYH� &KRRVH DQ\

DUELWUDU\ VFKHGXOH DQG LQWHUFKDQJH DQ\ WZR WDVNV� 7KH LQFUHDVH LQ SHQDOW\ IRU RQH

WDVN LV H[DFWO\ RmVHW E\ WKH GHFUHDVH LQ WKH RWKHU�

,I� KRZHYHU� WKH SURFHVVLQJ WLPH IRU WDVNV LV QRW HTXDO� WKHQ LQWHUFKDQJLQJ WDVNV

ZLOO SURGXFH D GLmHUHQW REMHFWLYH YDOXH�

)LJXUH ���� 6LPSOLnHG 3HQDOW\ )XQFWLRQV

(TXDO 6ORSH� 'LmHUHQW 3URFHVVLQJ 7LPHV� ,Q WKH FDVH ZKHUH WKH SHQDOW\ IXQF�

WLRQV KDYH HTXDO QRQ�GHFUHDVLQJ VORSHV �VHH )LJXUH ����� WKHQ LQ WKH FDVH ZKHUH SUR�

FHVVLQJ WLPHV DUH GLmHUHQW� DQ RSWLPDO VFKHGXOH FDQ EH SURGXFHG E\ VFKHGXOLQJ WKH

WDVN ZLWK WKH ORQJHVW SURFHVVLQJ WLPH ODVW� $V SURRI� FRQVLGHU DQ\ DUELWUDU\ VFKHGXOH

��



RI WDVNV� ([FKDQJH DQ\ WZR DGMDFHQW WDVNV� 7KH FRPSOHWLRQ WLPH RI WKH WDVN WKDW

RFFXUV ODVW GRHV QRW FKDQJH DIWHU WKH H[FKDQJH� +RZHYHU� DVVXPLQJ WKH ORQJHU WDVN

LV ODVW SULRU WR WKH H[FKDQJH� WKH FRPSOHWLRQ WLPH RI WKH WDVN ZKLFK RFFXUV nUVW ZLOO

RFFXU ODWHU DIWHU WKH H[FKDQJH� 7KXV� WKH LQFUHDVH LQ SHQDOW\ RI WKH WDVN QRZ ODVW

LV OHVV WKDQ WKH GHFUHDVH LQ SHQDOW\ RI WKH WDVN QRZ nUVW� $Q\ H[FKDQJH RI DGMDFHQW

WDVNV WKDW PRYHV WKH VKRUWHU WDVN WR D SRVLWLRQ HDUOLHU LQ WKH VFKHGXOH ZLOO GHFUHDVH

WKH WRWDO SHQDOW\�

8QHTXDO 6ORSHV� 6DPH 3URFHVVLQJ 7LPHV� &RQVLGHU OLQHDU SHQDOW\ IXQFWLRQV

IRU WDVNV ZKHUH WKH QRQ�GHFUHDVLQJ OLQHDU VORSH RI WKH GLmHUV IRU HDFK WDVN� DV VKRZQ

LQ )LJXUH ���� ,I DOO WDVNV KDYH DQ HTXDO SURFHVVLQJ WLPH� WKHQ DQ RSWLPDO VFKHGXOH

FDQ EH IRUPHG E\ FKRRVLQJ WKH WDVN ZLWK WKH ORZHVW VORSH ODVW� $JDLQ� FKRRVH DQ

DUELWUDU\ VFKHGXOH� ,QWHUFKDQJH DQ\ WZR WDVNV VXFK WKDW WKH VORSH RI WKH HDUOLHU WDVN

LV ORZHU WKDQ WKH VORSH RI WKH ODWHU WDVN� 7KXV� WKH LQFUHDVH RI WKH HDUOLHU WDVN ZKHQ

PRYHG WR WKH ODWHU SRVLWLRQ ZLOO EH OHVV WKDQ WKH GHFUHDVH RI WKH ODWHU WDVN ZKHQ LW

LV PRYHG WR WKH HDUOLHU SRVLWLRQ VLQFH PRYLQJ D WDVN ZLWK D VPDOOHU VORSH UHVXOWV LQ D

VPDOOHU FKDQJH LQ SHQDOW\� 0RYLQJ WKH WDVNV ZLWK WKH ORZHVW VORSHV WR WKH HQG RI WKH

VHTXHQFH ZLOO SURYLGH WKH RSWLPDO VFKHGXOH�

6LQJOH 6WHS� :H QRZ FRQVLGHU D SHQDOW\ IXQFWLRQ ZKLFK LV D VLQJOH VWHS IXQFWLRQ�

DQG DJDLQ WKLV LV VKRZQ LQ )LJXUH ���� 7KH VWHS IXQFWLRQ KDV D SHQDOW\ YDOXH RI

]HUR SULRU WR WKH GHDGOLQH DQG D QRQ�]HUR SRVLWLYH YDOXH DW DQG DIWHU WKH GHDGOLQH�

$VVXPH WKDW DOO WDVNV KDYH WKH VDPH YDOXH DIWHU WKH GHDGOLQH� EXW WDVNV PD\ KDYH

GLmHUHQW SURFHVVLQJ WLPHV� 7KLV PRGHO LV LGHQWLFDO WR WDVNV ZLWK GHDGOLQHV ZKHUH WKH

SHUIRUPDQFH PHDVXUH LV WKH QXPEHU RI GHDGOLQHV PLVVHG� (DUOLHVW GHDGOLQH GXH �(''�

ZLOO FUHDWH D VFKHGXOH ZLWK ]HUR SHQDOW\ LI VXFK D VFKHGXOH H[LVWV� ,I QR VFKHGXOH ZLWK

]HUR SHQDOW\ H[LVWV� WKHQ D GLmHUHQW PHWKRG LV UHTXLUHG� 6FKHGXOH WDVNV FKRRVLQJ

��



WKH WDVN ZLWK WKH HDUOLHVW GHDGOLQH� ,I WKH GHDGOLQH LV PHW� FRQWLQXH E\ FKRRVLQJ

WKH VHFRQG WDVN LQ WKH VHTXHQFH IURP WKH UHPDLQLQJ VHW RI WDVNV ZLWK WKH HDUOLHVW

GHDGOLQH� ,I WKH WDVN H[FHHGV LWV GHDGOLQH� LW LV WKHQ VFKHGXOHG ODVW >:LQ��@� 7KLV

SURFHVV LV FRQWLQXHG XQWLO DOO WDVNV KDYH EHHQ VFKHGXOHG� ,I WDVN SHQDOW\ YDOXHV DIWHU

WKH GHDGOLQH DUH QRW HTXDO� WKHQ WKLV SUREOHP LV DQ LQVWDQFH RI WKH NQDSVDFN SUREOHP�

7KH SXUSRVH RI WKH DERYH FODVVHV RI SHQDOW\ IXQFWLRQV LV WR VKRZ WKDW GLmHUHQW

FKDUDFWHULVWLFV VXJJHVW GLmHUHQW VFKHGXOLQJ FULWHULD� 1RWLFH WKDW WDVNV ZLWK GLVFRQ�

WLQXRXV IXQFWLRQV �WKH VWHS IXQFWLRQ KHUH� PXVW EH VFKHGXOHG GLmHUHQWO\ WKDQ WDVNV

ZLWK FRQWLQXRXV SHQDOW\ IXQFWLRQV DOWKRXJK WKH\ DSSHDU WR EH VLPLODU WR WKH FRQWLQ�

XRXV IXQFWLRQV� :KLOH QRW DOO RI WKHVH FKDUDFWHULVWLFV H[DFWO\ DSSO\ WR WKH PXOWLSOH

VWHS IXQFWLRQ WKDW XVHG LQ WKLV PRGHO� KRZHYHU� VRPH RI WKHVH FKDUDFWHULVWLFV FDQ EH

LQIHUUHG�

)RU WKH SUREOHP WKDW ZH DUH FRQVLGHULQJ KHUH� WKH SHQDOW\ IXQFWLRQV PD\ EH FRP�

ELQDWLRQV RI WKH FKDUDFWHULVWLFV GLVFXVVHG DERYH� 7KH GLVFUHWH SHQDOW\ IXQFWLRQ WKDW

ZH SURSRVH FDQ EH UHOD[HG WR DSSUR[LPDWH D FRQWLQXRXV IXQFWLRQ� ZKLFK LV DFFRP�

SOLVKHG E\ OLQHDU LQWHUSRODWLRQ EHWZHHQ WKH VWHSV RI WKH SHQDOW\ IXQFWLRQ� )LJXUH ���

VKRZV KRZ WKLV LV GRQH� 6XFK D UHOD[DWLRQ KDV VRPH EHQHnW LQ VFKHGXOLQJ WDVNV� EXW

IURP WKH DERYH GLVFXVVLRQ� LW LV FOHDU WKDW WKH LQWHUSRODWHG IXQFWLRQ LV QRW HTXLYDOHQW

WR WKH RULJLQDO� :KLOH QR VLQJOH DSSURDFK XVLQJ VLPSOLnHG IXQFWLRQV DSSOLHV� DOO FDQ

EH XVHG LQ D VFKHGXOLQJ VWUDWHJ\� DQG ZH SURSRVH WR XVH D FRPELQDWLRQ RI VHYHUDO

NH\ FULWHULD� 2I FRXUVH� DQ RSWLPDO VROXWLRQ FDQQRW EH IRXQG LQ SRO\QRPLDO WLPH DV

WKH SUREOHP DV GHVFULEHG LQ [����� LV 13�KDUG� $OWHUQDWLYHO\� DQ\ KHXULVWLF WKDW

H[HFXWHV LQ SRO\QRPLDO WLPH FDQQRW JXDUDQWHH DQ RSWLPDO VROXWLRQ� 6XFK LV WKH FDVH

ZLWK RXU KHXULVWLF�

&RPELQLQJ WKHVH VWUDWHJLHV� ZH SUHVHQW D FRPSRVLWH KHXULVWLF� 7KH VFKHGXOH DV�

VLJQV WDVNV WR D SRVLWLRQ� EHJLQQLQJ ZLWK WKH ODVW SRVLWLRQ LQ WKH VHTXHQFH� $ OLVW

��



)LJXUH ���� ,QWHUSRODWHG 3HQDOW\ )XQFWLRQV

LV FRQVWUXFWHG E\ UDQNLQJ DOO XQVFKHGXOHG WDVNV EDVHG RQ SURFHVVLQJ WLPH� SHQDOW\

IXQFWLRQ VORSH DQG YDOXH DW WKH FRPSOHWLRQ WLPH IRU WKH SRVLWLRQ EHLQJ VFKHGXOHG�

5HIHUULQJ WR WKH PRGHO JLYHQ LQ [������ ZH VHHN WR nQG D VHTXHQFH RI WDVNV ZKLFK

PLQLPL]HV WKH VXP RI WKH SHQDOWLHV IRU HDFK WDVN�

7KH KHXULVWLF FUHDWHV D VHTXHQFH E\ DVVLJQLQJ WR WDVNV WR WKH ODVW XQDVVLJQHG

SRVLWLRQ LQ WKH VHTXHQFH� ,Q VFKHGXOLQJ D WDVN LQ WKH QH[W XQDVVLJQHG SRVLWLRQ LQ WKH

VHTXHQFH� WKH KHXULVWLF XVHV WKH VXP RI WKUHH FKDUDFWHULVWLFV IRU HDFK WDVN� 7KHVH

FKDUDFWHULVWLFV DUH FRPSXWHG IRU WKH FRPSOHWLRQ WLPH RI WKH SRVLWLRQ WR EH nOOHG�

7DVNV DUH DVVLJQHG YDOXHV EDVHG RQ WKH IROORZLQJ FKDUDFWHULVWLFV� VKRUWHU SURFHVVLQJ

WLPH� ORZHU VORSH DQG ORZHU SHQDOW\� ,Q FDOFXODWLQJ WKH VORSH� WKH VWHS IXQFWLRQ

SHQDOW\ IXQFWLRQ LV UHSODFHG ZLWK D SLHFHZLVH OLQHDU IXQFWLRQ VXFK WKDW EUHDNSRLQWV RI

WKH IXQFWLRQ DUH WKH SHQDOW\ YDOXHV DW WKH GHDGOLQHV RI WKH RULJLQDO VWHS IXQFWLRQ �UHFDOO

��



)LJXUH ����� 8VLQJ WKLV QHZ IXQFWLRQ� D VORSH FDQ EH FDOFXODWHG DW WKH FRPSOHWLRQ

WLPH RI WKH SRVLWLRQ WR EH VFKHGXOHG� 7DVNV DUH UDQNHG EDVHG RQ WKH ZHLJKWHG VXP

RI WKHVH WKUHH FKDUDFWHULVWLFV� 7KH WDVN ZLWK WKH EHVW �ORZHVW LQ WKLV FDVH� UDQNLQJ LV

DVVLJQHG WR WKH SRVLWLRQ�

)RU WKLV KHXULVWLF� ZH GHnQH VHYHUDO DGGLWLRQDO SDUDPHWHUV� /HW 8 EH WKH VHW RI

XQVFKHGXOHG WDVNV DQG 7 WKH WRWDO SURFHVVLQJ WLPH RI WDVNV LQ 8 � ,QLWLDOO\� 8 FRQWDLQV

DOO WDVNV� WKDW LV 8  I� � � � QJ

1H[W� OHW 3LF GHQRWH WKH SHQDOW\ RI FRPSOHWLQJ WDVN L DW FRPSOHWLRQ WLPH F� $

?UHOD[HG� SHQDOW\ IXQFWLRQ 3 �

LF
LV DOVR GHnQHG� 7KLV IXQFWLRQ UHWXUQV D YDOXH RI SHQDOW\

WKDW LV D OLQHDU LQWHUSRODWLRQ RI SHQDOW\ YDOXH IRU FRPSOHWLRQ WLPHV WKDW IDOO EHWZHHQ

GHDGOLQHV� $JDLQ� UHIHU WR )LJXUH ��� ZKLFK VKRZV ERWK WKH DFWXDO SHQDOW\ IXQFWLRQ

DQG UHOD[HG SHQDOW\ IXQFWLRQ� 3LF LV QRUPDOL]HG E\ GLYLGLQJ LW E\ WKH PD[LPXP YDOXH

RI 3LF RYHU DOO XQVFKHGXOHG WDVNV DW HDFK FRPSOHWLRQ WLPH�

$ ?VORSH� SDUDPHWHU PL IRU WDVN L LV XVHG E\ WKH KHXULVWLF WR FRQVLGHU WKH FKDQJH

LQ SHQDOW\ IRU FKDQJH LQ FRPSOHWLRQ WLPH� 7KH VORSH LV FDOFXODWHG DV WKH FKDQJH LQ

UHOD[HG SHQDOW\ 3
�

LF
EHWZHHQ WKH FXUUHQW FRPSOHWLRQ WLPH� DQG WKH FRPSOHWLRQ WLPH

OHVV WKH WDVN SURFHVVLQJ WLPH� 7KLV GLmHUHQFH LV GLYLGHG E\ WKH WDVN SURFHVVLQJ WLPH�

PL  
3

�

LF
b 3

�

L�FbWL�

WL
�

,W LV LQWHQGHG WR ERWK FDSWXUH WKH LPSOLHG VORSH RI WKH SHQDOW\ IXQFWLRQ LQ WKH UHJLRQ

RI WKH FXUUHQW FRPSOHWLRQ WLPH DQG WKH WDVN SURFHVVLQJ WLPH� 7KLV LV FDOFXODWHG IRU

HDFK WDVN DW HDFK VFKHGXOLQJ GHFLVLRQ�

$ VFKHGXOH 6 LV FUHDWHG E\ FKRRVLQJ D WDVN IURP WKH XQVFKHGXOHG VHW� 8 � ,QLWLDOO\�

8 FRQWDLQV DOO WDVNV� ZKLOH 6 LV HPSW\� $OVR� EHJLQ ZLWK WKH ODVW WDVN� Q  1 � 7KH

IROORZLQJ LV WKH KHXULVWLF WR FUHDWH D VFKHGXOH 6�

��



q 6WHS �� 7R FKRRVH WKH WDVN WR EH H[HFXWHG QH[W� Q� nUVW FRPSXWH WKH FRPSOH�

WLRQ WLPH DV�

F
Q
 
;

L�8

WL

q 6WHS �� 5DQN WDVNV E\ WKH IROORZLQJ PHWULF�

9L  m3LFQ
� n6LFQ

q 6WHS �� &KRRVH WDVN ZLWK ORZHVW YDOXH RI 9L� DQG SODFH DW EHJLQQLQJ RI VHTXHQFH

LQ 6� 5HPRYH WKH WDVN IURP 8 � 'HFUHPHQW Q�

q 6WHS �� 5HSHDW 6WHSV � WKURXJK � XQWLO 8 LV HPSW\�

7KH ZHLJKWLQJ IDFWRUV� m DQG n DUH GHWHUPLQHG HPSLULFDOO\� $ PRUH FRPSOHWH

GHnQLWLRQ RI WKLV KHXULVWLF LV SUHVHQWHG LQ SVHXGRFRGH IRUP LQ $SSHQGL[ $�

��� &RPSXWDWLRQDO 5HVXOWV

$ QXPEHU RI VLPXODWLRQV ZHUH UXQ WR GHWHUPLQH WKH HmHFWLYHQHVV RI WKLV KHXULVWLF�

7DVN VHWV ZHUH UDQGRPO\ JHQHUDWHG� WKH QXPEHU RI WDVNV WKH QXPEHU RI GHDGOLQHV� WKH

WLPH RI WKH GHDGOLQHV� DQG WKH SHQDOW\ DVVRFLDWHG ZLWK WKH GHDGOLQH ZHUH DOO FKRVHQ

XVLQJ D UDQGRP IXQFWLRQ� 7KH FRPSRVLWH KHXULVWLF ZDV XVHG WR FRQVWUXFW D VFKHGXOH�

)RU FRPSDULVRQ� DGGLWLRQDO KHXULVWLFV ZHUH DOVR HPSOR\HG� 7KHVH DGGLWLRQDO KHXULVWLFV

IRFXVHG RQ RQH RI WKH FKDUDFWHULVWLFV GLVFXVVHG DERYH� IRU H[DPSOH ?VORSH��

5DQGRP 7DVN 6HWV� )RU HDFK VROXWLRQ� D WDVN VHW LV UHTXLUHG� $ WDVN VHW ZDV

UDQGRPO\ JHQHUDWHG ZLWK WKH FKDUDFWHULVWLFV VKRZQ LQ 7DEOH ���� 7KH ERXQGV� IRU

H[DPSOH 8�� ^ ��� DUH VWRUHG LQ D nOH� ZKLFK DOORZV WKHP WR EH HDVLO\ FKDQJHG IRU

VSHFLnF WHVWV� $V LQ 7DEOH ��� WKH QRWDWLRQ 8�� ^ ���� PHDQV WKDW WKH UDQGRP YDOXHV

IRU WKLV DWWULEXWH DUH GLVWULEXWHG XQLIRUPO\ IURP � WR ���

��



7DVN $WWULEXWH 'LVWULEXWLRQ

1XPEHU RI 7DVNV 8�� ^ ���
1XPEHU RI 'HDGOLQHV 8�� ^ ��
7DVN 3URFHVVLQJ 7LPH 8�� ^ ���
3HQDOW\ ,QFUHPHQW 8�� ^ ��
)LUVW 'HDGOLQH EHIRUH &RPSOHWLRQ 7LPH 8�� ^ ���
/DVW 'HDGOLQH DIWHU &RPSOHWLRQ 7LPH 8�� ^ ���

7DEOH ���� 5DQGRP 'LVWULEXWLRQ RI 7DVN $WWULEXWHV

7KH SHQDOW\ DW HDFK GHDGOLQH ZDV GHWHUPLQHG E\ DGGLQJ WKH ?SHQDOW\ LQFUHPHQW�

WR WKH SHQDOW\ DW WKH SUHYLRXV GHDGOLQH �RU DGG WR ]HUR IRU WKH nUVW GHDGOLQH�� 7KH

WLPHV IRU GHDGOLQHV DUH EDVHG RQ WKH FRPSOHWLRQ WLPH RI WKH WDVN DQG DVVXPH DQ

DUELWUDU\ VFKHGXOH �D UDQGRP RUGHULQJ RI WDVNV�� 7KHVH WLPHV DUH H[SUHVVHG DV WKH

DPRXQW RI WLPH WKH nUVW GHDGOLQH RFFXUV EHIRUH WKH FRPSOHWLRQ WLPH� DQG WKH DPRXQW

RI WLPH ODVW SHQDOW\ RFFXUV DIWHU WKH FRPSOHWLRQ WLPH� 8VLQJ WKHVH DWWULEXWHV DQG

WKH UDQGRP YDOXHV JHQHUDWHG� D XQLTXH SUREOHP VHW LV JHQHUDWHG IRU WKH VFKHGXOLQJ

VLPXODWLRQ�

7KH oRZ GLDJUDP IRU WKH VLPXODWLRQ �DS EDW�H[H� LV VKRZQ LQ )LJXUH ���� 7KH

SURJUDP DFWXDOO\ VSDZQV WKUHH SURJUDPV� LQFOXGLQJ OS�H[H� D SURJUDP WKDW JHQHUDWHV

DQ LQVWDQFH RI D GDWD VHW �WVS�OGW� IURP WKH VSHFLnFDWLRQ nOH �WHVW�VSF�� $ QHZ

WHVW VHW LV JHQHUDWHG RQ HDFK SDVV� 7KH SURJUDP OS�H[H WKHQ SHUIRUPV D EUDQFK DQG

ERXQG VROXWLRQ DQG UXQV IRXU KHXULVWLFV� 7KH UHVXOWV DUH DSSHQGHG WR WKH GDWD VHW nOH

�WVS�OGW�� /,1*2 LV WKH VHFRQG SURJUDP WR UXQ� LW UHDGV D PRGHO �WVS�OQJ� DORQJ

ZLWK WKH GDWD �WVS�OGW�� /,1*2 VWRUHV WKH VROXWLRQ REMHFWLYH DQG VHTXHQFH LQ WZR

nOHV �REM�GDW DQG VROX�GDW UHVSHFWLYHO\�� /,1*2 LV QRW H[HFXWHG IRU WDVNV VHWV RI

JUHDWHU WKDQ �� WDVNV� )LQDOO\� WKH WKLUG SURJUDP� VWRUH�H[H� LV UXQ� ,W UHDGV UHVXOWV

IURP WKH WKUHH GDWD nOHV� WVS�OGW� REM�GDW DQG VROX�GDW� 'DWD IURP WKHVH nOHV

LV SDUVHG DQG DSSHQGHG WR D FRPPD�GHOLPLWHG nOH �UHVXOWV�FVY�� UHVXOWV�FVY LV

��



GLUHFWO\ UHDGDEOH E\ WKH VSUHDGVKHHW SURJUDP� ([FHO�� ([FHO LV XVHG WR DQDO\]H WKH

GDWD IROORZLQJ WKH FRPSOHWLRQ RI WKH VLPXODWLRQ� 3DUDPHWHUV DUH SDVVHG WR WKH KLJK

OHYHO SURJUDP DS EDW�H[H WKDW VSHFLI\ WKH QXPEHU RI LWHUDWLRQV� WKH FRPSRQHQWV WR

EH H[HFXWHG DQG VHYHUDO RWKHU SDUDPHWHUV WR FRQWURO WKH VLPXODWLRQ� 7\SLFDOO\� RXU

VLPXODWLRQ WHVW UXQV LQFOXGH DW OHDVW ���� LWHUDWLRQV�

)LJXUH ���� 6LPXODWLRQ )ORZFKDUW

7KH UDQGRPO\ JHQHUDWHG WDVN VHW ZDV SURFHVVHG E\ WKH EUDQFK DQG ERXQG DOJR�

ULWKP GLVFXVVHG DERYH IRU DQ H[DFW VROXWLRQ� 7R NHHS SURFHVVLQJ WLPH UHDVRQDEOH�

WDVN VHWV ZHUH OLPLWHG WR IHZHU WKDQ WZHQW\ WDVNV�

)RU HDFK WDVN VHW UDQGRPO\ JHQHUDWHG� WKH IROORZLQJ UHVXOWV ZHUH REWDLQHG DQG

�([FHO LV D UHJLVWHUHG WUDGHPDUN RI WKH 0LFURVRIW &RUSRUDWLRQ

��



VWRUHG DV RQH URZ LQ WKH UHVXOWV nOH� UHVXOWV�FVY�

q $ OLVWLQJ RI WKH WDVN VHW�

q 7KH REMHFWLYH YDOXH DQG VHTXHQFH JHQHUDWHG E\ KHXULVWLF ��� 7KLV FRPSRVLWH

KHXULVWLF VFKHGXOHV E\ WKH ZHLJKWHG VXP RI DEVROXWH SHQDOW\ DQG SHQDOW\ VORSH�

q 7KH REMHFWLYH YDOXH DQG VHTXHQFH JHQHUDWHG E\ KHXULVWLF ��� 7KLV KHXULVWLF

XVHV D UHOD[HG SHQDOW\� WKHQ VFKHGXOHV E\ ORZHVW SHQDOW\ nUVW�

q 7KH REMHFWLYH YDOXH DQG VHTXHQFH JHQHUDWHG E\ KHXULVWLF ��� 7KLV KHXULVWLF

XVHV SHQDOW\� WKHQ VFKHGXOHV E\ ORZHVW SHQDOW\ nUVW�

q 7KH REMHFWLYH YDOXH DQG VHTXHQFH JHQHUDWHG E\ KHXULVWLF ��� 7KLV KHXULVWLF

XVHV WKH VORSH LQ WKH UHJLRQ RI WKH FRPSOHWLRQ WLPH� WKHQ VFKHGXOHV E\ JUHDWHVW

VORSH nUVW�

q 7KH REMHFWLYH YDOXH DQG VHTXHQFH JHQHUDWHG E\ KHXULVWLF ��� 7KLV KHXULVWLF XVHV

WKH SURFHVVLQJ WLPH RI HDFK WDVN� 6KRUWHVW SURFHVVLQJ WLPH WDVNV DUH VFKHGXOHG

nUVW�

q 7KH REMHFWLYH YDOXH DQG VHTXHQFH JHQHUDWHG E\ EUDQFK DQG ERXQG� 7DVNV

DUH VFKHGXOHG LQ DFFRUGDQFH ZLWK WKH UHVXOWV RI WKH EUDQFK DQG ERXQG VHDUFK�

$OVR OLVWHG LV WKH QXPEHU RI FXWV RU QRGHV SUXQHG E\ WKH EUDQFK DQG ERXQG

DOJRULWKP�

7KH UHVXOWV DUH VKRZQ LQ )LJXUH ���� ZKLFK VKRZV WKH GLVWULEXWLRQ RI KHXULVWLF

HUURUV� )RU WKLV SORW� WKH PLQLPXP REMHFWLYH IRXQG E\ DQ\ KHXULVWLF ZDV FRPSDUHG

WR WKH RSWLPDO REMHFWLYH REWDLQHG E\ EUDQFK DQG ERXQG� 7KH SORW RI )LJXUH ��� LV D

KLVWRJUDP ZKLFK VKRZV WKH QXPEHU RI RFFXUUHQFHV �IUHTXHQF\ RI WDVNV� IRU HDFK YDOXH

RI HUURU �GLmHUHQFH EHWZHHQ RSWLPDO DQG KHXULVWLF REMHFWLYH YDOXH�� :KLOH LQ QHDUO\

��



DOO FDVHV WKH KHXULVWLF SHUIRUPHG TXLWH ZHOO� WKHUH DUH D VPDOO QXPEHU RI FDVHV ZKHUH LW

SHUIRUPHG SRRUO\� 7KLV LV D UHVXOW RI WKH KHXULVWLF XVLQJ VSHFLnF FKDUDFWHULVWLFV RI WDVN

SHQDOWLHV WR FKRRVH WDVNV IRU WKH VHTXHQFH� )RU WDVN VHWV ZKHUH WKHVH FKDUDFWHULVWLFV

GR QRW FRUUHODWH ZLWK WKH EHVW VHTXHQFH� WKH KHXULVWLF ZLOO QRW SHUIRUP ZHOO� 7KXV� ZH

FRQFOXGH WKH KHXULVWLF LV XVHIXO� DQG DV H[SHFWHG� SHUIRUPDQFH FDQQRW EH JXDUDQWHHG�

)LJXUH ���� +LVWRJUDP� +HXULVWLF $FFXUDF\

7KH UHVXOWV RI WKH VLPXODWLRQ DUH XVHIXO RQO\ WR WKH H[WHQW WKDW WKH WDVN VHWV DUH

UHSUHVHQWDWLYH WKH DFWXDO WDVN VHWV WKDW ZLOO EH XVHG E\ WKH KHXULVWLF� 7KHUH DUH QR

SHUIRUPDQFH JXDUDQWHHV IRU WKH KHXULVWLF DQG LI LW LV WR EH HPSOR\HG LQ D VSHFLnF

DSSOLFDWLRQ� IXUWKHU VLPXODWLRQV DUH ZDUUDQWHG� ,QGHHG� WKH KHXULVWLF LQFOXGHV VHYHUDO

���



ZHLJKWLQJ IDFWRUV� DQG WKHVH VKRXOG EH DGMXVWHG WR nQH WXQH SHUIRUPDQFH IRU DQ\ UHDO

DSSOLFDWLRQ� 7KH UHVXOWV DOVR VKRZ WKDW WKH FRPELQHG KHXULVWLF ZDV QHDUO\ DOZD\V

EHWWHU WKDQ DQ\ RI WKH VLQJOH FULWHULD KHXULVWLFV� DOWKRXJK LW RIWHQ RFFXUUHG WKDW RQH

RU WZR VLQJOH FULWHULD KHXULVWLFV VKRXOG PDWFK WKH FRPELQHG KHXULVWLF�

���



&KDSWHU �

7DVNV ZLWK 7HPSRUDO DQG /RJLFDO

&RQVWUDLQWV

,Q &KDSWHU � ZH H[SORUHG WKH SUREOHP RI PXOWLSOH WHPSRUDO GHDGOLQHV� ,Q WKLV FKDSWHU

ZH FRQVLGHU WKH HmHFWV RI DGGLWLRQDO UHTXLUHPHQWV LPSRVHG E\ ORJLFDO FRQVWUDLQWV

EHWZHHQ WDVNV� 7\SLFDOO\� WKH DGGLWLRQ RI ORJLFDO FRQVWUDLQWV ZRXOG PDNH WKH SUREOHP

VLPSOHU E\ UHGXFLQJ WKH VL]H RI WKH VHDUFK VSDFH� 8QIRUWXQDWHO\� WKLV LV QRW QHFHVVDULO\

WKH FDVH KHUH� :H VHHN D VROXWLRQ WKDW SHUPLWV WKH YLRODWLRQ RI ORJLFDO FRQVWUDLQWV� DQG

WKHUHIRUH ZH FDQQRW DXWRPDWLFDOO\ GLVFDUG SRUWLRQV RI WKH VWDWH VSDFH WKDW LQFOXGH

ORJLFDO FRQVWUDLQW YLRODWLRQV�

:H ZLOO EHJLQ WKLV FKDSWHU E\ H[DPLQLQJ WKH VFKHGXOLQJ SUREOHP ZKHUH WKHUH DUH

RQO\ ORJLFDO FRQVWUDLQWV DQG QR WHPSRUDO FRQVWUDLQWV� 7KLV LV D IDLUO\ VLPSOH SUREOHP

XQGHU WKH DVVXPSWLRQ WKDW WKHUH DUH QR F\FOHV LQ WKH SUHFHGHQFH JUDSK� :LWK WKLV

DVVXPSWLRQ� DQ H[DFW VROXWLRQ FDQ EH HDVLO\ REWDLQHG� :H WKHQ GLVFXVV WKH SUREOHP RI

PLQLPL]LQJ GHDGOLQH SHQDOWLHV DV LQ &KDSWHU �� EXW ZLWK WKH DGGLWLRQDO UHTXLUHPHQW

WKDW DOO ORJLFDO FRQVWUDLQWV DUH PHW� ,Q WKLV FDVH� WKH SUREOHP LV VLPSOHU GXH WR D

UHGXFWLRQ LQ WKH VHDUFK VSDFH� )LQDOO\� ZH JHQHUDOL]H WKH SUREOHP WR DOORZ ORJLFDO

FRQVWUDLQW YLRODWLRQV DQG SURSRVH VHYHUDO VWUDWHJLHV WR VROYH WKLV SUREOHP�

���



��� 7DVNV ZLWK /RJLFDO &RQVWUDLQWV

3ULRU WR FRQVLGHULQJ WKH SUREOHP RI WDVNV ZLWK ERWK WHPSRUDO DQG ORJLFDO FRQVWUDLQWV�

ZH ZLOO nUVW GLVFXVV ORJLFDO FRQVWUDLQWV RQO\� %\ FRPSDULVRQ WR WKH SUREOHP RI PHHWLQJ

WHPSRUDO FRQVWUDLQWV� ORJLFDO FRQVWUDLQWV FDQ EH PHW ZLWK PXFK OHVV GLpFXOW\�

$V LQ SUHYLRXV FKDSWHUV �IRU H[DPSOH [������� ZH PRGHO ORJLFDO FRQVWUDLQWV XVLQJ

SUHFHGHQFH RUGHULQJ� (DFK WDVN PD\ EH UHODWHG WR DQ\ RWKHU WDVN WKURXJK D SDUWLDO

RUGHULQJ� ZLWK D SHQDOW\ DVVRFLDWHG IRU WDVN SDLUV WKDW YLRODWH WKH SUHFHGHQFH FRQ�

VWUDLQW� 7KH PDJQLWXGH RI WKH SHQDOW\ UHoHFWV WKH HUURU RU LPSUHFLVLRQ LQWURGXFHG

WR WKH V\VWHP �RU LWV RXWSXW� DV D UHVXOW RI SHUIRUPLQJ WDVNV RXW�RI�RUGHU� 3HQDOWLHV

DUH FXPXODWLYH DQG� XQGHU WKH DVVXPSWLRQV RI D PHWULF VSDFH� WKH WRWDO LPSUHFLVLRQ

LQWURGXFHG LQWR WKH V\VWHP DV D UHVXOW RI SUHFHGHQFH YLRODWLRQV LV ERXQGHG E\ WKH VXP

RI LPSUHFLVLRQ LQWURGXFHG E\ HDFK YLRODWLRQ DORQH� $V LQ HDUOLHU FDVHV� ZH DVVXPH WKDW

SHQDOWLHV DUH QRW WUDQVLWLYH ZLWK UHVSHFW WR SUHFHGHQFH FRQVWUDLQWV�

����� 0RGHO

&RQVLGHU D VHW RI WDVNV �� �� � � � � 1 � 7DVNV PD\ EH SDUWLDOO\ RUGHUHG� WKDW LV� D WDVN PD\

KDYH RQH RU PRUH SUHGHFHVVRU WDVNV� 3DUWLDO RUGHULQJ LV H[SUHVVHG WKURXJK SUHFHGHQFH

FRQVWUDLQW SDLUV DV� D � E� 7KH UHODWLRQVKLS LV WUDQVLWLYH� L�H�� LI D LV D SUHGHFHVVRU WR

E� DQG E LV D SUHGHFHVVRU WR F� WKHQ D LV D SUHGHFHVVRU WR F� :H UHTXLUH WKDW WKHUH EH QR

F\FOHV LQ WKH SDUWLDO RUGHULQJ� WKDW LV� D WDVN FDQQRW EH FRQWDLQHG LQ LWV SUHGHFHVVRU

VHW�

,Q SUDFWLFDO DSSOLFDWLRQV F\FOHV UDUHO\ H[LVW� WKXV ZH GR QRW FRQVLGHU WKH SUREOHP

ZKHUH F\FOHV PD\ RFFXU� ,I ZH DVVXPH WKHUH DUH QR F\FOHV LQ WKH SUHFHGHQFH FRQ�

VWUDLQWV� WKHQ D VFKHGXOH ZLWK QR SUHFHGHQFH YLRODWLRQV PXVW H[LVW� :H PDNH WKLV

DVVXPSWLRQ IRU DOO PRGHOV GHVFULEHG KHUH� EXW ZH ZLOO UHYLVLW WKLV DVVXPSWLRQ LQ WKH

FRQFOXGLQJ UHPDUNV�

���



3DUWLDO RUGHULQJ DPRQJ WDVNV UHGXFHV WKH QXPEHU RI SRVVLEOH VHTXHQFHV� )RU

H[DPSOH� LQ D VHW RI WDVNV ZLWK QR SUHFHGHQFH UHODWLRQVKLSV� WKHUH DUH Q� SRVVLEOH

VHTXHQFHV� +RZHYHU LI L WDVNV DUH SDUWLDOO\ RUGHUHG DV � � � � � � � � L� WKHQ WKHUH DUH

Q�

L�
SRVVLEOH VHTXHQFHV� ,I WKHUH DUH WZR SDUWLDOO\ RUGHUHG VHTXHQFHV� L WDVNV DQG M WDVNV

LQ OHQJWK� WKHQ WKH QXPEHU RI SRVVLEOH VFKHGXOHV LV� Q�

L�cM�
� )RU H[DPSOH� FRQVLGHU D VHW

RI �� WDVNV� $VVXPH WKDW IRXU WDVNV DUH SDUWLDOO\ RUGHUHG DV IROORZV � � � � � � �

DQG WKUHH WDVNV DUH SDUWLDOO\ RUGHUHG DV � � � � �� 7KH UHPDLQLQJ WDVNV � � � � ��

DUH QRW RUGHUHG� 7KH QXPEHU RI SRVVLEOH VFKHGXOHV RI WDVNV LV ���

��c��
 ��� PLOOLRQ�

7KLV LV VLJQLnFDQWO\ OHVV WKDQ WKH QXPEHU RI VFKHGXOHV ����  ��� PLOOLRQ� ZLWK

QR SDUWLDO RUGHULQJV� 7KHVH UXOHV FDQ EH XVHG WR UHGXFH FRPSOH[ FRPELQDWLRQV RI

SUHFHGHQFH FKDLQV� EXW FOHDUO\� SDUWLDO RUGHULQJ FDQ JUHDWO\ UHGXFH WKH QXPEHU RI

SRVVLEOH RUGHULQJV RI WDVNV�

)RUPXODWLRQ� )RU WKH VHW RI WDVNV ���� � � � � 1 � GHnQH [LM  � LI WDVN L FRPSOHWHV

EHIRUH WDVN M DQG � RWKHUZLVH� 3HQDOW\ zLM LV DVVHVVHG LI L LV VFKHGXOHG DIWHU M� 7KHQ WKH

REMHFWLYH PHDVXULQJ WKH TXDOLW\ RI D VFKHGXOH ZLWK UHVSHFW WR SUHFHGHQFH FRQVWUDLQWV

LV�

0LQ
1;

L �

1;

M �

zLM[LM � �����

7KH REMHFWLYH LV WR PLQLPL]H WKH WRWDO SHQDOW\� LQFXUUHG E\ D VFKHGXOH�

3URFHGXUH� $V GLVFXVVHG SUHYLRXVO\� WKH SUHFHGHQFH UHODWLRQ LV WUDQVLWLYH� EXW

SHQDOWLHV DUH QRW� 6LQFH DQ RSWLPDO VFKHGXOH PXVW H[LVW� WKHUH LV QR QHHG WR FRQVLGHU

DQ\ VFKHGXOH ZKLFK UHVXOWV LQ D SHQDOW\� z ! �� 7KXV WKH SHQDOW\ YDOXHV DVVLJQHG

WR z PD\ EH OLPLWHG WR I�� �J� 7KH IROORZLQJ SURFHGXUH� ZKLFK LV EDVHG RQ D VLP�

SOLnHG YHUVLRQ RI /DZOHU
V 0HWKRG ZLOO nQG D VFKHGXOH WKDW FRQWDLQV QR SUHFHGHQFH

YLRODWLRQV�

���



q 6WHS �� 6KRZ DOO FRQVWUDLQWV DV D GLUHFWHG JUDSK ZKHUH HDFK WDVN LV D VLQJOH

QRGH� DQG HDFK FRQVWUDLQW LV D GLUHFWHG DUF� )LJXUH ��� LV DQ H[DPSOH RI VXFK D

JUDSK�

q 6WHS �� $ WDVN LV UHDG\ LI LW LV WKH ODVW QRGH RI D VHW RI WDVNV� 7KDW LV� LI LW KDV

QR VXFFHVVRU WDVNV� :H ZLOO FUHDWH D VHTXHQFH VWDUWLQJ ZLWK WKH ODVW WDVN� ,Q

)LJXUH ���� WDVNV �� � DQG � DUH UHDG\ DQG DQ\ PD\ EH FKRVHQ WR EH ODVW LQ WKH

VHTXHQFH�

q 6WHS �� &KRRVH DQ\ UHDG\ WDVN DQG SODFH nUVW LQ WKH SDUWLDO VHTXHQFH �WKDW

LV� SULRU WR DQ\ WDVNV DOUHDG\ VFKHGXOHG�� :KHQ D WDVN LV FKRVHQ� UHPRYH LW

IURP WKH JUDSK� ,WV LPPHGLDWH SUHGHFHVVRU WDVN �RU WDVNV�QRZ EHFRPHV UHDG\

SURYLGHG WKH\ GR QRW KDYH DQ\ RWKHU VXFFHVVRU WDVNV� ,Q )LJXUH ��� LI ZH FKRRVH

WDVN �� WKHQ WDVN � EHFRPHV UHDG\� ,I ZH LQVWHDG FKRRVH WDVN �� WDVN � GRHV QRW

EHFRPH UHDG\ VLQFH LW LV VWLOO D SUHFHFHVVRU WR WDVN ��

q 6WHS �� 5HSHDW 6WHS � XQWLO DOO WDVNV DUH VFKHGXOHG� 1RWH WKDW DQ\ UHDG\

WDVN PD\ EH FKRVHQ� )RU WKH H[DPSOH RI )LJXUH ���� D YDOLG VHTXHQFH LV WKHQ

�� �� �� �� � � � � �� DPRQJ RWKHUV�

1RWH WKDW ZKLOH ZH KDYH FKRVHQ UDQGRPO\ DPRQJ WKH UHDG\ WDVNV� /DZOHU
V

0HWKRG SURYLGHV D EDVLV IRU FKRRVLQJ DPRQJ UHDG\ WDVNV WKURXJK D WHPSRUDO PHDVXUH�

:H ZLOO FRQVLGHU VXFK D WHFKQLTXH LQ ODWHU VHFWLRQV�

7KLV SURFHGXUH nQGV D VFKHGXOH WKDW PHHWV DOO SUHFHGHQFH FRQVWUDLQWV� KRZHYHU�

LW nQGV RQO\ RQH� ,Q IXWXUH PRGHOV� ZH ZLOO UHTXLUH QRW RQO\ DOO RSWLPDO VFKHGXOHV�

EXW DOO QHDU�RSWLPDO VROXWLRQV DV ZHOO�

%UDQFK DQG ERXQG VROXWLRQ� 7R nQG DOO VROXWLRQV� DQ HQXPHUDWLYH DOJRULWKP

LV UHTXLUHG� DQG ZH XVH WKH VDPH EUDQFK DQG ERXQG DSSURDFK XVHG IRU WHPSRUDO

FRQVWUDLQWV LQ [����

���



)LJXUH ���� 1HWZRUN 'LDJUDP IRU /RJLFDO &RQVWUDLQWV

'HnQH WKH SUHFHGHQFH SHQDOW\ DW DQ\ QRGH DV fL DQG WKH PD[LPXP DOORZDEOH

SHQDOW\ DV fPD[� :H WKHQ SHUIRUP D EUDQFK DQG ERXQG VHDUFK IRU DOO VROXWLRQV�

SUXQLQJ QRGHV LI WKH IROORZLQJ FRQGLWLRQ LV PHW�

fL w fPD[ �����

7KLV VHDUFK ZLOO UHVXOW LQ DOO VFKHGXOHV IRU ZKLFK WKH SUHFHGHQFH SHQDOW\ LV OHVV

WKDQ fPD[� ,I fPD[  �� WKHQ EUDQFK DQG ERXQG ZLOO nQG DOO RSWLPDO VFKHGXOHV�

WKDW LV DOO VFKHGXOHV ZLWK QR YLRODWLRQV� )RU fPD[ ! �� DOO VFKHGXOHV ZLWKLQ fPD[ RI

RSWLPDO ZLOO EH IRXQG� ,I z � I�� �J WKHQ WKH REMHFWLYH VLPSO\ UHSUHVHQWV WKH QXPEHU

RI YLRODWLRQV SHUPLWWHG� %\ DOORZLQJ z w �� ZH FDQ SULRULWL]H FRQVWUDLQWV�

7KLV SURFHGXUH JLYHV XV D PHWKRG WR nQG DOO VFKHGXOHV WKDW SHUPLW VRPH ERXQGHG

�E\ fPD[� LPSUHFLVLRQ �RU WRWDO SUHFHGHQFH YLRODWLRQ��

���



��� $OWHUQDWH &ULWHULD $SSURDFK IRU 7DVNV ZLWK

7HPSRUDO DQG /RJLFDO &RQVWUDLQWV

:LWK VROXWLRQV IRU WKH VFKHGXOLQJ SUREOHPV GHVFULEHG IRU WLPLQJ FRQVWUDLQWV DORQH

�[��� DQG [���� DQG ORJLFDO FRQVWUDLQWV DORQH �[����� ZH QRZ IRFXV RQ SUREOHPV ZKHUH

ERWK W\SHV RI FRQVWUDLQWV DUH SUHVHQW� DQG VSHFLnFDOO\ DQ DOWHUQDWH FULWHULD DSSURDFK

WR VROYH LW�

)LJXUH ���� )URQWLHU RI 6ROXWLRQV

&RQVLGHU WKH W\SLFDO IURQWLHU GLDJUDP RI )LJXUH ���� 3RLQW $ UHSUHVHQWV D VROXWLRQ

WKDW GRPLQDWHV DOO RWKHU SRVVLEOH VROXWLRQV� WKDW LV� QR SRLQW FDQ EH EHWWHU WKDQ $

LQ ERWK PHDVXUHV� 2I FRXUVH� VXFK D SRLQW PD\ QRW H[LVW� +RZHYHU� LI $ GRHV H[LVW

WKHUH LV QR QHHG WR FRQVLGHU D WUDGH�Rm EHWZHHQ ORJLFDO DQG WHPSRUDO FRQVWUDLQWV VLQFH

WKHUH LV D VFKHGXOH� DQG SRVVLEO\ VHYHUDO� WKDW PHHWV WKHP ERWK� )URP RXU SUHYLRXV

GLVFXVVLRQV DERXW WKH IURQWLHU �&KDSWHU ��� LI SRLQW $ H[LVWV� LW LV D XQLTXH SRLQW RQ

���



WKH IURQWLHU�

,I LQVWHDG� ZH DVVXPH WKDW VXFK D SRLQW GRHV QRW H[LVW� WKHQ ZH DUH OHIW ZLWK WKH

SUREOHP RI nQGLQJ D VHW RI SRLQWV� ZKLFK DUH VKRZQ LQ )LJXUH ���� 7KH SRLQWV VKRZQ

DV ?l� UHSUHVHQW WKH H[DFW VROXWLRQ WR WKH IURQWLHU� 3RLQWV VKRZQ DV ?d� DUH QRW

SUHFLVHO\ RQ WKH IURQWLHU�

,Q WKLV VHFWLRQ� ZH VHHN WR nQG WKH IURQWLHU RI SRLQWV WKDW DUH RSWLPDO LQ ERWK

ORJLFDO DQG WHPSRUDO PHDVXUHV� +RZHYHU� ZH KDYH DOUHDG\ GLVFXVVHG PHWKRGV WKDW

PLJKW SURYLGH VRPH RI WKHVH SRLQWV� :H QRZ GLVFXVV WKH SRLQWV WKDW PLJKW EH IRXQG E\

WKHVH PHWKRGV� 7KH VROXWLRQ IRU WDVNV ZLWK WHPSRUDO FRQVWUDLQWV RQO\ ZDV GLVFXVVHG

LQ [���� %UDQFK DQG ERXQG ZDV XVHG WR nQG RSWLPDO VFKHGXOHV ZLWK UHVSHFW WR

GHDGOLQH SHQDOWLHV� 3RLQWV PDUNHG &�� &�� &� DQG &� UHSUHVHQW D VDPSOH VHW RI

SRLQWV WKDW PLJKW EH IRXQG IRU VRPH VHW RI WDVNV� 7KHVH SRLQWV DUH RSWLPDO IRU

PHHWLQJ GHDGOLQHV� DQG RQH �&�� KDV WKH ORZHVW SUHFHGHQFH SHQDOW\ RI WKH IRXU SRLQWV

VKRZQ� 7KH KHXULVWLF GLVFXVVHG LQ [��� nQGV RQH SRLQW WKDW KDV D ORZ YDOXH RI GHDGOLQH

SHQDOW\� $VVXPH� IRU H[DPSOH� WKHUH DUH WKUHH VXFK SRLQWV� 7KH\ DUH PDUNHG (��

(� DQG (�� 7KH WKUHH SRLQWV DUH VKRZQ WR LQGLFDWH WKDW WKH SRLQW IRXQG LV ZLWKRXW

UHJDUG WR SUHFHGHQFH RUGHULQJ� WKH KHXULVWLF ZLOO nQG RQH� DQG LW LV QRW NQRZQ ZKLFK

ZLOO EH WKH RQH IRXQG�

6LPLODUO\� LQ [���� ZH nQG SRLQWV RSWLPDO ZLWK UHVSHFW WR SUHFHGHQFH RUGHULQJ�

7KHVH DUH VKRZQ� DOVR E\ H[DPSOH� DV )�� )�� )�� '� %� %UDQFK DQG ERXQG ZLOO nQG

DOO WKHVH SRLQWV� WKH SURFHGXUH LQ [����� ZLOO RQO\ nQG RQH�

,Q WKH IROORZLQJ WZR VHFWLRQV� ZH FRQWLQXH RXU VHDUFK IRU IURQWLHU HQG SRLQWV
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����� 6FKHGXOH 7DVNV WR 0LQLPL]H 'HDGOLQH 3HQDOW\ VXFK

WKDW DOO 3UHFHGHQFH &RQVWUDLQWV DUH 0HW

7KLV VHFWLRQ GHVFULEHV WKH DOWHUQDWH FULWHULD DSSURDFK IRU VROYLQJ D SUREOHP ZKHUH

WDVNV KDYH ERWK ORJLFDO DQG WHPSRUDO FRQVWUDLQWV� ,Q WKLV VHFWLRQ� ZH VHHN WR nQG

WKH VFKHGXOH ZLWK WKH OHDVW GHDGOLQH SHQDOW\ JLYHQ WKDW DOO SUHFHGHQFH FRQVWUDLQWV

EH PHW� 7KH FRQFHSW RI DOWHUQDWH FULWHULD ZDV GHVFULEHG LQ &KDSWHU �� 7KH PHWKRG

ZH GHVFULEH LV PRWLYDWHG E\ /DZOHU
V PHWKRG� ZKLFK LV D ZHOO NQRZQ DOJRULWKP WKDW

VFKHGXOHV WDVNV WR PLQLPL]H D UHJXODU PHDVXUH RI SHUIRUPDQFH VXFK WKDW DOO SUHFH�

GHQFH FRQVWUDLQWV DUH PHW >)UH��@� 7R LPSOHPHQW /DZOHU
V PHWKRG DQ DOJRULWKP

WKDW RSWLPDOO\ VFKHGXOHV WDVNV ZLWK WHPSRUDO FRQVWUDLQWV LV UHTXLUHG� :H GR QRW

KDYH VXFK DQ DOJRULWKP� +RZHYHU� ZH FDQ DSSO\ /DZOHU
V PHWKRG LI ZH FKRRVH WDVNV

E\ WKH QRQ�RSWLPDO SURFHGXUH GHVFULEHG LQ [���� 7KLV ZLOO UHVXOW LQ DQ DSSOLFDWLRQ

RI /DZOHU
V PHWKRG WKDW PHHWV SUHFHGHQFH FRQVWUDLQWV� EXW GRHV QRW JXDUDQWHH DQ

RSWLPDO VROXWLRQ ZLWK UHVSHFW WR WHPSRUDO FRQVWUDLQWV� :H SURSRVH WKH IROORZLQJ

KHXULVWLF�

&RQVLGHU D VHW RI WDVNV ZLWK NQRZQ SURFHVVLQJ WLPHV DQG D SHQDOW\ IXQFWLRQ DV

GHVFULEHG LQ &KDSWHU �� $OVR DVVXPH WKDW WKH WDVNV DUH SDUWLDOO\ RUGHUHG� :H VHHN

WR nQG D VHTXHQFH RI WDVNV VXFK WKDW GHDGOLQH SHQDOW\ LV PLQLPL]HG� VXEMHFW WR DOO

SUHFHGHQFH FRQVWUDLQWV EHLQJ PHW� 7KH SURFHGXUH IRU GRLQJ VR LV WKH VDPH DV GHVFULEHG

IRU WKH KHXULVWLF RI [���� H[FHSW RQO\ UHDG\ WDVNV DUH FRQVLGHUHG DW HDFK VWDJH RI WKH

SURFHGXUH� ,W LV DOVR VLPLODU WR WKH SURFHGXUH GHVFULEHG LQ [������ H[FHSW UHDG\ WDVNV

DUH FKRVHQ E\ D KHXULVWLF DQG QRW UDQGRPO\� 7KH UHVXOW RI WKLV SURFHGXUH LV D VHTXHQFH

WKDW PHHWV SUHFHGHQFH FRQVWUDLQWV DQG IRFXVHV XSRQ PLQLPL]LQJ WKH GHDGOLQH SHQDOW\

DV D VHFRQGDU\ FULWHULD� 5HIHUULQJ WR WKH IURQWLHU VKRZQ LQ )LJXUH ���� ZH KDYH IRXQG

D SRLQW VXFK DV '� 7KLV SRLQW� DV VKRZQ LQ )LJXUH ��� PD\ QRW DFWXDOO\ EH RQ WKH

IURQWLHU� VLQFH D EHWWHU VFKHGXOH �SRLQW %� ZLWK UHVSHFW WR GHDGOLQH SHQDOWLHV PLJKW
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H[LVW� +RZHYHU� WKH SRLQW ZH KDYH IRXQG LV D ORZHU ERXQG IRU %� 7KLV ZLOO EH XVHIXO

ZKHQ ZH FRQVLGHU DQ H[DFW VROXWLRQ�

����� 6FKHGXOH 7DVNV WR 0LQLPL]H 3UHFHGHQFH 9LRODWLRQ

3HQDOWLHV� VXFK WKDW 'HDGOLQH 3HQDOWLHV DUH 0LQLPDO

7KH SUREOHP WR PLQLPL]H SUHFHGHQFH YLRODWLRQV VXFK WKDW WHPSRUDO SHUIRUPDQFH LV

RSWLPDO LV WKH UHYHUVH RI WKDW SUREOHP RI [������ 7KLV SUREOHP LV VRPHZKDW PRUH

GLpFXOW WKDQ WKH SUHYLRXV SUREOHP� DQG DOWKRXJK ZH FDQQRW VROYH WKLV SUREOHP GL�

UHFWO\� ZH FDQ ERXQG WKH VROXWLRQ VXFK WKDW WKH UHVXOW ZLOO EH XVHIXO LQ DOJRULWKPV WR

IROORZ� 8VLQJ WKH KHXULVWLF RI [���� ZH FDQ nQG D VFKHGXOH WKDW LJQRUHV DOO SUHFHGHQFH

RUGHULQJV� WKLV ZLOO EH RQH RI SRLQWV (�� (� RU (� LQ )LJXUH ���� 7KLV VROXWLRQ JLYHV

WKH EHVW HVWLPDWH IRU WHPSRUDO SHQDOW\� ZLWK VRPH DUELWUDU\ YDOXH IRU SUHFHGHQFH

YLRODWLRQV� ,I ZH DVVXPH WKDW WKH KHXULVWLF SRLQW LV QR ZRUVH WKDQ WKH DFWXDO IURQWLHU

SRLQW ZLWK UHVSHFW WR SUHFHGHQFH SHQDOWLHV� WKHQ WKLV KHXULVWLF SRLQW FDQ EH XVHG WR

ERXQG DQ HQXPHUDWLYH VHDUFK IRU WKH IURQWLHU� :H GLVFXVV WKLV LVVXH IXUWKHU LQ [����

��� 7DVNV ZLWK 0XOWLSOH 'HDGOLQHV DQG 3UHFH�

GHQFH &RQVWUDLQWV

:LWK PHWKRGV WR nQG� RU DW OHDVW ERXQG� WKH HQG SRLQWV RI WKH IURQWLHU� ZH FDQ QRZ

IXUWKHU UHnQH WKRVH PHWKRGV WR nQG WKH HQWLUH IURQWLHU� ,Q WKLV VHFWLRQ� ZH FRPELQH

WKH SUREOHPV RI WDVNV ZLWK WHPSRUDO FRQVWUDLQWV DQG WDVNV ZLWK ORJLFDO FRQVWUDLQWV

DQG DSSO\ D EL�FULWHULD VROXWLRQ� 7KLV PRGHO� LQWURGXFHG LQ [���� LV WKH PRVW JHQHUDO

PRGHO WKDW ZH ZLOO FRQVLGHU�
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����� 0RGHO

&RQVLGHU D VHW RI WDVNV �� �� � � � � 1 � (DFK WDVN L KDV SURFHVVLQJ WLPH WL DQG D VHW RI

GHDGOLQHV GLN� IRU N  �� �� � � � � %L� $VVRFLDWHG ZLWK HDFK GLN LV D SHQDOW\ {LN� :H RUGHU

GHDGOLQHV VXFK WKDW GL�Nb�� � GLN� DQG LPSRVH D SHQDOW\ {LN LI� IRU WDVN L� GHDGOLQH GLN

LV PLVVHG� EXW GHDGOLQH GL�Nb�� LV PHW �ZKHUH N ! ��� )XUWKHU� {L�Nb�� � {LN� ZKHUH

N ! ��

/LN LV XVHG WR LQGLFDWH LI WDVN L FRPSOHWHV SULRU WR WKH N
WK GHDGOLQH� GLN� ,LM  �

LI WDVN L LV WKH LPPHGLDWH SUHFHGHVVRU WR WDVN M� ]HUR RWKHUZLVH� [LM  � LI WDVN L

FRPSOHWHV EHIRUH WDVN M DQG � RWKHUZLVH� 3UHFHGHQFH SHQDOW\ zLM w � LV LQFXUUHG

ZKHQ WDVN M VFKHGXOHG EHIRUH WDVN L� 7KHQ WKH REMHFWLYH LV�

0LQ
1;

L �

%L;

N �

{LN/LN� �����

VXEMHFW WR WKH IROORZLQJ FRQVWUDLQWV�

1;

L �

L� M

,LM  �� � L �����

1;

M �

L� M

,LM  �� � M �����

FL b FM � SM � 0�� b ,LM�� � L� M� M � � �����

F�  � �����

FL b
%L;

N �

GLN/LN � �� � L �����

%L;

N �

/LN  �� � L �����

1;

L �

1;

M �

zLM[LM � % ������

FL b FM � 0[LM� � L� M ������

,LM � I�� �J� [LM � I�� �J�/LN � I�� �J ������
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7KH REMHFWLYH ����� LV WR PLQLPL]H WKH WRWDO SHQDOW\ LQFXUUHG E\ WKH VFKHGXOH�

7KLV SUREOHP LV DJDLQ DQ LQVWDQFH RI WKH 763 DQG LV WKH VDPH DV WKH IRUPXODWLRQ

RI [����� EXW ZLWK DGGLWLRQDO FRQVWUDLQWV ������ DQG ������� 7KHVH WZR DGGLWLRQDO

FRQVWUDLQWV ERXQG WKH WRWDO SHQDOW\ WR EH OHVV WKDQ %� 7KLV IRUPXODWLRQ ZLOO nQG

D VLQJOH IURQWLHU SRLQW VXFK WKDW WKH SUHFHGHQFH SHQDOW\ LV OHVV WKHQ %� 7R nQG WKH

HQWLUH IURQWLHU� WKH SUREOHP PXVW EH VROYHG E\ LWHUDWLQJ RQ YDOXHV RI % IURP � WR WKH

PD[LPXP SUHFHGHQFH SHQDOW\ �RU XQWLO D GHDGOLQH SHQDOW\ RI ]HUR LV DFKLHYHG��

��� %UDQFK DQG %RXQG $SSURDFK IRU )LQGLQJ WKH

)URQWLHU

7KH PRGHO SUHVHQWHG LQ [����� FRPELQHV ERWK WHPSRUDO DQG ORJLFDO FRQVWUDLQWV LQWR

D VLQJOH PRGHO� :H VHHN WR nQG EL�FULWHULD VROXWLRQV IRU D IURQWLHU WKDW DUH EHVW LQ

WHPSRUDO DQG ORJLFDO SHUIRUPDQFH DV GLVFXVVHG LQ [������ ,Q WKH SUHYLRXV VHFWLRQV� ZH

KDYH GLVFXVVHG PHWKRGV WR nQG RQH RU PRUH IURQWLHU SRLQWV� :H QRZ H[WHQG WKRVH

PHWKRGV WR nQG WKH FRPSOHWH IURQWLHU�

,Q WKLV VHFWLRQ� ZH GHVFULEH D EUDQFK DQG ERXQG DOJRULWKP WR nQG WKH IURQWLHU�

5HFDOO WKDW VLQFH EUDQFK DQG ERXQG LV DQ HQXPHUDWLYH PHWKRG LW ZLOO nQG DOO SRLQWV

RQ WKH IURQWLHU� :H VHHN WR nQG PHWKRGV WR HmHFWLYHO\ UHGXFH WKH VHDUFK VSDFH VR

SUREOHPV FDQ EH VROYHG LQ D UHDVRQDEOH DPRXQW RI WLPH�

6HDUFK VSDFH UHGXFWLRQ ZLWK WHPSRUDO FRQVWUDLQWV� 'HnQH p7 ! � WR EH D

WKUHVKROG IRU SUXQLQJ QRGHV ZLWK UHVSHFW WR WHPSRUDO SHUIRUPDQFH� 7KDW LV� DW DQ\

QRGH� LI WKH SHQDOW\ VR IDU SOXV WKH HVWLPDWH WR DQ\ OHDI QRGH �/%� FDQQRW UHVXOW

LQ D VROXWLRQ IRU GHDGOLQH SHQDOW\ EHWWHU �ORZHU� WKDQ p7 � WKH QRGH LV SUXQHG� 7KH

SUXQLQJ WKUHVKROG �p7 � LV VHW WR nQG DOO RSWLPDO SOXV DOO VXE�RSWLPDO VROXWLRQV WKDW

PLJKW EH LQFOXGHG LQ WKH IURQWLHU� 7KXV� p7 LV VHW XVLQJ WKH YDOXH IRU GHDGOLQH SHQDOW\
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IRXQG LQ [������ ZKLFK LV DQ HVWLPDWH RI WKH PLQLPDO GHDGOLQH SHQDOW\ JLYHQ WKDW DOO

SUHFHGHQFH FRQVWUDLQWV DUH PHW� 7KLV LV DQ HQG SRLQW RQ WKH IURQWLHU� 7KLV WKUHVKROG

UHGXFHV WKH VHDUFK VSDFH� KRZHYHU� LW QRW UHGXFHG QHDUO\ VR PXFK DV ZDV GRQH LQ [����

HVSHFLDOO\ ZKHQ XVLQJ WKH IDFWRU q WR IXUWKHU UHGXFH WKH VHDUFK VSDFH� &RQVHTXHQWO\�

WKH SURFHVVLQJ WLPH ZLOO LQFUHDVH�

)LJXUH ���� 6HDUFK 6SDFH 5HJLRQV

5HFDOO WKH SUXQLQJ UXOH ������ 7KLV UXOH LV PRGLnHG WR H[SDQG WKH VHDUFK VSDFH

WR LQFOXGH WKH IURQWLHU DV IROORZV� 'HnQH WKH WHPSRUDO SHQDOW\ DW DQ\ QRGH DV g
Q
�

7KH ORZHU ERXQG IURP WKH QRGH WR DQ\ OHDI LV /%� :H WKHQ SUXQH LI WKH IROORZLQJ

FRQGLWLRQ LV PHW�

gQ � /% ! p7 ZKHUH p7 w �� ������

7KH WHPSRUDO WKUHVKROG� p7 � PXVW EH ODUJH HQRXJK WR HQVXUH WKDW WKH VHDUFK VSDFH

LQFOXGHV WKH FRPSOHWH IURQWLHU� EXW LGHDOO\� QR ODUJHU� 7KLV UHJLRQ LV VKRZQ DV % >&

LQ )LJXUH ���� 7KH KHXULVWLF RI [����� GHWHUPLQHV SRLQW � LQ )LJXUH ���� 7KLV SRLQW
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FDQ EH XVHG IRU p7 VLQFH LWV PDJQLWXGH LV DW OHDVW DV JUHDW DV WKH PDJQLWXGH RI WKH

RSWLPDO SRLQW PDUNHG �� LQ )LJXUH ����

:LWK WKH SUXQLQJ UXOH JLYHQ E\ WKH SUXQLQJ UXOH ������� WKH VHDUFK VSDFH LV UHGXFHG

WR %>&� 7KH UHJLRQ RI % KRZHYHU� GRHV QRW LQFOXGH WKH IURQWLHU� VR ZH ZRXOG SUHIHU

QRW WR VHDUFK WKLV DUHD HLWKHU�

6HDUFK VSDFH UHGXFWLRQ ZLWK SUHFHGHQFH FRQVWUDLQWV� ,Q [����� ZH GLVFXVVHG

WKH SUREOHP RI nQGLQJ DQ RSWLPDO VROXWLRQ ZLWK MXVW SUHFHGHQFH FRQVWUDLQWV� 7KH

UXOH IRU SUXQLQJ LQ WKLV FDVH LV JLYHQ E\ SUXQLQJ UXOH ������� ,Q D PDQQHU VLPLODU WR

WKH WUHDWPHQW IRU WHPSRUDO SHQDOWLHV� ZH PRGLI\ WKLV UXOH WR H[SDQG WKH VHDUFK VSDFH

WR & >$ DV VKRZQ LQ )LJXUH ����

'HnQH WKH SHQDOW\ DW DQ\ QRGH DV fQ� DQG p/ ! � WR EH D WKUHVKROG IRU SUXQLQJ

QRGHV ZLWK UHVSHFW WR ORJLFDO SHUIRUPDQFH� 7KH ORZHU ERXQG� /%  � LV WKH HVWLPDWH

RI D VROXWLRQ WR WKH HQG RI D EUDQFK� QRWH WKDW ZH FDQ DOZD\V nQG D SDUWLDO VROXWLRQ

�WR D OHDI QRGH� ZLWK QR SUHFHGHQFH YLRODWLRQV� :H SUXQH LI WKH IROORZLQJ FRQGLWLRQ

LV PHW�

fQ ! p/ ZKHUH p/ w �� ������

$JDLQ� WKH FKRLFH RI p/ LV LPSRUWDQW� 7KH WKUHVKROG VSHFLnHG E\ p/ PXVW EH

ODUJH HQRXJK WR HQVXUH WKDW WKH VHDUFK VSDFH LV VXpFLHQWO\ ODUJH WR LQFOXGH WKH ZKROH

IURQWLHU� 7KLV UHJLRQ LV VKRZQ DV & LQ )LJXUH ���� 7KH KHXULVWLF RI [����� GHWHUPLQHV

SRLQW Q LQ WKH nJXUH� ZKLFK LV XVHG IRU p7 � ,I D VXLWDEOH ERXQG DV GHVFULEHG LQ [�����

FDQQRW EH IRXQG� WKHQ WKH HQWLUH VWDWH VSDFH LQ UHVSHFW WR SUHFHGHQFH YLRODWLRQV

�% > &� PXVW EH VHDUFKHG�

6HDUFK VSDFH UHGXFWLRQ ZLWK ORJLFDO DQG WHPSRUDO FRQVWUDLQWV� 8VLQJ p7

ZLWK WKH SUXQLQJ UXOH ������� WKH VHDUFK VSDFH LV UHGXFHG WR WKH UHJLRQ RI )LJXUH ���

VKRZQ DV & >%� 8VLQJ p/ ZLWK WKH SUXQLQJ UXOH ������� WKH VHDUFK VSDFH LV UHGXFHG
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WR WKH UHJLRQ & > $� %\ XVLQJ WKHVH WZR UXOHV WRJHWKHU� ZH FDQ IXUWKHU UHVWULFW WKH

VHDUFK WR RQO\ UHJLRQ &� ZKLFK FRQWDLQV WKH IURQWLHU� 7KH SUXQLQJ UXOH LV DV IROORZV�

'HnQH WKH SHQDOW\ DW DQ\ QRGH DV g
Q
IRU GHDGOLQH SHQDOWLHV DQG f

Q
IRU SUHFHGHQFH

SHQDOWLHV� 7KH ORZHU ERXQG LV /%W IRU GHDGOLQH SHQDOW\ DW DQ\ QRGH� �5HFDOO WKDW

/%S� WKH ORZHU ERXQG IRU SUHFHGHQFH SHQDOWLHV LV ]HUR DW DQ\ QRGH�� :H WKHQ SUXQH

LI WKH IROORZLQJ FRQGLWLRQ LV PHW�

gQ � /%W ! p7 25 fQ ! p/ ZKHUH p7 � p/ w �� ������

7KH EUDQFK DQG ERXQG DOJRULWKPV GHVFULEHG VR IDU� LQ WKLV DQG SUHYLRXV FKDSWHUV

KDYH KDG D VLQJOH REMHFWLYH DQG FRQVHTXHQWO\� D VLQJOH SUXQLQJ UXOH� %\ VHDUFKLQJ

ZLWK WZR REMHFWLYHV� ZH FDQ SUXQH XVLQJ WZR UXOHV� $W HDFK QRGH� LW LV D VLPSOH PDWWHU

WR HYDOXDWH WKH REMHFWLYH IXQFWLRQ IRU ERWK WHPSRUDO DQG ORJLFDO PHDVXUHV� %UDQFKHV

DUH SUXQHG ZKHQ WKH FRQGLWLRQV RI UXOH ������ DUH PHW�

/HPPD �� $Q HQXPHUDWLYH VROXWLRQ RYHU DOO WKH VROXWLRQ VSDFH ZLOO nQG WKH IURQWLHU�

3URRI� %\ WKH DVVXPSWLRQ RI QRQ�GHFUHDVLQJ GHDGOLQH SHQDOWLHV ZH FDQ HOLPLQDWH

IURP FRQVLGHUDWLRQ DOO QRQ�GHOD\ VFKHGXOHV� 7KXV� DQ RSWLPDO VFKHGXOH FDQ EH UHS�

UHVHQWHG E\ D VHTXHQFH RI WDVNV� 6LQFH HQXPHUDWLRQ FRQVLGHUV DOO RUGHULQJ RI WDVNV�

WKHUH FDQ H[LVW QR VFKHGXOHV EHWWHU WKDQ ZKDW LV IRXQG E\ HQXPHUDWLRQ�

/HPPD �� ,I WKHUH H[LVWV� LQ WKH WZR GLPHQVLRQDO VHDUFK VSDFH RI )LJXUH ���� D

VFKHGXOH ZLWK PLQLPDO SUHFHGHQFH SHQDOW\ JLYHQ WKDW GHDGOLQH SHUIRUPDQFH LV RSWLPDO

�[�� \�� DQG D VHFRQG VFKHGXOH IRU ZKLFK GHDGOLQH SHQDOW\ LV PLQLPDO JLYHQ WKDW DOO

SUHFHGHQFH FRQVWUDLQWV DUH PHW �[�� \��� 7KHQ� IRU HDFK RI WKHVH SRLQWV WKH GHDGOLQH

SHQDOW\ DQG SUHFHGHQFH SHQDOW\ FDQ EH FDOFXODWHG� DQG WKHVH WZR SRLQWV GHnQH D

UHFWDQJOH ZKLFK LQFOXGHV WKH IURQWLHU�

3URRI� 7KHUH FDQ EH QR SRLQW� �[� \�� RXWVLGH WKH UHFWDQJOH ZLWK GHDGOLQH SHQDOW\

OHVV WKDQ WKH PLQLPXP �[ � [�� VLQFH ZH DVVXPH ZH KDYH DOUHDG\ IRXQG D VFKHGXOH

ZLWK WKH PLQLPXP SHQDOW\� /LNHZLVH� WKHUH FDQ EH QR SRLQW RXWVLGH WKH UHFWDQJOH
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ZLWK SUHFHGHQFH SHQDOW\ OHVV WKDQ PLQLPXP SHQDOW\ �\ � \��� 7KHUH DOVR FDQ EH QR

SRLQW� �[� \�� ZLWK D GHDGOLQH SHQDOW\ OHVV WKDQ [� VLQFH �[� \� FRXOG QRW EH RQ WKH

IURQWLHU� 6LPLODUO\� D SRLQW �[� \� ZLWK SUHFHGHQFH SHQDOW\ \� FRXOG DOVR QRW EH RQ WKH

IURQWLHU�

7KXV� WKHUH GRHV QRW H[LVW D SRLQW WKDW LV JUHDWHU LQ RQH PHDVXUH DQG VWULFWO\

EHWWHU LQ WKH RWKHU PHDVXUH WKDQ DQ\ SRLQW RQ WKH IURQWLHU FDOFXODWHG E\ EUDQFK DQG

ERXQG� %UDQFK DQG ERXQG� WKHQ� nQGV WKH EHVW VROXWLRQ IRU WKH IURQWLHU ZKHUH WDVNV

WKDW KDYH ERWK WHPSRUDO DQG ORJLFDO FRQVWUDLQWV� 7KH IURQWLHU LV D VHW RI SRLQWV� IURP

ZKLFK DQ RSWLPDO SRLQW FDQ EH VHOHFWHG� $V ZLWK SUHYLRXV DSSOLFDWLRQV RI EUDQFK

DQG ERXQG DOJRULWKPV GLVFXVVHG LQ WKLV GLVVHUWDWLRQ� DQ H[DFW VROXWLRQ LV IRXQG� EXW

SURFHVVLQJ WLPH LQFUHDVHV UDSLGO\ ZLWK WDVN VHW VL]H� 7KH FRPSOH[LW\ RI EUDQFK DQG

ERXQG LV 2�Q��� ZKLFK FDQ OHDG WR YHU\ ORQJ SURFHVVLQJ WLPHV�

3UXQLQJ RI QRQ�SURGXFWLYH EUDQFKHV W\SLFDOO\ UHGXFHV WKDW WLPH VLJQLnFDQWO\� EXW

ZLWKRXW JXDUDQWHH� 7KH XVH RI WKH IDFWRU� p� LQ WKH EUDQFK DQG ERXQG UXOHV LQFUHDVHV

WKH SURFHVVLQJ WLPH RYHU SUXQLQJ ZKHQ OLPLWHG WR RSWLPDO VROXWLRQV� 6LPXODWLRQ ZDV

SHUIRUPHG WR PHDVXUH WKH HmHFW RI p� )RU HDFK GDWD VHW� WKH IXOO HQXPHUDWLYH VROXWLRQ

ZDV IRXQG� 7KH VHDUFK VSDFH ZDV WKHQ OLPLWHG WR WKH PD[LPXP YDOXH WHPSRUDO

SHQDOW\� WKH WDVN VHW DJDLQ VROYHG DQG WKH WLPH UHFRUGHG� :LWK WKLV SUXQLQJ OLPLW�

WKH UHJLRQ WKDW LQFOXGHV WKH FRPSOHWH IURQWLHU ZLOO EH VHDUFKHG� 7KH SUXQLQJ OLPLW

ZDV WKHQ FKDQJHG WR UHGXFH WKH VSDFH E\ ���� WKDW LV� WKH OLPLW ZDV VHW WR WKH DYHUDJH

RI WKH RSWLPDO DQG ZRUVW FDVH IURQWLHU SRLQWV ZLWK UHVSHFW WR GHDGOLQH SHQDOW\� 7KH

UHGXFWLRQ LQ VHDUFK WLPH ZDV DSSUR[LPDWHO\ ��� LQ D VLPXODWLRQ RI �� WDVN VHWV� ,I

WKH SRLQWV ZHUH GLVWULEXWHG XQLIRUPO\ LQ WKH UHJLRQ� ZH ZRXOG H[SHFW D UHGXFWLRQ RI

RQH KDOI� ,Q WKH UHJLRQ RI WKH IURQWLHU� ZH ZRXOG H[SHFW SRLQWV WR EH GLVWULEXWHG LQ

RQO\ WKH ORZHU OHIW FRUQHU RI WKH UHJLRQ�

7KH EUDQFK DQG ERXQG DOJRULWKP ZH GHVFULEH nQGV DOO SRLQWV RQ WKH IURQWLHU LQ

QR SDUWLFXODU RUGHU� :H EHJLQ WKH DOJRULWKP ZLWK WZR SRLQWV WKDW ERXQG WKH IURQWLHU

���



��� ��� �p7 � p/�� $W HDFK VWDJH RI SURFHVVLQJ� WKH FRPSXWHG IURQWLHU LV D ORZHU ERXQG

RQ WKH DFWXDO IURQWLHU� 7KH ORQJHU WKH DOJRULWKP SURFHVVHV WKH EHWWHU WKH VROXWLRQ�

7KLV FRQWLQXHV XQWLO WKH DOJRULWKP WHUPLQDWHV ZLWK DQ RSWLPDO VROXWLRQ�

,Q WKH QH[W VHFWLRQ� ZH H[SORUH D KHXULVWLF IRU VROYLQJ WKLV SUREOHP� ,W WRR� LV

EDVHG RQ DQ DOJRULWKP IURP SUHYLRXV VHFWLRQV� DQG OLNH WKH SUHYLRXV DOJRULWKP� LW

FDQQRW JXDUDQWHH DQ RSWLPDO UHVXOW�

��� +HXULVWLF %DVHG &RQVWUXFWLRQ RI WKH )URQWLHU

6LQFH EUDQFK DQG ERXQG FDQQRW JXDUDQWHH UHDVRQDEOH SURFHVVLQJ WLPHV IRU DQ\WKLQJ

EXW VPDOO WDVN VHWV� LW LV XVHIXO WR KDYH D KHXULVWLF WKDW FDQ SURYLGH D VROXWLRQ ZLWK OHVV

SURFHVVLQJ WLPH� WKDW LV� LQ SRO\QRPLDO WLPH� 6XFK D KHXULVWLF KDV EHHQ GHYHORSHG�

EXW DV LV XVXDOO\ WKH FDVH� ZH FDQQRW HLWKHU JXDUDQWHH WKH RSWLPDOLW\ RI WKH UHVXOW�

QRU FDQ ZH JXDUDQWHH WKDW WKH KHXULVWLF ZLOO EH DFFHSWDEOH IRU DOO DSSOLFDWLRQV� ,I

WKH SURFHVVLQJ WLPH WR EH DOORFDWHG WR WKH KHXULVWLF LV OLPLWHG� DQG ZH DUH ZLOOLQJ WR

?nQH WXQH� WKH KHXULVWLF IRU WKH VSHFLnF DSSOLFDWLRQ� WKLV KHXULVWLF DSSURDFK PD\ EH

DFFHSWDEOH�

7KH KHXULVWLF KHUH LV EDVHG RQ WKH KHXULVWLF RI [������ 5HFDOO WKDW KHXULVWLF VFKHG�

XOHG WDVNV WR PLQLPL]H GHDGOLQH SHQDOW\ VXFK WKDW DOO SUHFHGHQFH FRQVWUDLQWV ZHUH

PHW� :H QRZ ZLVK WR SHUPLW SUHFHGHQFH YLRODWLRQV� EXW VXFK WKDW GHDGOLQH SHQDOWLHV

DUH VWLOO PLQLPL]HG� :H GR WKLV E\ DOORZLQJ� RU IRUFLQJ� FHUWDLQ SUHFHGHQFH YLRODWLRQV

WR RFFXU�

%HJLQQLQJ ZLWK QR SUHFHGHQFH YLRODWLRQV ZH XVH WKH KHXULVWLF WR nQG D VFKHGXOH

ZLWK PLQLPDO GHDGOLQH SHQDOW\ E\ WKH SURFHGXUH GHVFULEHG LQ [������ :H WKHQ DOORZ

FHUWDLQ SUHFHGHQFH YLRODWLRQV WR RFFXU� EXW RQO\ VR PDQ\ DV WR FDXVH D SUHFHGHQFH

YLRODWLRQ SHQDOW\ RI �� :H WKHQ LWHUDWH WKLV SURFHGXUH WR DOORZ D SUHFHGHQFH SHQDOW\

RI �� � � �0 � ZKHUH 0 LV WKH SHQDOW\ IRU DOO SUHFHGHQFH YLRODWLRQV�
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7KH NH\ WR WKH VXFFHVV RI WKLV KHXULVWLF LV WKH VHOHFWLRQ RI SUHFHGHQFH FRQVWUDLQWV

WR YLRODWH� &KRRVLQJ D VHW RI SUHFHGHQFH YLRODWLRQ WR UHVXOW LQ D JLYHQ SHQDOW\ LV

DQ LQVWDQFH RI WKH NQDSVDFN SUREOHP DQG YHU\ VLPLODU WR WKH SUREOHP FRQVLGHUHG LQ

&KDSWHU �� ,Q WKH PDNHVSDQ SUREOHP RI &KDSWHU �� WDVNV ZHUH VHOHFWHG IRU D NQDSVDFN

EDVHG RQ D ?ZHLJKW� H[SUHVVHG DV SHQDOW\� DQG D ?YDOXH� PHDVXUHG E\ WKH SURFHVVLQJ

WLPH� +HUH� WKH ZHLJKW LV VWLOO WKH SHQDOW\� EXW WKH ?YDOXH� LV VRPHWKLQJ PRUH FRP�

SOLFDWHG� ,Q IDFW� WKH YDOXH RI YLRODWLQJ D SUHFHGHQFH FRQVWUDLQW LV SURSRUWLRQDO WR WKH

GHFUHDVH LQ WHPSRUDO SHQDOW\ WKDW ZRXOG UHVXOW LI WKH WDVNV ZHUH WR EH VFKHGXOHG RXW

RI RUGHU�

)LJXUH ���� 3HQDOW\ %HQHnW IRU 7DVN ([FKDQJH

:H GHnQH D KHXULVWLF PHDVXUH RI WKH DGYDQWDJH RI VFKHGXOLQJ WZR WDVNV LQ D SUHFH�

GHQFH UHODWLRQ RXW RI RUGHU� :H VKDOO UHIHU WR WKLV YDOXH DV WKH 7HPSRUDO %HQHnW 9DOXH

�7%9 �� 7%9LM LV WKH WHPSRUDO YDOXH REWDLQHG E\ UHOD[LQJ WKH L � M FRQVWUDLQW DQG

SURFHVVLQJ WDVN M EHIRUH L� )LJXUH ��� VKRZV JUDSKLFDOO\ KRZ WKH 7%9 LV FDOFXODWHG�

$ VORSH IRU HDFK WDVN GHDGOLQH SHQDOW\ IXQFWLRQ LV FDOFXODWHG XVLQJ WKH SRLQW
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��� �� DQG WKH WLPH DQG SHQDOW\ DW WKH nQDO GHDGOLQH IRU WKH WDVN� 7KHVH DUH VKRZQ

LQ )LJXUH ��� DV GI� IRU WDVN � DQG GI� IRU WDVN �� 7KH VORSH YDOXHV DUH VXEWUDFWHG�

GHSHQGLQJ RQ WKH SUHFHGHQFH RUGHULQJ� ,I SUHFHGHQFH RUGHULQJ UHTXLUHV WDVN� � WDVN�

ZLWK VRPH SHQDOW\� WKHQ WDNH WKH 7HPSRUDO %HQHnW 9DOXH DV 7%9���  VORSH�bVORSH�

RU � ZKLFK HYHU LV JUHDWHU� ,I WKHUH LV QR SUHFHGHQFH RUGHULQJ VSHFLnHG� WKHQ 7%9 LV

VHW WR �� DQG WKHUH LV QR WHPSRUDO EHQHnW WR YLRODWLQJ WKH SUHFHGHQFH UHODWLRQVKLS�

%XW LI 7%9��� ! � WKHQ WKHUH LV DQ DGYDQWDJH WR YLRODWLQJ WKH SUHFHGHQFH RUGHULQJ

WDVN� � WDVN�� $W WKH VWDUW RI WKH KHXULVWLF� WKH 7%9LM LV FDOFXODWHG IRU HDFK WDVN

SDLU DV VORSHM b VORSHL WR FUHDWH D PDWUL[ RI 7%9LM YDOXHV� 7%9LM LV XVHG DV WKH

?YDOXH� LQ nQGLQJ D NQDSVDFN VROXWLRQ� 2EVHUYH WKDW LI 7%9LM ! � WKHQ 7%9ML  �

3URFHGXUH�

q 6WHS �� )RU D SUHFHGHQFH SHQDOW\ WDUJHW WR %  � �VHH PRGHO ������� SHUIRUP

WKH KHXULVWLF RI [������ 7KH VROXWLRQ LV D FDQGLGDWH IURQWLHU SRLQW� $GG WKLV

nUVW SRLQW WR WKH IURQWLHU�

q 6WHS �� ,QFUHPHQW % E\ �� 8VLQJ G\QDPLF SURJUDPPLQJ �DV GHVFULEHG LQ

&KDSWHU �� nQG WKH EHVW NQDSVDFN VROXWLRQ WR FKRRVH RQH RU PRUH SUHFHGHQFH

SDLUV IRU D NQDSVDFN RI WKH WDUJHW SHQDOW\ %� 8VH WKH SUHFHGHQFH SHQDOW\ IRU

?ZHLJKW� DQG WKH 7%9LM IRU ?YDOXH�� )RU FKRVHQ SUHFHGHQFH SDLUV ?UHYHUVH� WKH

SUHFHGHQFH RUGHU DQG DJDLQ VFKHGXOH XVLQJ WKH KHXULVWLF RI [������ +RZHYHU�

FDOFXODWH WKH SUHFHGHQFH SHQDOW\ XVLQJ WKH RULJLQDO SUHFHGHQFH RUGHULQJ�

q 6WHS �� 7KH VROXWLRQ LV D FDQGLGDWH IURQWLHU SRLQW� $GG WKLV SRLQW DQG WHVW

IURQWLHU IRU H[FHVV SRLQWV DV DERYH� 7KDW LV� DGG WKH SRLQW WR WKH IURQWLHU

LI QR EHWWHU SRLQWV DOUHDG\ H[LVW RQ WKH IURQWLHU� ,I D SRLQW LV DGGHG WR WKH

IURQWLHU� WKHQ DQ\ SRLQWV WKDW DUH QRW DV JRRG DV WKH DGGHG SRLQW PXVW EH
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UHPRYHG� 5HFDOO WKH GHnQLWLRQ RI D IURQWLHU SRLQW LQ [����� GHWHUPLQHV LI D SRLQW

LV ?EHWWHU� WKDQ DQRWKHU�

q 6WHS �� ,I WKH SUHFHGHQFH WDUJHW LV WKH PD[LPXP SUHFHGHQFH SHQDOW\ SRVVLEOH

�VXP RI DOO SHQDOWLHV�� WKHQ DOJRULWKP LV FRPSOHWH� 2WKHUZLVH� JR EDFN WR VWHS ��

8VLQJ WKLV KHXULVWLF� D IURQWLHU� ZKLFK VSHFLnHV WKH WUDGH�Rm EHWZHHQ ORJLFDO DQG

WHPSRUDO UHTXLUHPHQWV� LV FUHDWHG� $Q RSWLPDO VFKHGXOH LV FKRVHQ IURP WKH IURQ�

WLHU ZKLFK H[HPSOLnHV WKH UHODWLYH LPSRUWDQFH RI HDFK� 7KLV KHXULVWLF VXmHUV ERWK

VDPH DGYDQWDJHV DQG GLVDGYDQWDJHV IRU KHXULVWLFV SUHVHQWHG SUHYLRXVO\� %ULHo\� WKLV

KHXULVWLF KDV WKH DGYDQWDJH WKDW LW H[HFXWHV UDWKHU TXLFNO\_FRPSDUHG WR EUDQFK DQG

ERXQG_DQG LV QRW VR DGYHUVHO\ DmHFWHG E\ WDVN VHW VL]H� +RZHYHU� LW LV QRW JXDUDQ�

WHHG WR nQG DQ RSWLPDO VROXWLRQ� DQG LW PD\ UHTXLUH PRGLnFDWLRQ WR RSWLPL]H LW IRU

D VSHFLnHG DSSOLFDWLRQ�

$ PRUH FRPSOHWH GHnQLWLRQ RI WKLV KHXULVWLF LV SUHVHQWHG LQ SVHXGRFRGH IRUP LQ

$SSHQGL[ %�

��� (QKDQFHPHQWV WR %UDQFK DQG %RXQG

,Q WKH SUHYLRXV VHFWLRQV RI WKLV FKDSWHU� ZH KDYH SURSRVHG ERWK D EUDQFK DQG ERXQG

DQG KHXULVWLF VROXWLRQV� HDFK ZLWK DGYDQWDJHV DQG GLVDGYDQWDJHV� ,Q WKLV VHFWLRQ ZH

H[SORUH VRPH WHFKQLTXHV WR LPSURYH EUDQFK DQG ERXQG E\ PRUH HmHFWLYH SUXQLQJ DQG

DOVR� WR XVH WKH KHXULVWLF WR IXUWKHU ERXQG WKH EUDQFK DQG ERXQG DOJRULWKP�

7KH 0LOHVWRQH $SSURDFK� ,Q &KDSWHU � ZH GLVFXVVHG WKH PLOHVWRQH PHWKRG IRU

FRPSXWLQJ ZKHUH LPSUHFLVH UHVXOWV DUH DFFHSWDEOH >//6���@� 5HFDOO WKDW WKH PLOH�

VWRQH PHWKRG HPSOR\V DQ LWHUDWLYH DSSURDFK WR FDOFXODWLRQV� $W DQ\ WLPH LQ WKH

FDOFXODWLRQ� D UHVXOW LV DYDLODEOH� 7KH SUHFLVLRQ RI WKH UHVXOW LQFUHDVHV ZLWK WLPH� EXW

���



LI WLPH LV OLPLWHG� WKHQ DQ LPSUHFLVH UHVXOW FDQ EH XVHG� 7KLV PHWKRG LV GLUHFWO\ DSSOL�

FDEOH WR RXU XVH RI WKH EUDQFK DQG ERXQG DOJRULWKP� 7KH DOJRULWKP GHVFULEHG LQ [���

VHDUFKHV WKH VWDWH VSDFH IRU SRLQWV RQ WKH IURQWLHU� $V QHZ SRLQWV DUH IRXQG� SUHYLRXV

SRLQWV PD\ EH GHOHWHG� :KHQ WKH DOJRULWKP WHUPLQDWHV� DOO QRGHV KDYH EHHQ IDWK�

RPHG� DQG WKH HQWLUH IURQWLHU LV IRXQG� 'XULQJ WKH SURFHVV� KRZHYHU� IURQWLHU SRLQWV

DUH GLVFRYHUHG LQ DQ DUELWUDU\ RUGHU� (DFK VXFFHVVLYH IURQWLHU SRLQW SURYLGHV D EHWWHU

ORZHU ERXQG RQ WKH IURQWLHU� ZKLFK LV DOVR DQ HVWLPDWH RI WKH IURQWLHU� %HJLQQLQJ ZLWK

WKH WZR SRLQWV SURYLGHG E\ WKH KHXULVWLF_DQG ZKLFK LV WKH nUVW DSSUR[LPDWLRQ RI WKH

IURQWLHU_HDFK DGGLWLRQDO SRLQW IRXQG E\ EUDQFK DQG ERXQG UHnQHV WKDW DSSUR[LPD�

WLRQ� 7KLV SURFHVV LV PHHWV WKH FULWHULD RI WKH PLOHVWRQH DSSURDFK� :H FDQ WHUPLQDWH

WKH EUDQFK DQG ERXQG DOJRULWKP DW DQ\ WLPH DQG UHWXUQ DQ DSSUR[LPDWLRQ RI WKH

IURQWLHU� ZKHUH WKLV DSSUR[LPDWLRQ LV D ORZHU ERXQG WR WKH H[DFW VROXWLRQ�

(QKDQFHG 3UXQLQJ� :H GLVFXVV LQ [��� WKH SUXQLQJ FRQGLWLRQV WR UHGXFH WKH

VHDUFK VSDFH WR D UHJLRQ WKDW LQFOXGHV WKH IURQWLHU� :LWK WKLV UHGXFWLRQ� WKH VHDUFK

UHTXLUHV OHVV WLPH� +RZHYHU� ZLWK HDFK SRLQW IRXQG RQ WKH IURQWLHU� WKH VHDUFK VSDFH

FDQ EH IXUWKHU UHVWULFWHG� 5HFDOO WKDW SRLQWV DUH DGGHG WR WKH IURQWLHU LI� IRU D

FDQGLGDWH SRLQW� D EHWWHU IURQWLHU SRLQW GRHV QRW H[LVW� )LJXUH ��� VKRZV WKH VLWXDWLRQ�

$VVXPH SRLQWV D� E� F DQG G DUH SRLQWV FXUUHQWO\ RQ WKH IURQWLHU� $Q\ QHZ SRLQW WKDW

IDOOV LQ WKH ?VKDGRZ� RI DQ\ H[LVWLQJ SRLQW FDQQRW EH RQ WKH IURQWLHU� 7KH VKDGRZ LV

WKH UHJLRQV PDUNHG $� %� & DQG ' IRU SRLQWV D� E� F DQG G UHVSHFWLYHO\� 7KH IDFW WKDW

WKHUH DUH UHJLRQV WKDW FDQQRW FRQWDLQ D IURQWLHU SRLQW VXJJHVWV IXUWKHU RSSRUWXQLWLHV

IRU SUXQLQJ� )RU VRPH SRLQW �W� S� ZKHUH W LV WKH GHDGOLQH SHQDOW\ YDOXH DQG S LV WKH

SUHFHGHQFH SHQDOW\ YDOXH� FDQ SUXQH QRGHV LI WKH IROORZLQJ FRQGLWLRQ DUH PHW�

g
Q
� /%W ! W $1' fQ ! S ������

ZKHUH gQ DQG fQ DUH WKH WRWDO GHDGOLQH DQG SUHFHGHQFH SHQDOW\ HYDOXDWHG DW WKH
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)LJXUH ���� (QKDQFHPHQWV WR 3UXQLQJ

QRGH DQG /%W LV WKH ORZHU ERXQG IRU WKH GHDGOLQH SHQDOW\ WR HQG RI WKH EUDQFK�

7KLV SUXQLQJ UXOH LV DGGLWLRQ WR WKH SUXQLQJ UXOH ������� 7KH FRQGLWLRQ RI SUXQLQJ

UXOH ������ LV ?DQG
HG� ZLWK DQ LQVWDQFH RI SUXQLQJ UXOH ������ IRU DOO IURQWLHU SRLQWV�

)RU D ODUJH QXPEHU RI IURQWLHU SRLQWV� WKH SUXQLQJ UXOH FDQ EHFRPH TXLWH ODUJH� )URQ�

WLHU SRLQWV WKDW DUH FORVH WR RWKHU IURQWLHU SRLQWV ZLOO RQO\ SURYLGH D VPDOO UHGXFWLRQ LQ

WKH VHDUFK VSDFH� WKXV VRPH SRLQWV FDQ EH HOLPLQDWHG IURP WKH UXOH ZLWKRXW PLQLPDO

LPSDFW�

)URQWLHU (QG 3RLQW� )LQDOO\� ZH FRQVLGHU WKH SUREOHP GLVFXVVHG LQ [������ 5HFDOO

WKDW LI WKH KHXULVWLF SRLQW ZDV QRW D JRRG HVWLPDWH RI WKH DFWXDO IURQWLHU SRLQW� DQG

VSHFLnFDOO\� LI WKH KHXULVWLF HVWLPDWH RI SUHFHGHQFH SHQDOW\ ZDV OHVV WKDQ DFWXDO� WKH

VHDUFK VSDFH PLJKW EH UHGXFHG WRR PXFK� 7KLV OHDGV WR WKH SRVVLELOLW\ WKDW D SRLQW

RU SRLQWV DW WKH HQG RI WKH IURQWLHU PLJKW EH PLVVHG� $Q DGGLWLRQ WR WKH SUXQLQJ

UXOH ������ FDQ FRUUHFW WKLV VLWXDWLRQ� %\ QRW SUXQLQJ QRGHV ZKLFK IDOO LQWR WKH UHJLRQ

PDUNHG ) LQ )LJXUH ���� ZH FDQ EH JXDUDQWHHG WR nQG DOO IURQWLHU SRLQWV� LQFOXGLQJ
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SRLQWV QHDU WKH HQG RI WKH IURQWLHU�

)LJXUH ���� ([SDQVLRQ WR ,QFOXGH $OO RI )URQWLHU

7KH FKDQJH WR SUXQLQJ UXOH ������ LV DV IROORZV� XQGHU WKH VDPH DVVXPSWLRQV DQG

GHnQLWLRQV RI SUXQLQJ UXOH ������ SUXQH LI WKH IROORZLQJ FRQGLWLRQ LV PHW�

�3L
Q
� /%W ! p7 25 fQ ! p/� $1' 3LQ � /%W � gK� ������

ZKHUH gK LV WKH YDOXH RI WKH GHDGOLQH SHQDOW\ GHWHUPLQHG E\ WKH KHXULVWLF RI SRLQW

PDUNHG DV SRLQW I LQ )LJXUH ���� WKLV SRLQW ZDV VKRZQ DV SRLQW (� LQ )LJXUH ���� $V

D UHVXOW RI WKLV DGGLWLRQ WR WKH SUXQLQJ UXOH� UHJLRQ ) ZLOO EH VHDUFKHG LQ DGGLWLRQ WR

UHJLRQ &� DQG VKRXOG DQ RSWLPDO SRLQW DW E H[LVW� LW ZLOO QRZ EH IRXQG�
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&KDSWHU �

&RQFOXVLRQV

7KH WUDGH Rm EHWZHHQ ORJLFDO DQG WHPSRUDO FRQVLVWHQF\ LV D WUDGH Rm WKDW� LQ WKH

DSSURSULDWH VLWXDWLRQV� FDQ SURYLGH VFKHGXOHV WKDW EHVW PHHW V\VWHP SHUIRUPDQFH

JRDOV� :H KDYH VKRZQ WKDW WKH WUDGH�Rm LV YDOLG DQG WKHRUHWLFDOO\ VRXQG� /RJLFDO DQG

WHPSRUDO UHTXLUHPHQWV XVH RUWKRJRQDO PHDVXUHV RI SHUIRUPDQFH� DQG HDFK PHDVXUH

FDQ EH YDULHG WKURXJK GLmHUHQW VFKHGXOHV�

:KLOH WKH WHFKQLTXHV GLVFXVVHG KHUH DSSO\ WR VFKHGXOLQJ SUREOHPV ZKHUH ERWK

ORJLFDO DQG FRQVWUDLQWV FDQ EH VLPXOWDQHRXVO\ EH PHW� WKH VWUHQJWK RI WKLV ZRUN

LV LQ UHDO�WLPH V\VWHPV WKDW KDYH ORJLFDO FRQVWUDLQWV WKDW PXVW DGDSW WR RYHUORDG

FRQGLWLRQV� 7KLV UHTXLUHV WKDW VRPH WHPSRUDO RU VRPH ORJLFDO FRQVWUDLQWV PD\ QRW

EH PHW� ,Q V\VWHPV ZHUH LW LV XQDFFHSWDEOH WR YLRODWH ORJLFDO FRQVWUDLQWV RU PLVV WDVN

GHDGOLQHV� WKLV DSSURDFK ZRXOG QRW EH IHDVLEOH� +RZHYHU� LQ WLPH FULWLFDO V\VWHPV IRU

ZKLFK PHHWLQJ GHDGOLQHV LV D UHTXLUHPHQW� WKHQ LW PD\ EH DFFHSWDEOH WR YLRODWH ORJLFDO

FRQVWUDLQWV� ,I WKH FRVW RI PLVVLQJ D GHDGOLQH LV KLJKHU WKDQ WKH FRVW RI SHUIRUPLQJ

D WDVN RXW RI RUGHU� WKHQ LW LV DFFHSWDEOH WR XVH D VFKHGXOH WKDW YLRODWHV ORJLFDO

FRQVLVWHQF\�

)RU WKLV ZRUN WR EH XVHIXO LQ VFKHGXOLQJ WDVNV WKHUH DUH nYH PDMRU DVVXPSWLRQV

WKDW PXVW EH PHW�

���



q )LUVW� WKHUH PXVW EH WZR GLmHUHQW PHDVXUHV RI SHUIRUPDQFH�

q 6HFRQG� GLmHUHQW VFKHGXOHV SURGXFH GLmHUHQW OHYHOV RI SHUIRUPDQFH LQ WKH GLI�

IHUHQW PHDVXUHV�

q 7KLUG� WKH SUHFHGHQFH UHODWLRQV UHODWH WR SHQDOWLHV LQ D PHWULF VSDFH�

q )RXUWK� LW LV DFFHSWDEOH WR WUDGH�Rm SHUIRUPDQFH LQ RQH PHDVXUH IRU EHWWHU

SHUIRUPDQFH LQ WKH RWKHU�

q )LIWK� 'HDGOLQH SHQDOW\ DQG SUHFHGHQFH SHQDOW\ IXQFWLRQV DUH NQRZQ�

:KLOH ZH DSSO\ WKLV ZRUN WR WZR PHDVXUHV RI SHUIRUPDQFH� LW FDQ EH H[WHQGHG

WR PRUH WKDQ WZR� )RU DQ\ QXPEHU RI PHDVXUHV WKH DERYH DVVXPSWLRQV PXVW KROG�

$GGLWLRQDO PHDVXUHV RI SHUIRUPDQFH FRPSOLFDWH WKH SUREOHP� WKXV LW LV DGYDQWDJHRXV

WR OLPLW WKH PRGHO WR RQO\ WKRVH PHDVXUHV WKDW ZH GHVLUH WR WUDGH�Rm�

)RU WKLV SUREOHP� ZH SURYLGH WKH JHQHUDO IUDPHZRUN DQG D FROOHFWLRQ RI DOJRULWKPV

DQG KHXULVWLFV WR SURYLGH VROXWLRQV� %UDQFK DQG ERXQG PHWKRGV DUH JHQHUDO LQ QDWXUH

DQG FDQ EH DSSOLHG GLUHFWO\� UHJDUGOHVV RI WKH LQGLYLGXDO FKDUDFWHULVWLFV RI WKH DSSOL�

FDWLRQ� +HXULVWLFV� KRZHYHU� PXVW EH FUDIWHG IRU WKH DSSOLFDWLRQ VLQFH WKH\ JHQHUDOO\

UHO\ RQ DSSOLFDWLRQ VSHFLnF FKDUDFWHULVWLF WKDW FDQ EH XVHG WR FUHDWH D VFKHGXOH�

:H KDYH DVVXPHG WKURXJKRXW WKLV ZRUN WKDW GHDGOLQH DQG SHQDOW\ IXQFWLRQV DUH

NQRZQ� :LWKRXW WKH NQRZOHGJH RI WKHVH IXQFWLRQV LW LV QRW SRVVLEOH PDNH D WUDGH�Rm�

6WDQNRYLF >6WD��@ GLVFXVVHV WKH RULJLQV RI GHDGOLQHV� DQG KRZ WKH\ DUH DSSOLHG LQ D

UHDO�WLPH V\VWHP� 'HDGOLQHV DUH XVXDOO\ GULYHQ E\ VRPH H[WHUQDO HYHQW� VXFK DV D

WUXFN OHDYLQJ WKH ORDGLQJ GRFN� /LNHZLVH PXOWLSOH WDVN SHQDOWLHV DUH GHULYHG IURP

VHYHUDO HYHQWV� SHUKDSV D PRUQLQJ VKLSPHQW DQG DQ DIWHUQRRQ VKLSPHQW� 'HDGOLQH

SHQDOWLHV DULVH IURP WKH FRVWV RI PLVVLQJ WKH GHDGOLQH� 7KHVH PD\ EH UHODWHG WR DFWXDO

PRQHWDU\ FRVWV� VXFK DV WKH DGGLWLRQDO FRVWV RI VKLSSLQJ E\ DLU LI WKH GHDGOLQH IRU

JURXQG VKLSPHQW LV PLVVHG� 3HQDOWLHV IRU SUHFHGHQFH YLRODWLRQV DUH VRPHZKDW PRUH
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FRPSOH[� +HUH� WKH FRVWV UHODWH WR WKH WDVN GRQH LQFRUUHFWO\ DQG WKH FRQVHTXHQFH RQ

WKH ZKROH MRE� 6XFK FRVWV PD\ EH PRQHWDU\� VXFK DV WKH FRVW RI UHZRUN RI SDUWV WKDW

GR QRW PHHW TXDOLW\ VWDQGDUGV GXH WR LQFRUUHFW SURFHVVLQJ� 3RVVLEO\� WKH SHQDOW\ LV

UHODWHG WR WKH LQFUHDVHG ULVN RI PDNLQJ WKH ZURQJ GHFLVLRQ EDVHG RQ LPSUHFLVH GDWD�

VXFK DV IURP D GDWDEDVH TXHU\� 0RUH GLpFXOW LV WKH HTXLYDOHQFH EHWZHHQ ORJLFDO DQG

WHPSRUDO SHQDOWLHV� ,Q VRPH FDVHV ZKHUH ERWK WHPSRUDO DQG ORJLFDO SHQDOWLHV DUH

H[SUHVVHG LQ PRQHWDU\ XQLWV� WKHQ WKH HTXLYDOHQFH LV ZHOO GHnQHG� %XW LQ JHQHUDO�

WKLV LV QRW WKH FDVH� 'HDGOLQHV UHODWH WR WLPHOLQHVV ZKLOH SUHFHGHQFH UHODWHV WR TXDOLW\

RI RXWSXW� 7KHVH PHDVXUHV GR QRW HTXDWH GLUHFWO\_EXW LQVWHDG YDU\ EDVHG RQ WKH

GHVLUHV RI D FXVWRPHU RU WKH SKLORVRSK\ RI WKH V\VWHP XVHU� 7KLV LVVXH UHODWHV WR WKH

VLPSOH TXHVWLRQ RI JHWWLQJ VRPHWKLQJ GRQH RQ WLPH� RU GRLQJ LW SHUIHFWO\_ZKLFK LV

PRUH LPSRUWDQW DQG E\ KRZ PXFK"

$ UHODWHG LVVXH LV WKH ?VFDOH� DW ZKLFK WKH WUDGH�Rm LV DSSOLHG� :H KDYH JHQHUDOO\

DVVXPHG ORZ OHYHO WDVNV� ZKLFK VLPSOLnHV WKH SUREOHP DQG MXVWLnHV WKH DVVXPSWLRQ RI

QRQ�SUHHPSWDEOH WDVNV� $ GLVDGYDQWDJH RI PDNLQJ D WUDGH�Rm ZLWK ORZ OHYHO WDVNV LV

WKDW LW LV PRUH GLpFXOW WR FRQVWUXFW GHDGOLQH DQG SHQDOW\ IXQFWLRQV� VLQFH WKH HmHFW

RI WKHVH IXQFWLRQV LV KDUGHU WR XQGHUVWDQG LQ WKH ODUJHU SURFHVV� ,I ZH FDQ DVVXPH

QRQ�SUHHPSWDEOH WDVNV� WKHQ WKH PHWKRGV GLVFXVVHG KHUH DUH VFDODEOH WR ODUJHU WDVNV�

ZKLFK PD\ DFWXDOO\ FRQVLVW RI ODUJHU ZRUN XQLWV� 1RQ�SUHHPSWDEOH WDVNV LV D YDOLG

DVVXPSWLRQ LQ PDQ\ DSSOLFDWLRQV� :H OHDYH WKH LVVXH RI SUHHPSWDELOLW\ RI WDVNV DV

IXWXUH ZRUN�

$OWKRXJK ZH KDYH VKRZQ WKDW PDQ\ DSSOLFDWLRQV FDQ EH VXSSRUWHG E\ RXU UHVXOWV�

RXU XQLnHG VFKHGXOLQJ WHFKQLTXH PD\ EH LQDSSURSULDWH IRU PDQ\ RWKHU DSSOLFDWLRQV�

7KURXJKRXW WKLV ZRUN� ZH KDYH DVVXPHG WKDW GHDGOLQHV DUH RI FULWLFDO LPSRUWDQFH

WR WKH V\VWHP� ,I WKLV DVVXPSWLRQ GRHV QRW KROG� WKHQ WKHUH LV QR MXVWLnFDWLRQ WR

YLRODWH SUHFHGHQFH FRQVWUDLQWV� :H H[SHFW WKDW WKH V\VWHP KDV WKH SRWHQWLDO WR EH LQ

DQ RYHUORDG FRQGLWLRQ� WKDW WKH SHQDOWLHV IRU GHDGOLQHV DQG SUHFHGHQFH RUGHULQJ DUH
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NQRZQ DQG LW LV SRVVLEOH WR WUDGH Rm RQH IRU WKH RWKHU� ,I WKLV LV QRW WKH FDVH� WKHQ

WKLV PHWKRG LV QRW DSSURSULDWH�

$V D UHVXOW RI WKLV UHVHDUFK� ZH KDYH DFFRPSOLVKHG WKH IROORZLQJ JRDOV�

q (VWDEOLVKHG D PRGHO IRU WKH FKDUDFWHUL]DWLRQ RI UHDO�WLPH WDVNV LQ D GDWDEDVH�

)06� PLVVLRQ SODQQLQJ� RU VLPLODU V\VWHP ZKLFK PLJKW EHQHnW IURP D WUDGH Rm

EHWZHHQ WHPSRUDO DQG ORJLFDO FRQVWUDLQWV�

q $SSOLHG SHQDOW\ IXQFWLRQV ZLWK FHUWDLQ UHVWULFWLRQV WR UHSUHVHQW WHPSRUDO FRQ�

VWUDLQWV� :H VKRZHG WKDW WKHVH SHQDOW\ IXQFWLRQV FDQ VHUYH DV D XVHIXO SUR[\

IRU D JHQHUDOL]HG WHPSRUDO IXQFWLRQ DQG SURYLGH D PHDQV WR WDLORU WLPLQJ FRQ�

VWUDLQWV WR LQGLYLGXDO WDVNV�

q 'HnQHG D PRGHO IRU ORJLFDO FRQVLVWHQF\ XVLQJ SUHFHGHQFH RUGHULQJ DV D JHQHU�

DOL]DWLRQ RI SHVVLPLVWLF FRQFXUUHQF\ FRQWUROV� :H KDYH VKRZQ WKDW YLRODWLRQV

RI ORJLFDO FRQFXUUHQF\ FRQVWUDLQWV LQWURGXFH D ERXQGHG DPRXQW RI LPSUHFLVLRQ

LQWR WKH V\VWHP�

q 'HnQHG D PRGHO ZKLFK SURYLGHV GLmHUHQW OHYHOV RI WHPSRUDO DQG ORJLFDO SHU�

IRUPDQFH EDVHG RQ WKH VFKHGXOH RI WDVNV� :H VKRZHG WKDW D VHW RI HpFLHQW

VFKHGXOHV H[LVWV WKDW PDNHV DQ H[SOLFLW WUDGH�Rm EHWZHHQ ORJLFDO DQG WHPSRUDO

FRQVLVWHQF\� :H SURYHG WKDW WKH RSWLPXP VFKHGXOH LV LQFOXGHG LQ WKDW VHW�

q 8VLQJ D LQFUHPHQWDO DSSURDFK� ZH GHYHORSHG LQFUHDVLQJO\ FRPSOH[ PRGHOV� :H

DOVR GHYHORSHG KHXULVWLFV WKDW ZLOO nQG DQ RSWLPDO VFKHGXOH IURP WKH VHW RI

HpFLHQW VFKHGXOHV LQ SRO\QRPLDO WLPH�

q 'HYHORSHG VLPXODWLRQV WR HYDOXDWH WKH VFKHGXOLQJ PHWKRGV DQG KHXULVWLFV GH�

YHORSHG�

���



q :H PHDVXUHG WKH SHUIRUPDQFH RI WKH KHXULVWLFV DQG HYDOXDWHG WKHP IRU DSSOL�

FDWLRQ WR UHDO�WLPH FRPSXWLQJ� 7KURXJK VLPXODWLRQ RI SUDFWLFDO DSSOLFDWLRQV

XVLQJ UDQGRPO\ JHQHUDWHG WDVN VHWV� ZH YHULnHG WKH XWLOLW\ RI WKH KHXULVWLFV�

DQG PRUH JHQHUDOO\� WKH SHUIRUPDQFH JDLQ E\ DOORZLQJ VFKHGXOHV WKDW H[SOLFLWO\

PDNH WKH WUDGH�Rm EHWZHHQ WHPSRUDO DQG ORJLFDO FRQVLVWHQF\�

7KURXJK WKH HmRUWV RI WKH ZRUN� ZH KDYH VKRZQ WKH SRVVLELOLW\ RI WUDGLQJ�Rm WHP�

SRUDO FRQVWUDLQWV IRU ORJLFDO FRQVWUDLQWV� 1RW RQO\ KDYH ZH VKRZQ WKLV WUDGH�Rm WR

EH VRXQG� EXW ZH DUH DEOH WR H[SOLFLWO\ GHnQH WKH WUDGH�Rm� ,Q VXSSRUW RI WKLV FRQ�

FHSW� ZH KDYH H[WHQGHG WKH FRQFHSW RI YDOXH IXQFWLRQV WR LQFOXGH ORJLFDO FRQVWUDLQWV

PRGHOHG DV SUHFHGHQFH FRQVWUDLQWV� 7KLV ZRUN ZLOO EH XVHIXO LQ WKH VSHFLnF DSSOLFD�

WLRQV GLVFXVVHG� VXFK DV UHDO�WLPH GDWDEDVHV� VFKHGXOLQJ LQ )06
V DQG PLVVLRQ FRQWURO

IRU PLOLWDU\ DSSOLFDWLRQV� ,Q DGGLWLRQ� WKHUH DUH PDQ\ RWKHU UHDO�WLPH DSSOLFDWLRQV

WKDW ZLOO EHQHnW IURP WKLV ZRUN_LQ IDFW� DQ\ DSSOLFDWLRQ ZKHUH WKH nYH DVVXPSWLRQV

GLVFXVVHG DW WKH EHJLQQLQJ RI WKLV FKDSWHU KROG�
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&KDSWHU �

)XWXUH :RUN

,Q WKH VHFWLRQV WKDW IROORZ ZH RXWOLQH VHYHUDO DUHDV WKDW DUH UHDG\ IRU IXUWKHU H[SOR�

UDWLRQ�

��� 'HOD\ 6FKHGXOHV

:H KDYH DVVXPHG WKURXJKRXW WKLV ZRUN WKDW WKH SHQDOW\ IXQFWLRQ LV QRQ�GHFUHDVLQJ�

7KLV KDV PDMRU LPSOLFDWLRQV IRU VFKHGXOLQJ LQ WKDW D QRQ�GHFUHDVLQJ SHQDOW\ IXQFWLRQ

LQVXUHV WKDW QR GHOD\ VFKHGXOH FDQ EH EHWWHU WKDQ DOO VFKHGXOHV ZLWKRXW GHOD\V� WKDW LV�

LI D GHOD\ VFKHGXOH LV RSWLPDO� WKHUH H[LVWV D QRQ�GHOD\ VFKHGXOH WKDW LV DOVR RSWLPDO�

$ GHOD\ VFKHGXOH LV RQH WKDW KDV LGOH WLPH EHWZHHQ WDVNV� ,I D SHQDOW\ IXQFWLRQ IRU

VRPH WDVN FDQ GHFUHDVH LQ WLPH� RYHU VRPH SRUWLRQ RI WKH VFKHGXOLQJ KRUL]RQ� WKHQ D

EHWWHU VFKHGXOH PLJKW EH DFKLHYDEOH E\ GHOD\LQJ WKH WDVN� WKDW LV� E\ WKH DGGLWLRQ RI

LGOH WLPH EHWZHHQ WKH WDVN DQG LWV SUHGHFHVVRU WDVN�

'HOD\ VFKHGXOHV SUHVHQW D QXPEHU RI SUREOHPV IRU D VFKHGXOHU� )LUVW RI DOO� DQ

RSWLPDO VFKHGXOH FDQQRW EH GHWHUPLQHG E\ HQXPHUDWLRQ� %HFDXVH LW H[HFXWHV LQ

Q� WLPH� HQXPHUDWLRQ LV QRW DOO WKDW XVHIXO� EXW DW OHDVW LQ WKH FDVH RI QRQ�GHOD\

VFKHGXOHV� LW ZLOO SURYLGH DQ RSWLPDO VFKHGXOH� :H KDYH XVHG HQXPHUDWLRQ LQ WKLV
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ZRUN WR VXFFHVVIXOO\ HYDOXDWH KHXULVWLF PHWKRGV� :LWK GHOD\ VFKHGXOHV� WKH XVH RI

HQXPHUDWLRQ ZLOO EH OHVV XVHIXO�

$OWKRXJK GHOD\ VFKHGXOHV SUHVHQW VHYHUDO GLpFXOW SUREOHPV� WKHUH PD\ EH VRPH

DGYDQWDJHV SURYLGHG E\ GHFUHDVLQJ SHQDOW\ IXQFWLRQV LQ VSHFLnF DSSOLFDWLRQV� :LWK�

RXW UHVRUWLQJ WR GHOD\ IXQFWLRQV� ZH SUHVHQWO\ KDQGOH WKH LVVXH RI WDVNV WKDW PD\ QRW

EH UHDG\ WR H[HFXWH E\ QRW LQWURGXFLQJ WKHP WR WKH V\VWHP XQWLO WKH\ DUH UHDG\� 7KLV

IRUFHV WDVNV WR GHOD\ H[HFXWLRQ XQWLO WKH\ DUH UHDG\� EXW GRHV QRW DOORZ D SHQDOW\ WR

EH WDNHQ IRU H[HFXWLRQ VOLJKWO\ HDUOLHU WKDQ LWV UHDG\ WLPH� 6LQFH WKLV W\SH RI WUDGH�Rm

LV FHQWUDO WR RXU ZRUN� WKLV PHWKRG RI GHOD\LQJ WDVN XQWLO UHDG\ LV QRW FRPSOHWHO\

VDWLVIDFWRU\�

��� 1RQ )HDVLEOH 6FKHGXOHV

6LQFH� LQ RQH VHQVH� ZH DVVHVV SHQDOWLHV IRU ODWH DQG RXW�RI�RUGHU WDVNV� QR VFKHGXOHV

DUH LQIHDVLEOH� MXVW H[SHQVLYH� +RZHYHU� LI D SHQDOW\ IXQFWLRQ KDV DQ LQnQLWH SHQDOW\

�RU DQ DUELWUDULO\ KLJK %LJ 0 SHQDOW\� IROORZLQJ VRPH GHDGOLQH� WKHQ ZH FDQ GHnQH

LQIHDVLEOH VFKHGXOHV DV VFKHGXOHV WKDW KDYH D WRWDO GHDGOLQH SHQDOW\ ZKLFK LV LQnQLWH

�RU DERYH 0��

:H FDQ DVVXPH WKDW D IHDVLEOH VFKHGXOH H[LVWV� EXW E\ DVVLJQLQJ LQnQLWH SHQDOWLHV

ZH FUHDWH WKH SRVVLELOLW\ RI LQ IHDVLELOLW\� ,Q UHDO�WLPH DSSOLFDWLRQV LQIHDVLEOH VFKHGXOHV

SUHVHQW VHURXV SUREOHPV� DQG DW WKH OHDVW UHTXLUH VRPH VRUW RI H[FHSWLRQ KDQGOLQJ�

��� 5HTXLUHPHQW WR ([HFXWH DOO 7DVNV

,Q WKH VWDWLF VFKHGXOLQJ FDVH RI WKH JHQHUDO PRGHO LQWURGXFHG &KDSWHU �� WKH LVVXH

RI ZKHWKHU DOO WDVNV PXVW EH H[HFXWHG LV QRW D FRQFHUQ� /RZ SHQDOW\ WDVNV� ZKLFK

PLJKW RWKHUZLVH EH GHOHWHG� FDQ VLPSO\ EH PRYHG WR WKH HQG RI WKH VFKHGXOH� %XW
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LQ WKH G\QDPLF VFKHGXOLQJ FDVH� VXFK ORZ SHQDOW\ WDVNV DUH DW ULVN RI EHLQJ GHOD\HG

LQGHnQLWHO\� 7KLV LV DFFHSWDEOH� IURP WKH VWDQGSRLQW RI WKH VFKHGXOLQJ SROLF\� EXW

DW VRPH SRLQW� WKH V\VWHP QHHGV D JDUEDJH FROOHFWLRQ IXQFWLRQ WR FOHDQ RXW ROG WDVNV

WKDW DUH QRW OLNHO\ WR EH H[HFXWHG� )DLOXUH WR UHPRYH WKHVH VWDOH WDVNV ZLOO LQFUHDVH

VFKHGXOLQJ RYHUKHDG RYHU WLPH�

,Q RXU ZRUN KHUH� ZH KDYH DOWHUQDWHO\ SHUPLWWHG DQG GHQLHG WKH SRVVLELOLW\ RI

GHOHWLQJ WDVNV ZKHQ WKHLU H[HFXWLRQ LV QR ORQJHU RI DQ\ EHQHnW WR WKH V\VWHP� 7KH

LPSRUWDQW FRQVLGHUDWLRQ LV WKDW ZH DOORZ WDVNV WR EH GHOHWHG ZKHQ LW LV FOHDU WKDW WKH\

DUH QR ORQJHU YLDEOH� EXW GR QRW SHUPLW GHOHWLRQ VLPSO\ WR DYRLG D SHQDOW\� 7KH XVH RI

YDOXH IXQFWLRQV� VXFK DV SURSRVHG E\ /RFNH >/RF��@ SURYLGHV D PHFKDQLVP IRU GHOHWLQJ

WDVNV� 7DVNV DUH GHOHWHG ZKHQ WKHLU H[HFXWLRQ ZRXOG DGG QR YDOXH WR WKH V\VWHP�

:LWK SHQDOW\ IXQFWLRQV� KRZHYHU� WKH LVVXH LV QRW VR FOHDU� 3HQDOW\ IXQFWLRQV DUH

QRQ�GHFUHDVLQJ� VR WKH ORQJHU ZH ZDLW EHIRUH GHOHWLQJ D WDVN� WKH KLJKHU WKH SHQDOW\�

7KLV DUJXHV IRU GHOHWLQJ DOO WDVNV DW WKH VWDUW RI WKH VFKHGXOH WR PLQLPL]H WKH SHQDOW\�

6XFK D VWUDWHJ\ LV FOHDUO\ XQDFFHSWDEOH� :LWK SHQDOW\ IXQFWLRQV� D SROLF\ IRU GHOHWLQJ

WDVNV LV UHTXLUHG� DVVXPLQJ WKDW GHOHWLQJ WDVNV LV DFFHSWDEOH� 6XFK D SROLF\ LV QRW

GLpFXOW WR IRUPXODWH� IRU H[DPSOH� ZH PD\ VLPSO\ DOORZ WKDW WDVNV PD\ EH GHOHWHG

DIWHU WKHLU nQDO GHDGOLQH� EXW QRW EHIRUH� 1RWH WKDW LQ WKH VWDWLF VFKHGXOLQJ SUREOHP�

WDVN GHOHWLRQ LV QRW DQ LVVXH� VLQFH VXFK WDVNV WKDW DUH FDQGLGDWHV IRU GHOHWLRQ FDQ

LQVWHDG EH SURFHVVHG DW WKH HQG RI WKH VFKHGXOH� ,W LV WKH G\QDPLF FDVH� ZHUH PRUH

WDVNV DUH OLNHO\ WR EH DGGHG WR WKH VHW� WKDW GHOHWLRQ EHFRPHV DQ LVVXH�

��� *HQHUDOL]HG 3HQDOW\ )XQFWLRQV

:H KDYH XVHG LQ WKLV ZRUN� D SHQDOW\ IXQFWLRQ WKDW LV D QRQ�GHFUHDVLQJ PXOWLSOH VWHS

IXQFWLRQ� :H KDYH DOUHDG\ GLVFXVVHG WKH LPSOLFDWLRQV RI QRQ�GHFUHDVLQJ IXQFWLRQV�

KHUH ZH GLVFXVV WKH FRQVWUDLQW RI VWHS IXQFWLRQV� 7KHUH DUH VHYHUDO RWKHU RSWLRQV IRU
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SHQDOW\ IXQFWLRQV LQFOXGLQJ SLHFH�ZLVH OLQHDU IXQFWLRQV DQG FRQWLQXRXV IXQFWLRQV� 7KH

GLpFXOW\ LQ WKLV VFKHGXOLQJ DULVHV IURP WKH GLVFUHWH QDWXUH RI WKH VROXWLRQ� $ GLVFUHWH

QXPEHU RI WDVNV PXVW EH DVVLJQHG WR D GLVFUHWH QXPEHU RI SRVLWLRQV LQ D VFKHGXOH�

$V ZH KDYH VHHQ� WKLV LV DQ LQVWDQFH RI WKH 7UDYHOLQJ 6DOHVPDQ 3UREOHP� D SUREOHP

NQRZQ WR EH 13�KDUG� 7KH SUREOHP ZRXOG EH PXVW HDVLHU VROYHG LI SDUW RI RQH WDVN

FRXOG EH VFKHGXOHG LQ SDUW RI RQH SRVLWLRQ LQ WKH VFKHGXOH� WKDW LV� VROYDEOH E\ OLQHDU

SURJUDPPLQJ� 7KH GLVFUHWH IRUPXODWLRQ IRUFHV WKLV SUREOHP LQWR D FODVV RI SUREOHPV

VROYHG DV LQWHJHU SURJUDPV� :H FDQ UHOD[ WKH GLVFUHWH FRQVWUDLQW IRU GHDGOLQHV� ZKLFK

ZRXOG DSSHDU WR VLPSOLI\ WKH SUREOHP E\ UHPRYLQJ WKH LQWHJHU FRQVWUDLQWV� +RZHYHU�

WKH EDVLF LQWHJHU FRQVWUDLQWV RI WDVNV DQG SRVLWLRQ LQ VFKHGXOH UHPDLQ�

7KH KHXULVWLF DQG EUDQFK DQG ERXQG DOJRULWKPV GR QRW UHTXLUH D PXOWLSOH VWHS

IXQFWLRQ� +RZHYHU� WKH XVH RI HLWKHU FRQWLQXRXV RU SLHFHZLVH OLQHDU IXQFWLRQV LV OHIW

IRU IXWXUH ZRUN�

��� %RXQG RQ 3URFHVVLQJ 7LPH IRU %UDQFK DQG

%RXQG $OJRULWKP

$V ZH KDYH GLVFXVVHG� WKHUH LV D WUDGH�Rm EHWZHHQ XVLQJ DQ DOJRULWKP ZKLFK SURYLGHV

D RSWLPDO VROXWLRQ DQG DQ DOJRULWKP WKDW H[HFXWHV LQ SRO\QRPLDO WLPH� 8VLQJ WKH

EUDQFK DQG ERXQG WHFKQLTXHV ZH KDYH GHYHORSHG� SURFHVVLQJ WLPH WR VFKHGXOH XS

WR WZHQW\ WDVNV PD\ EH UHDVRQDEOH� %XW LQ WKH ZRUVW FDVH� SURFHVVLQJ WLPH FDQ EH

PXFK ORQJHU� 7KH XVH RI DQ q FDQ EH XVHG WR GHFUHDVH WKH VHDUFK WLPH LQ UHWXUQ IRU D

VXE�RSWLPDO VFKHGXOH� ,I WKH SURFHVVLQJ WLPH IRU WKH EUDQFK DQG ERXQG LV PRQLWRUHG�

WKHQ LI WKH DOJRULWKP SURFHVVLQJ H[FHHGV VRPH OLPLW� HLWKHU WKH VFKHGXOH GHWHUPLQHG

E\ WKH IDVW KHXULVWLF FDQ EH XVHG� RU q LQFUHDVHG DQG WKH EUDQFK DQG ERXQG UXQ DJDLQ�

���



7KLV LV RQH DYHQXH IRU IXWXUH ZRUN� )XUWKHU LQYHVWLJDWLRQ RI WKH PLOHVWRQH DS�

SURDFK WKURXJK VLPXODWLRQ WR GHWHUPLQH SURFHVVLQJ WLPHV LV VXJJHVWHG�

��� '\QDPLF 6FKHGXOLQJ

7KH ZRUN ZH KDYH GLVFXVVHG KHUH XVHV D PRGHO RI VWDWLF VFKHGXOLQJ� 7KDW LV� DOO WDVN

DWWULEXWHV DUH NQRZQ WR WKH VFKHGXOHU D�SULRUL� 7KXV WKH VFKHGXOHU� SULRU WR EXLOGLQJ

D VFKHGXOH KDV DOO WKH LQIRUPDWLRQ QHFHVVDU\ WR PDNH WKH ULJKW GHFLVLRQV� ,Q UHDO�WLPH

V\VWHPV� KRZHYHU� LW LV PRUH OLNHO\ WKDW QHZ WDVNV ZLOO HQWHU WKH V\VWHP UHTXLULQJ

V\VWHP UHVRXUFHV� ,Q WKLV VLWXDWLRQ RI G\QDPLF VFKHGXOLQJ� WKH V\VWHP PXVW DGDSW WR

WKH QHZ LQIRUPDWLRQ DQG UH�VFKHGXOH WKH WDVNV UHPDLQLQJ WR EH SURFHVVHG�

:KLOH G\QDPLF VFKHGXOLQJ PD\ EH WKH PRUH UHDOLVWLF DSSURDFK LQ D UHDO DSSOL�

FDWLRQ� ZH FKRVH QRW WR FRQVLGHU LW IRU WKLV ZRUN� '\QDPLF VFKHGXOLQJ FRPSOLFDWHV

WKH LVVXH VLQFH LW UHTXLUHV WKDW WKH VFKHGXOHU DGDSW DQG UH�VFKHGXOH QHZ WDVNV� )RU

WKLV ZRUN ZH FKRVH WR IRFXV RQ WKH FRUH LVVXHV RI WHPSRUDO YHUVXV ORJLFDO VFKHGXOLQJ

JRDOV DQG QRW IXUWKHU FORXG WKLV LVVXH ZLWK WKH DGGLWLRQDO UHTXLUHPHQWV LPSRVHG E\

G\QDPLF VFKHGXOLQJ�

/RRNLQJ WRZDUG IXWXUH ZRUN� LW LV GHVLUDEOH WKDW WKLV ZRUN HYROYHV WR LQFOXGH

G\QDPLF VFKHGXOLQJ� ,Q LWV VLPSOHVW IRUP G\QDPLF VFKHGXOLQJ FDQ EH DFFRPSOLVKHG

E\ VLPSO\ UHSHDWLQJ WKH VWDWLF VFKHGXOLQJ DOJRULWKPV DW SHULRGLF LQWHUYDOV RU ZKHQHYHU

WDVN DWWULEXWHV FKDQJH WKDW ZRXOG DmHFW WKH VFKHGXOH� +RZHYHU� WKLV DSSURDFK PD\

QRW EH WKH PRVW HpFLHQW� &RQWLQXRXV UH�VFKHGXOLQJ XVLQJ WKH VWDWLF VFKHGXOLQJ PRGHO

ZLOO LPSRVH D KLJK SURFHVVRU RYHUKHDG RQ WKH V\VWHP GHJUDGLQJ SHUIRUPDQFH�

7KH LPSOHPHQWDWLRQ RI D G\QDPLF VFKHGXOH DOJRULWKP FDQ WDNH DGYDQWDJH RI LQ�

IRUPDWLRQ IURP WKH SUHYLRXV VFKHGXOH� DQG WKLV LQIRUPDWLRQ FDQ EH XVHG WR nQG WKH

QH[W VFKHGXOH� +RZHYHU� WKH WHFKQLTXHV ZH KDYH GHYHORSHG KHUH GR QRW UHTXLUH D

ODUJH DPRXQW RI WKH VWRUDJH GXULQJ H[HFXWLRQ� )RU H[DPSOH WKH GHSWK nUVW VHDUFK
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WKDW ZH KDYH HPSOR\HG QHHGV RQO\ NHHS WUDFN RI ZKHUH LW LV LQ WKH WUHH DQG VHYHUDO

DWWULEXWHV RI WKH FDQGLGDWH VFKHGXOH�

,Q RXU EUDQFK DQG ERXQG DOJRULWKP ZH VHHG WKH DOJRULWKP ZLWK D FDQGLGDWH

VROXWLRQ GHULYHG IURP D KHXULVWLF� 7KHUH LV QR UHTXLUHPHQW IRU WKH DFFXUDF\ RI WKH

VHHG� KRZHYHU� WKH EHWWHU WKH VHHG� WKH PRUH TXLFNO\ EUDQFK DQG ERXQG LV OLNHO\ WR nQG

D JRRG VROXWLRQ ZKLFK LV WKHQ XVHG WR SUXQH RWKHU QRGHV� ,Q D G\QDPLF VFKHGXOLQJ

HQYLURQPHQW� DQ RSWLPDO VROXWLRQ IURP D SUHYLRXV VFKHGXOH FRXOG EH XVHG WR VHHG

WKH FXUUHQW VROXWLRQ� 8QIRUWXQDWHO\� LW GRHV QRW VHHP WKDW WKLV DSSURDFK ZRXOG

SURYLGH VLJQLnFDQW LPSURYHPHQW� 7KH XVH RI D VHHG VFKHGXOH RQO\ SURYLGHV PRGHVW

LPSURYHPHQW LQ EUDQFK DQG ERXQG SURFHVVLQJ WLPH� D VHHG VFKHGXOH FDQ TXLFNO\ EH

FDOFXODWHG E\ KHXULVWLF DQG nQDOO\ WKH VFKHGXOH IURP D SUHYLRXV VFKHGXOH LV OLNHO\ WR

FRQWDLQ GLmHUHQW WDVNV WR EH VFKHGXOHG�

3HUKDSV D PRUH SURPLVLQJ DSSURDFK ZRXOG EH WKH PRGLnFDWLRQ RI RXU KHXULVWLF

WR DFFRPPRGDWH G\QDPLF VFKHGXOLQJ� ,Q WKLV ZD\� FRPSOHWHG WDVNV FRXOG EH GHOHWHG

IURP WKH V\VWHP DQG QHZ WDVNV LQVHUWHG LQWR WKH VFKHGXOH VXFK DV WR PLQLPL]H SHQDOW\�

7KH ORZ FRPSOH[LW\ RI WKLV DOJRULWKP PDNHV LW DWWUDFWLYH FRPSXWDWLRQDOO\� $W SH�

ULRGLF LQWHUYDOV� WKH VFKHGXOH FUHDWHG XVLQJ WKLV PHWKRG FRXOG EH YDOLGDWHG XVLQJ D

IDVW VWDWLF VFKHGXOLQJ KHXULVWLF� 2U� DW OHVV IUHTXHQW LQWHUYDOV� D PRUH FRPSOHWH VWDWLF

VFKHGXOLQJ DOJRULWKP FRXOG EH UXQ WR FUHDWH D QHZ EDVHOLQH VFKHGXOH�

��� 5HSHWLWLYH 7DVNV

:H KDYH� LQ WKLV ZRUN� LJQRUHG WKH SRVVLELOLW\ WKDW VRPH WDVNV DUH UHSHWLWLYH� ,QVWHDG�

ZH DVVXPH LQ WKLV VWDWLF FDVH� DOO WDVNV DUH NQRZQ WR WKH VFKHGXOHU DQG QHHG WR EH

H[HFXWHG RQO\ RQFH� 5HSHWLWLYH WDVNV DUH PRUH UHOHYDQW WR WKH G\QDPLF FDVH� ZHUH

ZH PLJKW UHOHDVH WDVNV SHULRGLFDOO\ DV WKH\ EHFRPH UHDG\� +RZHYHU� LQ D V\VWHP

ZHUH WKHUH DUH D QXPEHU RI UHSHWLWLYH WDVNV� LW PLJKW EH GHVLUDEOH WR DFFRPPRGDWH

���



WKHP LQGHSHQGHQWO\ RI WKH RWKHU WDVNV� )RU H[DPSOH� DQ KHXULVWLF� VXFK DV WKH UDWH

PRQRWRQLF DOJRULWKP >//��@ FRXOG EH XVHG WR VFKHGXOH UHSHWLWLYH WDVNV� WKHQ XVLQJ

WKH PHWKRGV GLVFXVVHG LQ WKLV ZRUN� VFKHGXOH WKH UHPDLQLQJ WDVNV LQ WKH JDSV EHWZHHQ

UHSHWLWLYH WDVNV� 7KLV DORQH LV SUREDEO\ QRW VXpFLHQW� LQ WKDW LW PD\ EH GHVLUDEOH WR

SHUPLW WKH WUDGH�Rm EHWZHHQ ORJLFDO DQG WHPSRUDO FRQVWUDLQWV ZLWK ERWK UHSHWLWLYH

DQG QRQ�UHSHWLWLYH WDVNV� ,QGHHG� ZH LW PD\ EH DFFHSWDEOH WR PLVV H[HFXWLRQ RI D

UHSHWLWLYH WDVN RFFDVLRQDOO\ VLQFH LW ZLOO EH H[HFXWHG DJDLQ DW D ODWHU WLPH�

��� 6WRFKDVWLF 6FKHGXOLQJ

,Q RXU ZRUN� ZH KDYH DVVXPHG WKDW DOO SURFHVVLQJ WLPHV DUH NQRZQ DQG n[HG� ,Q UHDO�

LW\� SURFHVVLQJ WLPHV� ZHOO DV WKH WDVN VHW DQG SHQDOW\ IXQFWLRQV PD\ EH QRW VR FOHDU�

6WRFKDVWLF VFKHGXOLQJ DVVXPHV WKDW WKHVH WDVN DWWULEXWHV DUH VSHFLnHG E\ SUREDELOLW\

IXQFWLRQV UDWKHU WKDQ n[HG QXPEHUV� 7KLV LV D DUHD WKDW DV PDQ\ LPSOLFDWLRQV IRU

WKH VFKHGXOLQJ DOJRULWKPV DQG LV DQ DUHD ZKLFK VKRXOG UHFHLYH PRUH UHVHDUFK�

��� )XWXUH $SSOLFDWLRQV

,Q WKLV GLVVHUWDWLRQ ZH KDYH GHVFULEHG D PHWKRG WR VFKHGXOH WDVNV ZLWK ERWK WHPSRUDO

DQG ORJLFDO FRQVWUDLQWV LQ UHDO�WLPH V\VWHPV� 0XFK RI WKH PRWLYDWLRQ FRPHV IURP WKH

V\VWHPV WKDW LQ ?RYHUORDG� FRQGLWLRQ ZKHUH QRW DOO FRQVWUDLQWV FDQ EH PHW� +RZHYHU�

WKLV LV QRW PHDQW WR EH H[FOXVLYH� VLQFH WKLV ZRUN DSSOLHV WR DQ\ UHDO�WLPH V\VWHPV

ZKHUH DUH WLPLQJ UHTXLUHPHQWV DUH LQ FRQoLFW ZLWK ORJLFDO FRQVWUDLQWV� HYHQ LI WKH

V\VWHP LV QRW LQ RYHUORDG� 7KH IURQWLHU SURYLGHV DQ DFFXUDWH� LQWXLWLYH DQG XVHIXO

PHWULF IRU VFKHGXOLQJ WDVNV XQGHU WKHVH FRQGLWLRQV�

,Q PDQ\ DSSOLFDWLRQV� GHYHORSHUV KDYH VWUXJJOHG ZLWK WKH SUREOHP RI KDQGOLQJ

WLPLQJ UHTXLUHPHQWV LQ WKH SUHVHQFH RI ORJLFDO FRQVWUDLQWV� 5HOD[HG DOWHUQDWH FULWHULD

���



VROXWLRQV� SHQDOW\ IXQFWLRQV FRQWULYHG WR HQIRUFH SUHFHGHQFH DUH WZR RI WKH ZD\V WKLV

SUREOHP KDV KHUHWRIRUH EHHQ DSSURDFK� :LWK WKLV ZRUN� VROXWLRQV WR SUREOHPV RI WKLV

W\SH VKRXOG EH PRUH GLUHFWO\ DQG PRUH HDVLO\ VROYHG�

���
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�����
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�����
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>5DP��@ .ULWKL 5DPDPULWKDP� 5HDO�WLPH GDWDEDVHV� ,QWHUQDWLRQDO -RXUQDO RI

'LVWULEXWHG DQG 3DUDOOHO 'DWDEDVHV� ����� �����
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$SSHQGL[ $

+HXULVWLF WR 6FKHGXOH ZLWK 7HPSRUDO

5HTXLUHPHQWV

7KLV DSSHQGL[ LQFOXGHV WKH SVHXGRFRGH IRU WKH KHXULVWLF GHVFULEHG LQ WKH WH[W IRU

FUHDWLQJ D VFKHGXOH RI WDVNV ZLWK WHPSRUDO FRQVWUDLQWV �[����� 7KH PDLQ VXEURXWLQH

�6FKHGXOH WDVNV�� LV WKH HQWU\ URXWLQH� ,W FUHDWHV D VFKHGXOH RI WDVNV XVLQJ RQH RI nYH

XVHU VSHFLnHG KHXULVWLFV�

7KLV SVHXGRFRGH ORRVHO\ IROORZV WKH FRQYHQWLRQV RI WKH ?&� SURJUDPPLQJ ODQ�

JXDJH� ZLWK VRPH PLQRU DGGLWLRQV IRU FODULW\� .H\ ZRUGV �& FRPPDQGV� DUH FDSLWDO�

L]HG� 9DULDEOH QDPHV DUH DOO ORZHU FDVH� KRZHYHU� VRPH OLEHUWLHV KDYH EHHQ WDNHQ ZLWK

GHFODUDWLRQ� LQLWLDOL]DWLRQ DQG SDVVLQJ DUJXPHQWV LQ VXEURXWLQHV� 6XEURXWLQH QDPHV

DUH ORZHU FDVH ZLWK nUVW OHWWHU FDSLWDOL]HG� 7KH )25 ORRS VWUXFWXUH LV H[SUHVVHG

DV� '2 )25 ORRS FRXQWHU  LQLWLDO 72 ILQDO� 7KH '(),1( NH\ZRUG GHnQHV

RQO\ YDULDEOHV DQG VWUXFWXUHV ZKLFK DUH JOREDO� &RPPHQWV XVH WKH FRQYHQWLRQDO &

QRWDWLRQ RI �
 FRPPHQW 
�� ([FHSW IRU WKH HQWU\ VXEURXWLQH �6FKHGXOH WDVNV�� DOO

VXEURXWLQHV UHWXUQ D VLQJOH YDOXH� 7KH HQWU\ VXEURXWLQH UHWXUQV D OLVW �VFKHGXOH>@� DV

D SDVVHG DUJXPHQW�

'(),1( ELJB0� �
 LQWHJHU UHSUHVHQWDWLRQ RI �LQILQLW\� 
�

���



'(),1( QXPEHUBRIBWDVNV�

'(),1( QXPEHUBRIBGHDGOLQHV�

'(),1( 6758&785(

^

WDVNBQXPEHU�

REMHFWLYH�

`VFKHGXOH>QXPEHUBRIBWDVNV@�

'(),1( 6758&785(

^ �
 WDVN DWWULEXWH DQG WHPSRUDO SHQDOW\ WDEOH 
�

WDVNBWLPH�

GHDGOLQHBDUUD\>QXPEHUBRIBGHDGOLQHV@�

SHQDOW\BDUUD\>QXPEHUBRIBGHDGOLQHV@�

` WDVNBOLVW >QXPEHUBRIBWDVNV@�

68%5287,1( *HWBLQGH[�WDVNBQXPEHU� FRPSOHWLRQBWLPH�

^ �
 UHWXUQV LQGH[ LQWR SHQDOW\BDUUD\ IRU FRPSOHWLRQ WLPH� WKDW

LV� UHWXUQV SRLQWHU WR WDVN SHQDOW\ FRUUHVSRQGLQJ WR WDVN

FRPSOHWLRQ WLPH 
�

'2 :+,/( ^WDVNBOLVW>WDVNBQXPEHU@�GHDGOLQH>L@�FRPSOHWLRQBWLPH

$1' L�QXPEHUBRIBGHDGOLQHV` L���

5(7851 �L��

`

68%5287,1( &DOFXODWHBSHQDOW\�WDVNBQXPEHU� LQGH[�

^ �
 UHWXUQV SHQDOW\ IRU D WDVN JLYHQ WKH LQGH[ LQWR SHQDOW\

DUUD\ 
�

�
 LI SDVW ODVW GHDGOLQH� SHQDOW\ LV %LJB0 
�

,)�LQGH[   QXPEHUBRIBGHDGOLQHV� 5(7851 �%LJB0��

(/6( 5(7851 �WDVNBOLVW>WDVNBQXPEHU@�SHQDOW\>LQGH[@�

`

68%5287,1( &DOFXODWHBVPRRWKBSHQDOW\�WDVNBQXPEHU�LQGH[�

^ �
 UHWXUQV SHQDOW\ IRU WDVN JLYHQ WKH LQGH[ LQWR SHQDOW\

DUUD\� EXW DVVXPLQJ D OLQHDU LQWHUSRODWLRQ EHWZHHQ SHQDOW\
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VWHSV �VHH WH[W� 
�

�
 LI SDVW ODVW GHDGOLQH� SHQDOW\ LV %LJB0 
�

,) �LQGH[   QXPEHUBRIBGHDGOLQHV� 5(7851 �%LJB0��

�
 QRWH� LI ILUVW GHDGOLQH LV PHW� WKHQ ILUVW SRLQW LV �����
�

(/6( ,)�LQGH[   ��

^

\  WDVNBOLVW>WDVNBQXPEHU@�SHQDOW\>LQGH[@�

[  WDVNBOLVW>WDVNBQXPEHU@�GHDGOLQH>LQGH[@�

`

�
 IRU DQ\ RWKHU GHDGOLQH PHW� ILQG GHOWD [ DQG GHOWD \ IURP

SUHYLRXV GHDGOLQH SRLQW 
�

(/6(

^

\  WDVNBOLVW>WDVNBQXPEHU@�SHQDOW\>LQGH[@

� WDVNBOLVW>WDVNBQXPEHU@�SHQDOW\>LQGH[��@�

[  WDVNBOLVW>WDVNBQXPEHU@�GHDGOLQH>LQGH[@

� WDVNBOLVW>WDVNBQXPEHU@�GHDGOLQH>LQGH[��@�

`

�
 LI [ LV ]HUR� WKHQ �LQWHUSRODWHG SHQDOW\� LV MXVW SHQDOW\
�

,) �[   �� 5(7851 WDVNBOLVW>WDVNBQXPEHU@�SHQDOW\>LQGH[@�

�
 UHWXUQ OLQHDU LQWHUSRODWHG SHQDOW\ 
�

(/6( 5(7851 �\�[ 
 �FRPSOHWLRQBWLPH

� WDVNBOLVW>WDVNBQXPEHU@�GHDGOLQH>LQGH[@�

� WDVNBOLVW>WDVNBQXPEHU@�SHQDOW\>LQGH[@��

`

68%5287,1( &DOFXODWHBFRPSOHWLRQBWLPH��

^ �
 FDOFXODWHV FRPSOHWLRQ WLPH IRU WDVN QH[W WR EH VFKHGXOHG�

VLQFH ODVW WDVN LQ VHTXHQFH LV VFKHGXOHG ILUVW� LQLWLDOO\�

WKH FRPSOHWLRQ WLPH LV VXP RI DOO WDVN SURFHVVLQJ WLPHV�

$V WDVNV DUH VFKHGXOHG� FRPSOHWLRQ WLPH LV WKH VXP RI DOO

XQVFKHGXOHG WDVN SURFHVVLQJ WLPHV 
�

'2 )25 Q � 72 QXPEHUBRIBWDVNV

^
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�
 FKHFN WR VHH LI WDVN LV VFKHGXOHG 
�

'2 )25 P � 72 QXPEHUBRIBWDVNV

^

,) �VFKHGXOH>P@�WDVNBQXPEHU  Q� VFKHGXOHG  758(�

`

,) 127 �VFKHGXOHG�

FRPSOHWLRQBWLPH � WDVNBOLVW>Q@�WDVNBWLPH�

`

`

68%5287,1( 6WDUWBWLPH�WDVNBQXPEHU� FRPSOHWLRQBWLPH�

^ �
 JLYHQ D FRPSOHWLRQ WLPH� ILQGV WKH VWDUW WLPH RI WKH WDVN�

LI LW ZHUH WR EH VFKHGXOHG QH[W 
�

5(7851 �FRPSOHWLRQBWLPH � WDVNBOLVW>WDVNBQXPEHU@�WDVNBWLPH��

`

68%5287,1( 0D[LPXPBSHQDOW\�FRPSOHWLRQBWLPH�

^ �
 IRU D JLYHQ FRPSOHWLRQ WLPH� UHWXUQ WKH SHQDOW\ YDOXH IRU

WKH WDVN ZLWK WKH JUHDWHVW SHQDOW\ 
�

'2 )25 Q � 72 QXPEHUBRIBWDVNV

PD[BSHQDOW\  0$; �JHWBSHQDOW\�JHWBLQGH[�Q�FRPSOHWLRQBWLPH���

PD[BSHQDOW\��

5(7851 �PD[BSHQDOW\��

`

68%5287,1( *HWBVORSH�LQGH[BVWDUW� LQGH[BHQG� WDVNBQXPEHU�

^ �
 ILQG WKH �VORSH� RI WKH SHQDOW\ IXQFWLRQ LQ WKH UHJLRQ RI

WKH GHDGOLQH 
�

5(7851 �&DOFXODWHBVPRRWKBSHQDOW\�WDVNBQXPEHU�LQGH[BHQG�

� &DOFXODWHBVPRRWKBSHQDOW\�WDVNBQXPEHU�LQGH[BVWDUW��

� WDVNBOLVW>WDVNBQXPEHU@�WDVNBWLPH��

`

68%5287,1( 7HVWBIRUBVFKHGXOHG�WDVNBQXPEHU�

^ �
 WHVWV WKH WDVN �WDVNBQXPEHU� WR VHH LI LW KDV EHHQ DOUHDG\

VFKHGXOHG 
�

���



'2 )25 Q � 72 QXPEHUBRIBWDVNV

,)�VFKHGXOH>Q@�WDVNBQXPEHU   WDVNBQXPEHU� 5(7851�758(��

5(7851�)$/6(��

`

68%5287,1( 7DVNBUHDG\�WDVNBQXPEHU�

^ �
 127(� WKLV VXEURXWLQH ZLOO EH UHSODFHG E\ D GLIIHUHQW

URXWLQH ZKHQ SUHFHGHQFH FRQVWUDLQWV DUH FRQVLGHUHG LQ

$SSHQGL[ % 
�

5(7851�758(�

`

68%5287,1( &KRRVHBWDVN�SRVLWLRQ� FULWHULD� FRPSOHWLRQBWLPH�

^ �
 IRU D JLYHQ FRPSOHWLRQ WLPH� UHWXUQV WDVNBQXPEHU RI WDVN

ZLWK EHVW �ORZHVW� VFRUH EDVHG RQ WKH FULWHULD VSHFLILHG�

FULWHULD� �  ORZHVW FRPSRVLWH SHQDOW\ �UHTXLUHV �DOSKD��

�  ORZHVW SHQDOW\

�  ORZHVW VPRRWKHG SHQDOW\

�  ORZHVW VORSH LQ UHJLRQ RI FRPSOHWLRQ WLPH

�  VKRUWHVW SURFHVVLQJ WLPH 
�

PLQBVFRUH  ELJB0�

PLQBVFRUHBWDVNBQXPEHU  18//�

'2 )25 Q � 72 QXPEHUBRIBWDVNV

^

,)�7HVWBIRUBXQVFKHGXOHG�Q�   758( $1' 7DVNBUHDG\�Q��

^

VORSH  JHWBVORSH�JHWBLQGH[�Q�JHWBVWDUW�Q�

FRPSOHWLRQBWLPH���JHWBLQGH[�Q�FRPSOHWLRQBWLPH��Q��

SHQDOW\  FDOFXODWHBSHQDOW\�Q�JHWBLQGH[�Q�FRPSOHWLRQBWLPH���

%(*,1 &$6(

^

���



�
 FRPSRVLWH SHQDOW\ �DOSKD FKRVHQ HPSLULFDOO\� 
�

&$6(�FULWHULD   �� VFRUH  DOSKD 
 VORSH

� SHQDOW\�PD[LPXPBSHQDOW\�FRPSOHWLRQ�WLPH��

�
 SHQDOW\ 
�

&$6(�FULWHULD   �� VFRUH  SHQDOW\�

�
 VPRRWKHG SHQDOW\ 
�

&$6(�FULWHULD   �� VFRUH  

&DOFXODWHBVPRRWKBSHQDOW\�Q�JHWBLQGH[�Q�

FRPSOHWLRQBWLPH��

�
 VORSH 
�

&$6(�FULWHULD   �� VFRUH  VORSH�

�
 SURFHVVLQJ WLPH 
�

&$6(�FULWHULD   �� VFRUH WDVNBOLVW>Q@�WDVNBWLPH�

`

,)�VFRUH � PLQBVFRUH�

^

PLQBVFRUH  VFRUH�

PLQBVFRUHBWDVNBQXPEHU  Q�

`

`

`

VFKHGXOH>SRVLWLRQ@�WDVNBQXPEHU  PLQBVFRUHBWDVNBQXPEHU�

VFKHGXOH>SRVLWLRQ@�REMHFWLYH  PLQBVFRUH�

5(7851�

`

68%5287,1( 6FKHGXOHBWDVNV�WDVNBOLVW� VFKHGXOH� FULWHULD�

^ �
 FUHDWHV D VFKHGXOH RI WDVNV EDVHG RQ WKH VSHFLILHG

FULWHULD� 7DVNV DUH GHILQHG E\ WDVNBOLVW>@� VFKHGXOH LV

UHWXUQHG LQ VFKHGXOH>@ DV D OLVW RI WDVNBQXPEHU 
�

'2 )25 Q QXPEHUBRIBWDVNV 72 �

^

&KRRVHBWDVN�Q� FULWHULD� &DOFXODWHBFRPSOHWLRQBWLPH����

���



REMHFWLYH  REMHFWLYH � VFKHGXOH>Q@�REMHFWLYH�

`

5(7851�REMHFWLYH��

`

���



$SSHQGL[ %

+HXULVWLF WR 6FKHGXOH ZLWK 7HPSRUDO DQG

/RJLFDO 5HTXLUHPHQWV

7KLV DSSHQGL[ LQFOXGHV WKH SVHXGRFRGH IRU WKH KHXULVWLF GHVFULEHG LQ WKH WH[W IRU

VFKHGXOLQJ D VHW RI WDVNV WKDW KDYH ERWK WHPSRUDO DQG ORJLFDO FRQVWUDLQWV� �[�����

7KH PDLQ VXEURXWLQH �)LQG IURQWLHU�� LV WKH HQWU\ URXWLQH� ,W UHWXUQV D OLVW RI IURQWLHU

SRLQWV� IURP ZKLFK WKH EHVW VFKHGXOH FDQ EH FKRVHQ� 7KH KHXULVWLF GHVFULEHG KHUH

HmHFWLYHO\ FUHDWHV D OLVW RI UHDG\ WDVNV� 7KHQ WKH KHXULVWLF RI $SSHQGL[ $ LV FDOOHG

WR VFKHGXOH WDVNV IRU WHPSRUDO SHUIRUPDQFH� EXW ZLWK WKH PRGLnFDWLRQ WKDW RQO\

WDVNV WKDW DUH UHDG\ FDQ EH VFKHGXOHG� ,Q RUGHU WR DFFRPSOLVK WKLV PRGLnFDWLRQ� WKH

VXEURXWLQH 7DVN 5HDG\ LQFOXGHG LQ WKLV DSSHQGL[ LV VXEVWLWXWHG IRU WKH VXEURXWLQH

7DVN UHDG\ RULJLQDOO\ LQFOXGHG LQ $SSHQGL[ $�

7KLV SVHXGRFRGH ORRVHO\ IROORZV WKH FRQYHQWLRQV RI WKH ?&� SURJUDPPLQJ ODQ�

JXDJH� ZLWK VRPH PLQRU DGGLWLRQV IRU FODULW\� .H\ ZRUGV �& FRPPDQGV� DUH FDSLWDO�

L]HG� 9DULDEOH QDPHV DUH DOO ORZHU FDVH� KRZHYHU� VRPH OLEHUWLHV KDYH EHHQ WDNHQ ZLWK

GHFODUDWLRQ� LQLWLDOL]DWLRQ DQG SDVVLQJ DUJXPHQWV LQ VXEURXWLQHV� 6XEURXWLQH QDPHV

DUH ORZHU FDVH ZLWK nUVW OHWWHU FDSLWDOL]HG� 7KH )25 ORRS VWUXFWXUH LV H[SUHVVHG DV�

'2 )25 ORRS FRXQWHU  LQLWLDO 72 ILQDO� 7KH '(),1( NH\ZRUG GHnQHV RQO\

���



YDULDEOHV DQG VWUXFWXUHV ZKLFK DUH JOREDO� &RPPHQWV XVH WKH FRQYHQWLRQDO & QRWD�

WLRQ RI �
 FRPPHQW 
�� ([FHSW DV QRWHG� DOO VXEURXWLQHV UHWXUQ D VLQJOH YDOXH_WKRVH

WKDW GRQ
W LQVWHDG PRGLI\ RQH RU PRUH RI WKH JOREDOO\ GHnQHG GDWD VWUXFWXUHV�

'(),1( 6758&785(

^ �
 WKLV VWUXFWXUH GHILQHV DOO SUHFHGHQFH FRQVWUDLQWV� 7KH DUUD\

HQWU\ �ZHLJKW>[@>\@ SHQDOW\� GHILQHV WKH SHQDOW\ IRU

YLRODWLQJ WKH FRQVWUDLQW [�\�� 3HQDOW\  � ZKHQ QR FRQVWUDLQW

LV VSHFLILHG� 9DOXH LV WKH WHPSRUDO EHQHILW IRU YLRODWLQJ WKH

FRQVWUDLQW [�\� 9DOXH>[@>\@  � LI WKHUH LV QR WHPSRUDO

EHQHILW IRU YLRODWLQJ [�\� RU LI ZHLJKW>[@>\@  � 
�

ZHLJKW>QXPEHUBRIBWDVNV@>QXPEHUBRIBWDVNV@�

YDOXH >QXPEHUBRIBWDVNV@>QXPEHUBRIBWDVNV@�

` SUHFBFRQVWUDLQWV>PD[BNSVBVL]H@

'(),1( 6758&785(

^ �
 WKLV VWUXFWXUH LV DQ VHW RI DUUD\V� $Q DUUD\ FRQWDLQV

WKH VHW RI SUHFHGHQFH YLRODWLRQV UHTXLUHG

�NSVBVROXWLRQV>@�VHOHFWHG>[@>\@  � LI [�\ VHOHFWHG� WR PHHW

VRPH SHQDOW\ YDOXH� 7KHUH LV DQ DUUD\ IRU HDFK SHQDOW\ YDOXH�

IURP � WR WKH PD[LPXP� 
�

VHOHFWHG>QXPEHUBRIBWDVNV@>QXPEHUBRIBWDVNV@�

` NSVBVROXWLRQV>PD[BNSVBVL]H@�

'(),1( 6758&785(

^ �
 WDVN DWWULEXWHV DQG WHPSRUDO SHQDOW\ WDEOH 
�

WDVNBWLPH� �
 QRW XVHG LQ WKLV KHXULVWLF 
�

GHDGOLQHBDUUD\>QXPEHUBRIBGHDGOLQHV@�

SHQDOW\BDUUD\>QXPEHUBRIBGHDGOLQHV@�

` WDVNBOLVW >QXPEHUBRIBWDVNV@�

'(),1( 6758&785(

^

WDVNBQXPEHU�

REMHFWLYH�

���



`VFKHGXOH>QXPEHUBRIBWDVNV@�

'(),1( 6758&785(

^

VFKHGXOH>QXPEHUBRIBWDVNV@�

�
 IURQWLHU SRLQW �[�\� 
�

[�

\�

` IURQWLHU>@�

'(),1( QXPEHUBRIBWDVNV�

'(),1( QXPEHUBRIBGHDGOLQHV�

68%5287,1( &UHDWHB7%9��

^ �
 8VLQJ WKH WHPSRUDO SHQDOW\ IXQFWLRQV� GHWHUPLQHV WKH

YDOXH RI YLRODWLQJ D SUHFHGHQFH FRQVWUDLQW� 1R YDOXH

LV UHWXUQHG 
�

'2 )25 L � 72 QXPEHUBRIBWDVNV ^

'2 )25 M � 72 QXPEHUBRIBWDVNV

^

,)�SUHFBFRQVWUDLQWV�ZHLJKW>L@>M@ ! ��

^

�
 WKHUH LV D ORJLFDO EHQHILW� ZKDW LV WKH

WHPSRUDO EHQHILW 
�

VORSHBL  WDVNBOLVW>L@�SHQDOW\BDUUD\>QXPEHUBRIBGHDGOLQHV��@

� WDVNBOLVW>L@�GHDGOLQHBDUUD\>QXPEHUBRIBGHDGOLQHV��@�

VORSHBM  WDVNBOLVW>M@�SHQDOW\BDUUD\>QXPEHUBRIBGHDGOLQHV��@

� WDVNBOLVW>M@�GHDGOLQHBDUUD\>QXPEHUBRIBGHDGOLQHV��@�

�
 WHPSRUDO EHQHILW LV GLIIHUHQFH LV VORSHV �� LI ! � 
�

EHQHILW  VORSHBM � VORSHBL�

,)�EHQHILW ! ��

SUHFBFRQVWUDLQWV�YDOXH>L@>M@  EHQHILW�

``

5(7851���

`

68%5287,1( 7HVWBIRUBIURQWLHU�[�\�

���



^ �
 FKHFNV QHZ SRLQW WR VHH LI VKRXOG EH RQ IURQWLHU�

LI LW LV� DOVR FKHFNV WR VHH DQ\ SRLQWV QRZ VKRXOG EH

UHPRYHG�

$ SRLQW LV RQ WKH IURQWLHU ZKHQ QR RWKHU SRLQW LV EHWWHU

LQ RQH PHDVXUH DQG EHWWHU RU HTXDO LQ WKH RWKHU

0RGLILHV WKH IURQWLHU OLVW �IURQWLHU>@�� UHWXUQV 18// 
�

�
 VHH LI SRLQW VKRXOG EH DGGHG �QR SRLQW FOHDUO\ EHWWHU� 
�

DGGBSRLQW  758(�

'2 )25�Q � WR IURQWLHUBLQGH[�

^

,)�[ � IURQWLHU>Q@�[ $1'

\ � IURQWLHU>Q@�\� DGGBSRLQW  )$/6(

`

�
 VKRXOG SRLQW EH DGGHG" 
�

,)�DGGBSRLQW   758(�

^

�
 DGG SRLQW 
�

IURQWLHUBLQGH[���

IURQWLHU>IURQWLHUBLQGH[@�[  [�

IURQWLHU>IURQWLHUBLQGH[@�\  \�

IURQWLHU>IURQWLHUBLQGH[@�VFKHGXOH>@  VFKHGXOH>@�

�
 FKHFN HDFK SRLQW DJDLQVW QHZ SRLQW 
�

'2 )25�Q � WR IURQWLHUBLQGH[�

^

�
 QHZ SRLQW LV EHWWHU" 
�

,)�IURQWLHU>Q@�[ � [ $1' IURQWLHU>Q@�\ � \�

^

�
 UHPRYH ROG SRLQW 
�

IURQWLHU>Q@�[  18//�

IURQWLHU>Q@�\  18//�

IURQWLHU>Q@�VFKHGXOH>@  18//�

`

`

`

5(7851���

���



`

68%5287,1( 7DVNBUHDG\�WDVNBQXPEHU� NSVBQXPEHU��

^ �
 127(� WKLV VXEURXWLQH UHSODFHV WKH URXWLQH RI WKH VDPH

QDPH LQ $SSHQGL[ $�

$ WDVN LV UHDG\ ZKHQ LW KDV QR XQVFKHGXOHG VXFFHVVRU WDVNV�

ZKHUH D VXFFHVVRU WDVN LV GHILQHG E\ WKH RULJLQDO

SUHFHGHQFH FRQVWUDLQWV� RU RYHUULGGHQ E\ IRUFHG YLRODWLRQ

RI SUHFHGHQFH FRQVWUDLQWV DV VSHFLILHG LQ WKH DUUD\

NSVBVROXWLRQV�NSVBQXPEHU� 
�

UHDG\  758(�

'2 )25�Q � WR QXPEHUBRIBWDVNV�

^

,)�SUHFBFRQVWUDLQWV�ZHLJKW>WDVNBQXPEHU@>Q@ ! �

25 NSVBVROXWLRQV>NSVBQXPEHU@�VHOHFWHG>WDVNBQXPEHU@>Q@   ��

^

�
 WDVNBQXPEHU LV QRW UHDG\ LI WDVN Q LV QRW

DOUHDG\ VFKHGXOHG 
�

UHDG\  )$/6(�

'2 )25�P � QXPEHUBRIBWDVNV�

^

,)�VFKHGXOH>Q@�WDVNBQXPEHU   Q� UHDG\  758(�

`

`

`

5(7851�UHDG\��

`

68%5287,1( $UUD\BDQG�GHVWLQDWLRQ� Q� NQDSVDFNBVL]H � Q�

^ �
 $1'
V WZR NQDSVDFN UHVXOW DUUD\V DQG SXWV WKH UHVXOW LQ

GHVWLQDWLRQ� 'HVWLQDWLRQ LV HLWKHU D NQDSVDFN VROXWLRQ

DUUD\ RU D WHPSRUDU\ DUUD\ 
�

'2 )25 L � 72 QXPEHUBRIBWDVNV ^

'2 )25 M � 72 QXPEHUBRIBWDVNV

^

GHVWLQDWLRQ>L@>M@  NSVBVROXWLRQV>Q@�VHOHFWHG>L@>M@

$1' NSVBVROXWLRQV>NQDSVDFNBVL]H�Q@�VHOHFWHG>L@>M@�

���



,)�GHVWLQDWLRQ>L@>M@   �� YDOXH  YDOXH �

SUHFBFRQVWUDLQWV�YDOXH>L@>M@�

``

5(7851�YDOXH��

`

68%5287,1( &RPELQHBSUHYLRXV�NQDSVDFNBVL]H� NSVBVROXWLRQ��

^ �
 EHJLQ E\ WU\LQJ DOO VROXWLRQV FRQVLVWLQJ RI WZR SUHYLRXV

VROXWLRQV �LQFOXGLQJ WKH VROXWLRQ IRU ]HUR  QXOO VHW��

DQG SLFN WKH EHVW� DGG WR NSVBVROXWLRQV DQG UHWXUQ

ORJLFDO YDOXH 
�

'2 )25 Q  � WR NQDSVDFNBVL]H � �

^

,)�$UUD\BDQG�WHPS� Q� NQDSVDFNBVL]H � Q� ! ORJLFDOBYDOXH�

^

ORJLFDOBYDOXH  $UUD\BDQG�NSVBVROXWLRQV>NQDSVDFNBVL]H@�

Q� NQDSVDFNBVL]H � Q��

`

`

5(7851�ORJLFDOBYDOXH��

`

68%5287,1( .QDSVDFNBZHLJKW�NQDSVDFNBVL]H�

^ �
 5HWXUQV WKH FXUUHQW �ZHLJKW� RI NQDSVDFN VROXWLRQ 
�

'2 )25 L � 72 QXPEHUBRIBWDVNV ^

'2 )25 M � 72 QXPEHUBRIBWDVNV

^

,)�NSVBVROXWLRQV>NQDSVDFNBVL]H@�VHOHFWHG>L@>M@  758(�

^

ZHLJKW  ZHLJKW � SUHFBFRQVWUDLQWV�ZHLJKW>L@>M@�

`

``

5(7851�ZHLJKW��

`

68%5287,1( $GGBPRUHBZHLJKW�ORJLFDOBYDOXH� NQDSVDFNBVL]H�

^ �
 7U\LQJ WR DGG PRUH XQ�VHOHFWHG FRQVWUDLQW YLRODWLRQV

���



�ZHLJKWV�� VXFK WKDW ZHLJKW ILWV� DQG LW KDV WKH

KLJKHVW YDOXH� /RJLFDOBYDOXH LV UHWXUQHG� 
�

ZHLJKW  .QDSVDFNBZHLJKW�NQDSVDFNBVL]H�

ZHLJKWBDGGHG  758(�

'2 :+,/(�ZHLJKWBDGGHG  758(�

^

ZHLJKWBDGGHG  )$/6(�

'2 )25 L � 72 QXPEHUBRIBWDVNV ^

'2 )25 M � 72 QXPEHUBRIBWDVNV

^

�
 VHH LI LW ILWV DQG LW
V DYDLODEOH 
�

,)�SUHFBFRQVWUDLQWV�ZHLJKW>L@>M@ � ZHLJKW � NQDSVDFNBVL]H

$1' NSVBVROXWLRQV>NQDSVDFNBVL]H@�VWDWXV>L@>M@   )$/6(�

^

,)�SUHFBFRQVWUDLQWV�YDOXH>L@>M@ ! PD[�

^

PD[  SUHFBFRQVWUDLQWV�YDOXH>L@>M@�

PD[BL  L�

PD[BM  M�

`

`

``

NSVBVROXWLRQV>NQDSVDFNBVL]H@�VWDWXV>PD[BL@>PD[BM@ 758(�

ORJLFDOBYDOXH  ORJLFDOBYDOXH

� SUHFBFRQVWUDLQWV�YDOXH>PD[BL@>PD[BM@�

ZHLJKW  ZHLJKW � SUHFBFRQVWUDLQWV>PD[BL@>PD[BM@�

ZHLJKWBDGGHG  758(�

`

5(7851�ORJLFDOBYDOXH��

`

68%5287,1( '\QDPLFBSURJUDP�NQDSVDFNBVL]H�

^ �
 JLYHQ D VHW RI VPDOOHU NQDSVDFNV �NSVBVROXWLRQV>N@�� ILQG

WKH RSWLPDO NQDSVDFN IRU D NQDSVDFN RI VL]H NQDSVDFNBVL]H�

1RWH WKDW ZKHQ D SUHYLRXV VROXWLRQ LV XVHG� DQ\ �VWRQHV�

DOUHDG\ VHOHFWHG� FDQQRW EH VHOHFWHG DJDLQ�

7KLV VXEURXWLQH PRGLILHV WKH IURQWLHU>@ VWUXFWXUH� LW

UHWXUQV ORJLFDOBYDOXH� 
�

���



�
 ILQG VROXWLRQ E\ FRPELQLQJ DOO FRPELQDWLRQV RI SUHYLRXV

VROXWLRQV 
�

ORJLFDOBYDOXH  &RPELQHBSUHYLRXV�NQDSVDFNBVL]H��

�
 NHHS WU\LQJ WR DGG RQH PRUH XQ�VHOHFWHG FRQVWUDLQW

YLRODWLRQ 
�

ORJLFDOBYDOXH  $GGBPRUHBZHLJKW�ORJLFDOBYDOXH� NQDSVDFNBVL]H�

5(7851�ORJLFDOBYDOXH��

`

68%5287,1( 6FKHGXOHBWDVNVBSUHF�WDVNBOLVW� IURQWLHU� SUHFBFRQVWUDLQWV�

^ �
 &UHDWHV D IURQWLHU RI RSWLPDO VFKHGXOHV JLYHQ WDVN GHILQLWLRQV�

WLPLQJ FRQVWUDLQWV DQG SUHFHGHQFH FRQVWUDLQWV� 
�

�
 &UHDWH WKH WDEOH ZKLFK JLYHV WKH WHPSRUDO �EHQHILW� IRU

YLRODWLQJ D SUHFHGHQFH FRQVWUDLQW 
�

&UHDWHB7%9���

�
 8VH G\QDPLF SURJUDPPLQJ WR FKRRVH

'2 )25 NSV � 72 PD[

^

ORJLFDOBYDOXH  '\QDPLFBSURJUDP�NSV��

�
 JLYHQ D VHW RI FRQVWUDLQWV WR PHHW DQG WR 
QRW
 PHHW�

ILQG WKH EHVW WHPSRUDO VFKHGXOH 
�

WHPSRUDOBYDOXH  6FKHGXOHBWDVNV�WDVNBOLVW� VFKHGXOH� FULWHULD��

�
 &KHFN WR VHH LI WKLV SRLQW LV RQ WKH IURQWLHU 
�

&KHFNBIURQWLHU>WHPSRUDOBYDOXH@>ORJLFDOBYDOXH@�

`

5(7851���

`

���


